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Derivation of Hydrodynamic Equations for the Quantum 
Systems of Diatomic Molecules 


ROMAN ZELAZNY 
Institute of Theoretical Physics, Warsaw University, Warsaw, Poland* 
(Received March 17, 1959) 


Bogolyubov’s method of derivation of the hydrodynamic equations from a quantum-statiaticai formalism, 
based on the array of distribution operators for clusters of s molecules, is adapted to the derivation of the 
hydrodynamic equations for a fluid composed of diatomic molecules. The general form ef the hydrodynamic 
equations with an additional equation of angular momentum, which is coupled with the momentum equation 
through the antisymmetric part of the stress tensor, is obtained and all the interesting hydrodynamic quanti- 
ties are calculated. A general procedure of derivation of the hydrodynamic equations by successive approxi- 
mations is proposed and the equations of zeroth approximation are discussed 


INTRODUCTION 
HE purpose of this paper is to derive hydro- 
dynamic equations, taking into account the 
internal structure of diatomic molecules. From the 
macroscopic point of view the hydrodynamic variables 
describing the state of a diatomic fluid at any point 
of space and any time are: density g(x;,t), velocity 
u,(x1,t), intrinsic energy e¢(x,t), and the additional 
macroscopic variable called the angular velocity of the 


Principle of conservation of mass 


D 
djv=0 
= | 82 (a)0 


Principle of conservation of momentum 


D 
. J emdn= f Td fi 
Div y PF 


Principle of conservation of angular momentum 
D 


f glevstatm)dae= f (e€xsjXsT jrt+-Quidd fi 
1 F 


Dt 


Principle of conservation of energy 


of 
Did y 


* Now also at Institute of Nuclear Researches, Warsaw, Poland 


ght hmwrtddae= f (u,TiatoQatgq)d fi 


F 


1 


fluid at given point of space and time, w,(x;,t). This 

latter quantity is coupled by means of the inertia 

density tensor of the fluid at a given point and time 

with the intrinsic angular momentum of the fluid: 
g (x,t) my (x,t) = tan (X1,b wn (Kil). 

The phenomenological equations of motion of hydro- 
dynamic variables given above follow easily from the 
principles of conservation of mass, momentum, angular 
momentum and energy. They are: 


Equation of continuity 


Dg 
+ gtr, k= 0 
Di 


Equation of momentum 


Du, 
mmm 7 kil 
Dt 
Equation of angular momentum 


Dm, _ 
g- —_— = Vii, -_ €xijl y 
Dt 


Equation of energy 


D 
g (e+-4mpo:) =U; 1T at (wQatqi),1 
Dt 
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where 7; is the stress tensor (in the usual sense), Q: is 
the stress tensor of couples, and g is the heat flow 
vector. 

In order to complete the phenomenological hydro- 
dynamic equations, the relations between 741, Qi, and 
gx and the hydrodynamic variables must be given. 
Various forms of these relations distinguish various 
media. However, the full phenomenological theory of 
these relations is not known as yet. In the past years 
Grad' has given one of the possible proposals for the 
above-mentioned relations, based on the thermo- 
dynamics of irreversible processes. Naturally, it would 
be very desirable—both for the practical importance of 
the hydrodynamic equations for diatomic fluids and 
gases (e.g., air) and for the methodological role—to 
derive the relations between the quantities Tx, Qei, ge, 
and the hydrodynamic variables from the micro- 
scopic assumptions by means of a statistical formalism. 
The first such approach, for gases composed of rough 
spheres, was done by Bryan, Pidduck, and Jeans. One 
of the latest papers about this problem is the work by 
Curtiss.” All these works are based on the Boltzmann 
equation, that is on the kinetic theory of gases, and 
give no information about the antisymmetric part of the 
stress tensor. Therefore they give equations in which 
there is no coupling between the equation of momentum 
and the equation of angular momentum. 

The task of this paper is to derive the general form 
of hydrodynamic equations for diatomic fluids by 
means of the formalism of quantum statistics, which is 
not related with the Boltzmann equation. For this 
purpose the Bogolyubov method of an array of distri- 
bution operators*~’ has been adapted and generalized 
for diatomic fluids. In this connection the equations of 
motion for the distribution operators of clusters of s 
diatomic molecules have been derived, the operators 
of mass density, momentum, angular momentum, and 
energy of the fluid at given point of space have been 
introduced, their average values have been calculated, 
and afterwards the equations, describing the evolution 
of these values in time, have been found. They are the 
equations which are the macroscopic hydrodynamic 
equations. In this manner the quantities Tx:, Qer, ge 


are represented by means of matrix elements of distri- 


bution operators for one and two molecules f; and fo, 
respectively. The parts of T4:, Qer, ge connected with 
the /; function are named the kinetic parts and those 


'H. Grad, Comm. Pure Appl. Math. 5, 455 (1952 

?C. F. Curtiss, J. Chem. Phys. 24, 225 (1956). 

*N. N. Bogolyubov, The Problems of Dynamical Theory in the 
Statistical Physics (in Russian) (Moscow, 1946) 

*N. N. Bogolyubov, Collection of Works of Mathematical 
Institute of U.S.S.R. Academy of Sciences (in Ukrainian) No. 10 
41 (1948). 

*N. N. Bogolyubov, Lectures on the Quantum Statistics (it 
Ukrainian) (Kiyov, 1949 

*K. P. Gurov, J. Exptl 

1948) 

7 K P 

1950 


Theoret. Phys. (U.S.S.R.) 18, 110 


Gurov, J. Exptl. Theoret. Phys. (U.S.S.R 


connected with f2 and depending on the intermolecular 
influence (which is assumed noncentral) are named the 
dynamic parts of these quantities. After finding the 
general form of the hydrodynamic equations, a general 
scheme of finding distribution operators is proposed, 
which is an adaptation of Bogolyubov’s method for 
monatomic fluids. Certain peculiarities of this method, 
which appear for diatomic fluids and which complicate 
the problem to a great extent, are discussed. The 
system of equations for the expansion coefficients of f, 
matrix elements is so difficult that it 
solved until now even for the case of monatomic fluids. 


has not been 


For this reason the problem has been limited to the 
qualitative discussion of the equations in the zeroth 
approximation. They correspond to the Euler equations 
for monatomic fluids. In particular, it has been shown 
that the stress tensor has no symmetry properties and 
this fact gives the coupling between the equation of 
momentum and that of angular momentum, even in the 
equations of zeroth approximation. Naturally the 
special case, that some peculiar form of the expansion 
coefficients of the f, functions may cause the vanishing 
of this coupling, is not excluded entirely. No doubt 
further more light on this 
problem. 
A similar based 

statistics was already published by the 


investigations will shed 


on classical 


author.® 


program however 


1. DISTRIBUTION OPERATORS AND THEIR 
EQUATIONS OF MOTION 


Let us assume that V diatomic molecules are present 
in a certain volume V. The Hamiltonian of this system 
may be written in the form 


h? Nn 
Zz {Ay T A; 
2m i=! 


H=-—- 


where r;,‘" 
the ith molecule and r; 
second atom of the ith molecule. ¢,;; is the interaction 
potential between the ith and the jth molecule (an 
intermolecular potential), and in the case i= j it is an 
intramolecular potential. Ul; represents interaction 
potential of the ith molecule with the wall of a vessel, 


describes the position of the first atom of 
gives the position of the 


which in our system must be present since the fluid 
stays in a fixed volume V. 

A complete description of the state of system should 
give the density operator p, defined by its equation of 
motion dp/dt=[H,p |= (Hp—pH)/ih with the normali- 
zation condition Spp=1 and by the specification of 
the kind of statistics. In our case we assume that the 
molecules are subject to the Bose statistics, i.e., we 
require that Pop=pP=p, where P is the permutation 


®R. Zelazny, Bull. acad. polon. sci. Classe III, 6, 203 (1958 





QUANTUM SYSTEMS 
operator. The average value of any dynamical variable 
Z may be calculated by means of density operator 
according to the formula Z=SpZp. However, as it is 
impossible to find an explicit form of a density operator 
V is a very great number), following Bogolyubov*® 
and Born and Green® we introduce the distribution 
operators for one, two, -, smolecules ac ording to 
the formula 


where 
diatomic molec ules, corresponding to the real volume 
V of the system. 

Using these operators, the average values of any 
dynamical variable of the form 


is the volume of the configurational space of 


Z Y A (ji,j2,* +, Jjs) 
CN 


ja 


alculated according to the formula 


, N 
Z ( )e SpAF,. 
5 


with the operator “Sp” on the equation of 
motion of the density operator and multiplying by 
(y, the equations of motion for the F, operators are 
easily available, namely 


OF a N 
(H,,F,]+ (:- 
J 


at > 


Acting 


+ 


N/ 


X Sp CL o.41F n+l 2D UiF.], 


(+1) v=] =I] 


where H, denotes the Hamiltonian of a cluster consist- 
ing of s molecules. 

We shall now consider the asymptotic case, character- 
ized by the expansion of the domain V into the whole 
space (the influence of the walls of any vessel will now 
be neglected) and by the increase of the number .V 
to *, such that 2y/N=w=const. This passage to the 
asymptotic problem is characteristic of the kinetic 
theory of fluids, even in such cases, in which is explic- 
itly not formulated. In the asymptotic case some of 
our previous formulas are changed into the following 
forms : 


F,= lim Q (1.2) 


V—10 , Nox 


SpAF,, 


OF, 1 * 
: = (H.,F.|+ Sp [> Pi, 04 15f¥ 041 | 
+1 wl 


al @ (es 


(1.3) 


The operators /, thus defined have the following 


*M. Born and H. S. 
10 (1946). 


Green, Proc. Roy. Soc. (London) A188, 
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properties : 


(1) They are Hermitian operators. 
(2) They are normalized in the following manner: 


1 
lim 
V +m , N+ Qy 


F, lim 


Vo , Ne (2, 


Sp Fy4i, 


e+1) 


SpF 


(3) They are invariant under the action of per- 
mutation operator. 


Moreover, the F, operators must comply with the 
condition of ‘decreased correlation,” expressing the 
fact that when the distances between s molecules tend 
to infinity, the F, operators tend to s times the corre- 
sponding F; operators. 

Let us distinguish one state from all the other 
possible states of our system and call it the spatially 
uniform state. This state is defined as the state in which 
the F, operator matrices, in a coordinate representation, 
will be invariant under the influence of a translation of 
the coordinate system 


0 


TV 

1 te f 

7), 9,0) 9, @), ..- 

raul ’(12) 
My ees 


~ g(a 


+7;,\° ry, 


TO ” 
k 


wi 2) eee 


’ 


Mle 
r %, ”"). 


*? lal) 
’ 


By performing the coordinate transformation 
b(n +9, (), 


we divide the variables into two groups; one of them is 
invariant under the translation, and the second one is 
under the translation of the coordinate 
system. These new variables can be so transformed 
that only one of the four vector variables of the F; 
operator matrix will be covariant under the coordinate 
translation : 


r,/0 1 7. ! , fi[4(R,’° +R,"%), 
= R,” l , eed 1 | 


a a a (1) 
fi(&, » Pk oT » Th ). 


Ti 7, (VD—z7, (2) R, 


covariant 


Among the arguments &, pe@’, me, o4 the first 
is covariant under the coordinate trans- 
lation. Similarly in the matrices of F, operators we may 
also distinguish only one vector variable, namely §,‘” 
which is covariant under the coordinate translation: 


7,') R,'D .-- 9, ) RR,’ F, 7, RW, ..- 
” R,”"@ ff4(R,'0 + R,0)) 
, A ’ ys ' a 
/ 


one, i.e., &" 


7, *° ly 

br, 47,"0), ROR, 7)!0— 9,0), 
A(R 4 RO — ROR"), Yn 494"), 
RO —R,"®, 1! —4,", 
A(R, +R,”" —R,'" -R,""° 


‘ r 


, 4(r,’ Og, (s)), 
” / + ) ‘ ) 
R,’ : —R, 3 Tk , —7, . 7 f (Ee » Pk , mm" ’ 


CO; . gs”, Pe, Ma” » Oa» °° Eb Bh 


r (e) 
Os Oe 


The suitable transformation is apparent from the 
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formula given above. According to this transformation, the equations of motion of » F, operators in 
coordinate representation have been transformed, namely 


a f, ih . or f, 1 ef, 1 ‘ ( If, 


at m it Op," Oa, ' 4 Ak, ( On, (I 4 in On, POE 


= ee 
th: wih iml « 


where by ¢,-j; and @ we understand (r,’", R,’ 
re), Re Plds(r,/, RL, 1°, R,'®) and (9,""' 
R,”", "Sag » R = jis , Ny re, RG *X- a 
pressed by &,"'’, é w, me, ox”, Ee, ox”, 9 ; vy) \. 
o.” according te the transformation formulas. dR," | 
Pp as and @ ! we understand (7;'°", R,’"”, the angular momentum operator at the point x,, 
pr, CetD Ri cet pile,’ ®, RO, Ot), Ry Cot! ; 

sii . oe fst ih N 
and: (r, “, | ae i. « te ”, Milx,) 3 
R,"O, 9, {1 0erd), (ot with exchange of arguments as 2 


disc uss¢ d above 


2. OPERATORS OF HYDRODYNAMIC VARIABLES 
AND THEIR AVERAGE VALUES the energy operat: 
For the computation of observables which are E(x.) > Té 


interesting from the hydrodynamic point of view, the 
following operators are introduced: +5 :3)(R, 
N 


+3 dX (Gi 


the density operator at the point x,, 


N 
G(x,)=m YX (6) (RK, —x,) +853 +-505)(R, x, dis}; 


i=l 
where 7, denotes tl kinetic energy operator ol the 


the momentum operator at the point x,, molecule. Average values these operators ar 


_ 2m ¢ 2m ¢ 
G(x,,t) fi (x,,p," ; J Cid : 
‘ - 


Ww 


ihe 
[,( ry, i/)=—- | 


Ww 


= Of; 
M,(x,,l)= nXmd a(X,,t)—-—— )) —— ldi3)p™, 


do, 


- ldisp 


1 


h? f *hi 0 fy 0 fi 


mot Ldo,do,. 4 dm MVOM™ =16 0 VIE, 


i 2 le 
T J Corr Men" re fi 


aw * 


where the meaning of [ | is clear from the first uniform state is also independent of the time, 
formula. For the spatially uniform state all average state in which our system has a constant density, 


1 
th 


values given above (without the external part of momentum, intrinsic angular momentum [the second 
angular momentum) do not depend on the x,, since the term in the formula (2.7) ], and e: t any point 
f, and fs functions do not depend on the &“, in place of the medium, at any time. 


of which one should put x*. It follows that if a spatially The average values calculated above have clearly a 
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straightforward interpretation. In order to avoid the 


necessity of putting in place of &“) the coordinate x, 
of the point of observation, & will be identified with 
x, and will be written &. Then 


‘ 2m 
g( &,t) =(7(¢,,1) = — [CAMoo™, 
@» 


ih Of, 7 
Affe 
a On’ 


g(&x,t)m,(£,,t) = M, Ext) — €imnE mtn 


ih of, 
; —= f einsdn®” sas d (3)p 
ao, 


Ba ( Eq) ur ( Ext) eer( E; ,t) 


g( £,,t) 1; (€,,t) = (2.10) 


be (E,,)mi(Ex,t)wr( Ext) +e Ex,t) (Edt) 
e h? 
=E(h,)=—- f 
mw 


df 1 
+ — faye [Corr fiMae” 


- f i 1 fi 


00,00, 4 An On 


: 16 dE OE, 


1 
gira [Core feed eed ae”. (2.12) 


2w* 


3. METHOD OF SOLUTION OF THE EQUATIONS 
OF MOTION FOR THE DISTRIBUTION 
OPERATORS BY MEANS OF 
A SERIES EXPANSION 


To calculate the hydrodynamic variables the f; and 
fe functions are needed. Therefore some method of 
solution of Eq. (1.4) must be given. We are interested 
in the so-called normal solutions, i.e., in solutions which 
are uniquely determined by specifying hydrodynami: 
variables throughout the domain of the fluid (see 
Green"), 

Instead of specifying the values of hydrodynamic 
variables throughout the domain of the fluid, the values 
of hydrodynamic variables and their spatial derivatives 
at given point may be applied. In this case the Taylor’s 
expansion of hydrodynamic variables in the vicinity 
of a given point is used. Then the functions f, must 
comply with the following conditions: 


(1) They do not depend explicitly on £ , because the 
spatial dependence of the f, functions is included in the 


“H. S. Green, Molecular Theory of Fluids (Interscience 
Publishers, Inc., New York, 1952). 
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dependence of the hydrodynamic variables on the £. 
This situation does not vary on passing to the specifi- 
cation of these variables and their spatial derivatives at 
a given point. 

(2) They do not depend explicitly on the time, 
because in the normal state the dependence on the time 
is caused entirely by the time dependence of the hydro- 
dynamic variables and their spatial derivatives which 
are arguments of f, functions. 


Further on it has been assumed that we are interested 
only in such states in which the gradients of hydro- 
dynamic variables and the higher derivatives of these 
quantities are quite small. Then it is possible to expand 
the f, functions in the Taylor series 

fom foPt fet foP+-++, (3.1) 
where the f, do not depend on the derivatives of 
hydrodynamic variables, the f,“? are linear in their 
first derivatives, the f, are quadratic in the first 
derivatives and linear in second derivatives, and so on. 
It may be said that the first term of this expansion 
describes the state of the fluid which is determined only 
by the values of hydrodynamic variables but not by 
their derivatives. To see whether this is a solution 
corresponding to thermodynamic equilibrium, one 
must find the integro-differential equation which this 
term must satisfy’ 

Taking into account the postulate formulated above, 
the derivatives which are in Eq. (1.4) may be written 
in the form: 

of, 


Of, Ody Of, a, 


Ot da, AL da,/dE, AIDE, 


af, a) of, Oa, 


OEOn™ Oni Bay OE; 
Pa, 


a) Of, 


7 


bat (3.3) 
On day ‘OE, OEE, 


To expand Eq. (1.4) into a system of equations, one 
must know the manner in which the expression da,/dl 
expand with respect to the derivatives 0a,/9£,, where 
now the a, stand for all the hydrodynamic variables of 
interest. For this purpose the general form of the 
hydrodynamic equations must be calculated. 


4. GENERAL FORM OF HYDRODYNAMICAL 
EQUATIONS 


Let us calculate the time derivatives from Eqs. (2.9) 
to (2.12), which are needed in the calculation of the 
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hydrodynamic equations 


Og(é,,t) 812m 


2m {ahi 
———- = — — fThMae” -— {|= d¢ayp 
at Otl w « -s 
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Og(E,,t)ur( Eyl) 9 th Of, ih 0 
{- -{ id (3p a ae f 
al al WwW 


On," @* Oni | 


Og(Ex,t)mi( k,l) 0 | th Of, th 
=—{ — = f imeem” - d ¢a)p _ = 
al * 


atl w da, ws 


da. al “4 One On,” Al 


1 Oe afi 1 Of 1 Of» 
16 JE,0&, At _@ ot 2uw* 


20.” di 


0 h? i f a Of, 
—(heu+ Sgmuert ge) = -— f | 


al mw da; 


If now the equations of motion for the f, functions are used, the successive hydrodynamic equations 
obtained. First, the equation of continuity is given by 


dg £,,t) 2m 2th fy ih 0 fy 1 ’ 1 4 
= [ + - +-—(ovv — dy) fi t+— | { (dire 
al Ww m Op;Pda; 2m daE~an;™ th wtihe 


i a 
XK dix)p@ d 3) £@) d (yp =< 


When deriving the momentum equation one must take 


into account the following property of the f, functions. 
As the system of molecules obeys Bose statistics, it wi. 2. 
may be written 
which stems from the identity of 
PF =F Py=F., 


toms of our diatomic 
(4.6) molecule; and the form of t 


he potentials @:; and @12 may 
. . be specified 

a permutation operator ol molecules 
i” and “7”. This property is transferred 
change to the f, functions 
fors=2: 


where P;; is 


; pi=d +.9 
without 
It may be written, e.g., 


$.10 
{’) ; : ; 
Then the following relations are of interest, and are 

easily available from formulas (4.9) and (4.10 


OP(1.1) dd(1.1 


0 po" 











QUANTUM SYSTEMS OF DIATOMIC MOLECULES 


From these facts we obtain: the equation of momentum, 


0161 (x,t) Ou; ( Ex,1) 0 
& (Eu) ——— = — g (Ea) j( Eu) + Ty, 
ot 0; 0€; 
where 
i? ef; 0(1.2) 
Ty el usl)ul asa Bod)-+— f a aeeeeen ecm id ¢3)p“ +— Sa &,° 
2mwt Ldn dn; 2uw*t k,* 
# fe 
—— ++. fine Ydeaypdiay§™; (4.13) 
OE OE, 
the equation of angular momentum, 


Om,( Ex, t) Om,(&,,t) @ 
¢———— = — gu ——_ + —01;— Cima! mn; 
ot 0&; 0g; 
with | 
, as (2 2 2)4 a pa §;®) 


h? Ff; + 3Pn 
Ou= (Ext); (Ext) mil Ext) +— — {mon d¢xp"+ Lmnt ; 
dn; do, ; ED 44(p 0) 4+) 


q : 1) 4-9, )En* "gs" 
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£) p p- 
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2! 3! O€; 
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and the equation of energy, 


é u* 
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fa 


€,=4mw, 
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_ wf: ] ie 1 #f; \7 
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a 48mm 16 a€0E, 


2mw 


_* Of; ih Of ‘ th 0(1.2) 
; — {loa 1) ; “gins _ Ffoas k. pd pd gt — f é; 
dn; 5 4m” On; 8mu.* 0§, 


r ra) 0 , Ofs ; ! 2 be +4 (ox +p " 
—T. é f2—-9§.—+ — di3)p™ d «3p d¢y§@ a ff mat ‘ 44 , €;? uy 
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f2— 4 O—+F - ++ dea d (sp 'd (3) § —— = ft . a je -— f tran 
ag, 2mw Ona! k 2mw 
+$pnp 





+}(p+p2 


i (om + 9m En EOF I dfs 
»+—f ~. -- ~|- fr——&i—+... fred? deat, (4.17) 
) 


€kmn? Wk— : 
2! 3! 0k; 


K d 3,9 'd (3p 'd 
a +4(p2 +p? 


Using the expansion of the f, functions given in the preceding paragraph, one may expand also the quantities 
T1;, Ory, and q; as a series of derivatives of hydrodynamic variables: 


Ty=TyO Ty +Ty+---, Qy=Qy+04%+O4%4+---, 9= 9;5°+9;"4 ee (4.18 
P| 
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where 


ai h 0 fi 0) 
Ty; = guyuj;t : dis 
2mwt 1 dni? An;“ 


h? oO My i} 
Tj =- f d 
2mw On? dn; 


O14 = guymit+ 
2mw 
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©) +g, gE, + §,@ 


2)44(p(1) +4 5)) 


Bai + pr EO +E 5° 


ED+4(p%+p))| 


h? oe fy l 1 in (pm 
lmnPm ¢ p €imnt 
7) On; da," Jus* 


— ff 

ama 
th Ife 
fjea2 

4mw On; 


Xdis)p 


hi? 


2mw 


and so on. 


2¢ ()¢. @41, a 
puta 2E;2+ hp, 
EP +3 (p+ 

(Pm +pa“ En rg 


(2) 1 j , 
EO +3(p' +p 


: 1 Of » 
Le in 
MM \Ae,P de, = 40n; dn,“ 


th 0(1.2) 
aie =f ne 
Smu* a _\ An, 
5 (pz +p, @) 
+3(p+p®) 
07 fy 


On; de» 


(pm 


, 
EkmnY Ok 


5. INTEGRO-DIFFERENTIAL EQUATIONS FOR THE EXPANSION COEFFICIENTS OF f, FUNCTIONS 


As is easil:y seen from the general form of the hydrodynamic equations and the formul 
above, all the quantities da,/dt which are in Eqs. (3.2) begin with the term linear with re 


a, with the exception of 


gom,/dt= — gum, :+QOx; 


where the term €xnnZ mn 


(0 


—€imnl mn 


is of zero order. This term vanishes in the case of central int 


reason the integro-differential equations determining the zeroth term of the expans 


have the form 


s for T1;, Oy, g; derived 


pect to the gradients of 


5.1 


ar forces. For this 


functions In series 
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l . 
+ -2 (y;"- dyer) i. 
thi<i 


pw < ——— hadadentibiaetas 


én 1 Op, Pa," i? On, PAE,™ On, MOE, 


Lie 1 af. 
+ a ) (de, e419 — Gir, Coty” fer” Jan (e*1) wey ( of app “td eat +l = €imnl ma—— 
wih il 4 Om 


[ f, ld «ap Dd is pd cy t®, (5.2) 


1 of,” , (pa? + pm? En . 
~ €kmnt 


gor" Om, E243 (pl 1 p 2 ) 


From this equation it may be seen that f,“ does not correspond to the thermodynamic equilibrium, f, is the 
equilibrium solution only in a case when the right side of the equation vanishes. This takes place, for example, 
in the case of a central intermolecular potential. Not excluded is also the possibility that for the equilibrium 
solution the right side of this equation vanishes, but to date no proof of this fact has been found. 

Now the integro-differential equations determining the first term of the expansion of the f, functions have the 
following form: 


2ihy « of," _ Fe AD af, = 
| x 1x (———_- +o re oreny 
m\ imi Op, do, m2 Om, VIE =, PIE thi<i 
2 th 8 Of, da; 
HE [beeen der 08 \ fe”), . (3 vis 5 €' “df = 5 
wth i ! 


2m On? Gay Ok, 
Of, da; 1 Af, Ole." 0 1 
Tr Q 7 T a eo , . rs non (- tinsTan® ). (5.3) 
da; Ol g Om, Am,/dk; Ak; g 
In a similar manner the integro-differential equations for the higher expansion coefficients of the f, functions may be 
easily written. 


The equations described above do not determine uniquely the expansion coefficients of the f, functions. The 
following requirements must be added: 


(1) The zeroth expansion coefficients must give all the hydrodynamic variables, 


2m 
g\ 4) = 7 fen \d »p™, JCA Mow 0, 
WwW 


ih pp afr af, 
»% Ldn. 


Ww On i : 


ih Of, af, 
g(E,,t)mi( Ex,t) = - J non’ aaa dixyp, [emo od Ion d¢; 
Ww dc," da, 


h? PA 1 &f,0 1 
bou?+ge,t+ge= — | + bi. p+ fea 1) {1 dap" 
mw w 


00,00, 4 An, An, © 


1 . 
, - [ (901.2). Mo pd pd yt™ ; 
ir 


1 &f,“ 1 ef 1 
f v% + r + w di)p" + {toa 1) fi™ |deayp™ 
mw 00,00; 4 0n,PdAn@ 16 df~at W« 


ie) 


1 ; 
+ - f (601.2) dap 'd ap dy =0, (k=1,2,---). (5.7) 


2” 
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(2) The condition of the decrease of correlation 

must be also split with respect to the gradients of 
hydrodynamic variables, 

» f (0) f,@ 

be“ ee 


—> {5 f+ f,M f,O, 
‘@ . . 


6. HYDRODYNAMIC EQUATIONS OF THE 
ZEROTH APPROXIMATION 


The equation of the zeroth approximation from the 
preceding paragraph may be treated in a manner 
similar to the classical case, i.e., the right side of the 
equation may be treated as a small perturbation 
(which vanishes, as we know, in the case of a central 
intermolecular potential). For these purposes we may 
attach to it the parameter \ and expand the f/f, with 
respect to this parameter: 

Jere J fF J} +++, 


(6.1) 


Now it must be required that /,“ 
hydrodynamic variables. It is the solution of the 
equation of equilibrium. Some information with 
respect to its form may be obtained from considerations 


gives also all the 


of Gibbs distributions, as was done for the classical 
But the known methods of calculation of the 
Gibbs distribution, based on the development with 


case." 


respect to the powers of A, are not suitable for our 
problem and give enormously complicated results. For 
this reason we must now give up the attempt at 
effective calculation of the fe” functions or the Ie ond 
functions and limit ourselves only to the qualitative 
analysis of the solutions of the equations in the zeroth 
approximation. With this in mind, let us introduce the 
functions r,. These are the solutions of the equations of 
equilibrium in the case #,=w,=0 (the case of the rest 
of our system) for given density and intrinsic energy 
g, «. Since for gases at normal temperatures the equa- 
tions of equilibrium have only one solution, the r, 
functions must be invariant with respect to all trans- 
formations for which the equations of equilibrium 
remain invariant 

Such the rotation and 
translation of the coordinate system, (b) the trans- 
’ and (c) the 
, &°” change the signs 
of all components or some of these components). 

The r, with such properties do give definite values of 
g and € and #=w, 


transformations are: (a) 


formation 1, > —,(, +» —¢, 
space reflections (pe, OK’, ™m 


0. The stress tensor for the r; and 
re functions reduces to the diagonal form and defines 
the pressure. Hence the r, functions are special solutions 
of the zeroth approximation equations (5.2) (because 
the antisymmetric part of the stress tensor vanishes). 
Therefore the solutions of Eqs. (5.2) fulfilling the 


conditions (5.4) to (5.7) are assumed to have the form 


h)h, \r,. 6.2 


xpi ? 


The knowledge of the 4,“ may be limited to only a few 
terms of the following Taylor ¢ xpan sion 


1) 


+ ayj\*'n (6.3) 


It may be easily seen that term of the develop- 
ment is responsible for the changes of 


and 
the 


and 


de Nsity 


energy, which are caused by the existence of 


velocities u, and w,. Using the conditions (5.5) 


(5.6), the following relati for the hy expansion 


coefficients are obtained 


ler 
f auLr e) 


ns 


g(E,,t)uy(£,,1) 


from which, using 


2m 
L771 exp| 


we obtain 
and 


g( Ex,t)mi( Ex, 


1 
ElmnPw ,, r 
WwW 


In order to use the introduce into 


last condition, we 
our considerations a new operator: the 


moment of inertia of the fluid at 


operator of the 
1 point x 
N 


Ter(x,)= > me 
pe 


The average \V ilt 


by means of whicl 
fluid at the 


The above mentioned 
form 
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In this manner we have two terms of the Taylor naturally a trivial operation. Using the expansion of 
expansion of the 4, function; the remaining coeffi- the A’, functions, we may calculate the forms of 
cients are the unknown functions of u, and w:{ which Ty, Qi and gq,» according to formulas (4.19) 
for “#,=w,=0 ought to vanish identically. Writing and (4.21). 

equations for the functions 4, from the Eqs. (5.2) is For Ty: we obtain 


h? Or, t 
T° -— f| : | ewe Kh) Jd yp +— - fan En] exp{ (i/h)[h J}dcayp 
(1) 


2mw On? Om hmw 


£: [re | exp{ (i h)( he J} cap 'd yp dat. (6.12) 


26 FeO thon +o) 
+ fe = 


E+4(0 +p) 


WwW 


The first term corresponds to the kinetic part of the equation of momentum and that of angular mo- 
hydrostatic pressure. The second term depends on the mentum. There may be of course some quantitative 
coefficient a,:"’ vanishing for u,=a,=0, and is sym- 
metric with respect to the indices k and |. The third 
term, joined with the intermolecular potential, has not 
a definite symmetry (provided that [4] has a very 
special structure) and behaves quite similarly to, its and ws. 

classical analog, giving in general the coupling between Ow has the form: 


differences following from the quantum effects, which 
exists on the level of Gibbs distributions and which 
may be modified by the existence of the velocities ™ 


i 
On a f onon rE] exp{ (i h)[ hy |}d pp) 


2mwh 


i (Pm —~ Pme )én™ 4 pup, ‘ , 
a Soe" ' , . £: expt (i/h)L® J} re ld cay Pd apd at. 
2a" £243 (p +p) 


In hydrostatic equilibrium, Qy:’=0. The quantities ACKNOWLEDGMENTS 
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of the vectors u, and w;. The parts of these tensors 


which do not vanish for #,=w,=0 may be called the 


Quite analogous forms may be obtained for the 
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Using the method developec in paper I of this series, the thermodynamical properties at 7 =0 of a dilute 
system of hard spheres are computed for small values of pa*, where a is the diameter of the spheres and p is 


the particle density 


E study in this paper the thermodynamical 

properties of a system of hard spheres at T=0. 
We recall that at a finite temperature T the pressure p 
depends on the chemical potential u« «4 on 7. The 
thermodynamical relation, 


dp = pdut (S/Q)dT, 


enables one to compute the density p and entropy 
density (S/Q) of the system. Once p is L..own as a 
function of uw and 7, all other thermodynamical quanti- 
ties can be calculated. 

In Sec. I it will be shown that for a Fermi gas of hard 
spheres, using the results' of paper II, one can compute 
p at T=0 as a series involving successively higher 
powers of ua. From this expression one obtains the 
other thermodynamical properties of the system, such 
as the particle density p and the energy density. The 
energy density so obtained clearly represents the 
ground-state energy per unit volume. It is expressed 
in an asymptotic form valid for small values of Pra, 
where Pr is the maximum Fermi momentum for free 
particles. 

The corresponding calculation of p at fixed uw and 
at T=0 is more difficult for a Bose gas of hard spheres. 
The origin of the difficulty lies in the well known Bose- 
Einstein condensation which makes it difficult to take 
the limit T7—0. In this paper we circumvent this 
difficulty by making the calculation for a Boltzmann 
gas of hard spheres, which does not exhibit a transition, 
and remark that at 7=0 the thermodynamical proper- 
ties of a Boltzmann gas are the same as that of a Bose 
gas. The calculation is outlined and summarized in 
Sec. 2, the mathematical details being given in the 
remaining sections of this paper. 


1. FERMI STATISTICS 


In this section' we calculate the pressure at T=0 at 
an arbitrary chemical potential u for a Fermi system 


* Work supportec 
Commission 

1T. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959), 
and 116, 25 (1959), referred to as I and II. We follow the notations 
of these papers. Thus p= pressure, h= 1, m= mass of particles= 4, 
a=hard sphere diameter, V =number of particles, Q2= volume of 
box, p= N/Q, J=spin of particles, Py = maximum Fermi momen 
tum for free particles=([ 62°p/(2/ +1) }', B=1/«cT, and \= (4x 8)}!. 


the | S mic Ene 


rg) 
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of hard spheres with spin J, to the order a*. One first 
writes down the fugacity series (11.35) computed in 


paper II for finite T 


A(p/eT) = ¥ b,42 


— (2I+1)gy -2) P(a/A) 


RJ2(27 4 1 \g 


PBJ 11.1) 


+O a’ *), 
where 


(I1T.2) 


and 


F(z) (111.3) 


One recalls that according to the general principles 
of statistical mechanics, the fugacity is related to the 
chemical potential » by 


(111.4 


eXp \yu x] 


For fixed u>0, as T — 0, clearly z 
(IIT.1) 


successive 


> +2. Equation 
compute thel imit of p in 


enables one to 


approximations. In this computation the 
asymptotic limits of the functions gy, g;, g;, and F are 
needed for argume In Appendix A 
these asymptotic limits are derived. Using these limits 
one obtains, as T — 0, for fixed u>0, 


nt — 
LilS o 


x 


(2J+1) (152?)—"'pi— 27 
+4] (2J+1)e“ (27/9 


- (11—2 In2) (105 


(p)r—0 2J/-4 


(1IT.5 


la??? 
The form of this expression suggests that the higher 
order terms contain higher powers of au!. For finite but 
small values of 7, the next order terms in the asymptotic 
expressions for the g functions contribute to the pressure 
p additional terms proportional to 7°, as can be easily 
verified with the aid of (III.62), (III.63), and (III.64). 

The particle density and the energy density at T=0 
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for fixed u>O0 are easily obtained from (III.5): 
d 

(p)T.0.=— 

m 
—2I(2I +1) (3e*)“ay?+ 14) (27+1) 

x ((2/9)— (11--2 In2)(105)— Ja*u! 


(p)r-0= (2I +1) (6m?) ps! 


+--+, (IIT.6) 
- 
saben (p)r-0— (p)r-o= (2 +1) (109*)—"'u! 
dp 
~ 4) (2I +1) (9x8)ay®+10J (2J-+1)9 
((27/9)— (11—2 In2)(105)~* Ja*y?” 


+--+, (III.7) 
One can solve (III.6) for y?: 


ul= Pp+4J (3m) oP? 
8J? 4J (11—2 In2) 
oe 


Or? =x?” 15 


(IT1.8) 


Substituting this into (III.7) and dividing by p, one 
obtains the ground-state energy per particle: 


(B/N) ra0= (3P 2/5) +8mapJ (2J+1)> 
[1+6(11—2 In2)Ppa(35e)-"]+---. (IIL.9) 


The result (III.9) was quoted some time ago in a 
short summary.’ This result agrees with that obtained 
earlier from the pseudopotential method.* 


2. BOLTZMANN STATISTICS (AND 
BOSE STATISTICS) 


In a Boltzmann system, to approach the limit T — 0 
at fixed 4>0O one must study the properties of p for 
values of the fugacity s=exp(yu/xkT)—~ +. This 
means that one must take into account all terms in 
the fugacity expansion >> 5' and not cut off the series 
at any finite /. With this in mind we approach the 
problem in the following way: We calculate, for each /, 
the dominant terms in 5; for small values of a. These 
dominant terms have the following form : 


bi=d*Ly1(a/A)*"+-6,(a/A)!+ Ss +i. (IIT.10) 


The coefficients y; and 6; are pure numbers. One defines 
the generating functions 


I(x) = ¥ yi(x/2)', 
1 


A(x)= > 5; (x/2)'. 
1 


? T. D. Lee and C. N. Yang, Phys. Rev. 105, 119 (1957). 
*K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957). See 
also C. DeDominicis and P. C. Martin, Phys. Rev. 105, 1417 


1957). 
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The coefficients y; and 6; are computed in Secs. 3, 4, 
and 5, where one obtains explicit expressions for these 
generating functions [T and A. Before discussing the 
physical consequences we first state the mathematical 
results of these computations. It will be shown that 


I(x) =4D(x)+3[D(x) F, (ITT.12) 
where D(x) is defined by 
De? = x. 
It will be further shown in Secs. 4 and 5 that 


(JII.13) 


A(x)= . Cy( 2p) i —D(x)¥, 


wad 


(111.14) 


where 


c= 2) f qidg f dt,-+-dl, 
( 


1 2tle20 
K exp{ — gL (ti2— tra”) + (tea— tas’) 


tes ++(tys—ty?) )), (100.15) 


and 


he= |hi-bl, etc. 


(111.16) 
The function D(x) in (III.14) was already defined in 
(I1T.13). 

The pressure is expressible in terms of the generating 
functions, as a direct consequence of (III.10) and 
(ITT.11) : 


p= 5 by!=4x(ad)1(2)+4ed-8A(2)+-+-, (111.17) 
| 


where 


x= 2as/h=2ad~! exp[ud?(4e)-]. _ (IHT.18) 


For fixed 4>0, as T+ 0, x + +. Thus by (IIL13) 
D—+ +. In fact, comparing (III.13) and (ITI.18) 
one obtains 


D— (4r)~*pd?. 
It is clear from (III.12) that 
T(x) + 4D? = (642°). (111.20) 


The behavior of A as D— ~ can be studied from the 
explicit formulas (III.14)-(II1.16). This is carried 
out in Appendix B where it is shown that as D> +, 


A—» — (16/15) (2/x)*D!. (II1L.21) 


(ITT.19) 


Thus 
A —2-4(15e*)- yd. (111.22) 
(111.17), (111.20), and (ITL.22) lead to the following 
expression for the pressure p at T=0: 
(p) rmo= (16ma)~ "yw? — 84 (15e")y!+---. (101.23) 


As remarked before, this expression for the pressure is 
calculated for a Boltzmann system, but is valid also 
for a Bose system. 
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The particle density p and the energy density are 
easily obtained from (IT1.23) : 


(p) 7. 0 


(8a) — 23 (39?) I+ - - - (111.24) 


~1] pre (16ma)~ yu? — 23 (Sx?) ! 


+--+, (ITI.25) 


Eliminating » one obtains the ground-state energy per 
particle: 


(E/N) 1r~0= 4rap[1+-128(pa*)*(15e')-'+--- ]. (111.26) 


The result (111.26) was quoted previously in a short 
summary.” Stimulated by this result, the authors 
together with K. Huang had investigated the possibility 
of obtaining the ground-state energy by the pseudo- 
potential method. It turned out that this is indeed 
possible. A description of these considerations has 
already been published.‘ 


3. CALCULATION OF I 


To evaluate y,; is to evaluate 8; to the dominant order 
(i.e., lowest order) of a/A. Now 8, is an integral of U, 
which in turn, as shown in paper I, is expressible as a 
sum of integrals of powers of the binary kernel B, 
starting with the power B*'. The diagrams that 
correspond to integrals of B'' will be called lowest 
order diagrams, those that correspond to integrals of 
B', next-to-lowest order diagrams. We expand B accord- 
ing to powers of @ as in (1.71): B= B,+- B.+--- where 
B, is of the order a, By of the order a?, etc. To the lowest 
order in a/A one need only include lowest order dia- 
grams, and replace B by B, in them. One thus obtains a 
term for 5; proportional to a‘~', the coefficient of which, 
by (III.10) is A~“y,(A)-". For the next order terms 
there are contributions from 


(i) next-to-lowest order diagrams, 
(111.27) 


in which one replaces B' by B,', 
and 


(ii) lowest-order diagrams, in which one replaces 
one of the B’s in B'" by B, 


and the rest by B,. (III.28) 


These contributions are considered in the next section 
in the calculation of 4, 

The procedure which involves 
expanding B into powers of a is not® one that can be 
extended in a straightforward manner to all powers 
of a. In fact, it can be seen that in the next order 


* Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). 
* The authors are indebted to Dr. T. T. Wu who first raised 
this question 


described above 


nee £. FH. 


YANG 


beyond the terms explicitly written down in (III.10), 
complications will already be encountered. The origin 
of these complications lies in the fact that in coordinate 


space, for fixed r, ro, r,’, f’---, the matrix element 


U1\ 81, fe: 


can be expanded in powers of a, starting with the power 
a‘, but the expansion does not apply to regions in 
which, say, |tm—fr|~a 
order a’a'?*= a"! 
in Appendix A, paper IT, illustrate 
case of bo. 


which contribute terms of 
to the coefficients 6). The calculation 


this point for the 


lowest order diagrams 
and replace B by B,. We use the momentum representa- 
tion. As an example, let us first consider 63, and take 
the first diagram for L’,; in Fig. 5, paper I. Conservation 
of momentum forces k,=k,, k.=k, in this diagram. 
The contribution to UU’; (to the order a?) from this 
diagram is, according to the rules in paper I, 


8 B’ 
f as’ dp” (ax ‘f d*k, 


(B—B6’)k;-? 16°(k 


We now concentrate on the 


exp| 


— (B—B')k»” 
xX exp[ — (6’—8’)k.?— (9’—2’k 
«(ky +k, k, ~k») 


x exp —8”"k,*—B"k [11.29) 


The 6 function can be used to evaluate the @k, 
integration. One thus obtains, by (1.54), the following 


contribution to (k,-,ke:,Ky | a3! k,.ke.k 


8 g 
(ar ef dp’ f 
' 


2 


v 


[TI.30) 


where k,=k,+k.—k,. To obtain the contribution to 
b; one puts k;=k,, as explicitly shown in (1.55). 
Therefore k,= k,, and the exponential factor in (IIT.30) 


becomes greatly simplified : 
exp[ — 8k,*— 8k,?— pk 


which is independent of 8’ and 8’. The contribution to 


b; is thus 


3! 8x*)—' (an sf exp(—8k,’— 8k, 
X d*kid*kod*k f ast f dp” 


an-*)?(x/8)%4%, (111.31) 


The considerations above hold essentially unchanged 
for higher values of /. One arrives at the following 
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contribution to 6, from each lowest order diagram : 
(2! 8x?) (— aw)" (9 /py98"/(1—1) !. (1.32) 


Defining A; to be the number of lowest order diagrams, 
one obtains 


b,=d-4(1 1) “L— 1) L' (— 2@/d)*'474+-0(2'), 


(122). (111.33) 
Thus, 


Fs" (1!) d—1) 1) 1(— 2)! Ay. 


We define A,~=1, 
for /=1. 

As will be explained in Fig. 4, the number A; is the 
number of “tree skeletons.’”” The mathematical problem 
of calculating A; by generating functions will be solved 
in Appendix C. Equation (III.99) there together with 
(1IT.11) gives 


(111.34) 


so that this equation is also valid 


I (x)=4D+1D, 
which was used before in (ITI.12). 


4. CALCULATION OF A 


As already discussed in the last section, the contribu- 
tions to 6; come from (III.27) and (III.28). We shall 


Fic. 1. Example of a next-to 
lowest order diagram for /=4. 
The intervals §;, 82, ---8: are 
always labeled from the top down. 











(111.27) first. Each next-to-lowest order 
diagram contains / B’s. These B’s carry with them 
factors of 6 functions showing the conservation of 
momentum. To see the effect of these 6 functions we 
draw a skeleton (Fig. 2) for each next-to-lowest order 
diagram (Fig. 1). As Fig. 2 shows, each skeleton 
consists of / numbered points connected by / lines, u 
of which form a simple loop, the rest not forming loops. 
The lines are labeled by 8;, 82, - - -8:. Different labelings 
give rise to different skeletons. For the case of u=72, 
one line is doubled, and must be labeled twice, by two 
intervals 8», 8,. Notice that |m—mn|#1 in order that 
B does not operate between the same two particles in 
immediate succession. See Fig. 3. With this provision 
in the definition of a skeleton, there is a one-to-one 
correspondence between a next-to-lowest order diagram 
and a skeleton. Some additional examples of skeletons 
are shown in Fig. 3. Now each B between i and j 
produces a transfer of momentum between particles 
i and j. For diagonal elements of U;, the momenta of 
all particles after the / transfers of momenta must be 
the same as their original values. Hence the momentum 
transfer p must be the same for all B’s within the loop, 


disc uss 
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Fic. 2. Skeleton that corresponds to Fig. 1. Each line between i 
and j represents a B operator between the particles i and j. The 
order of the operators B are specified by the 8,’s that label the 
lines. Each next-to-lowest order diagram corresponds uniquely to 
one skeleton with / lines, « of which forms a simple loop while the 
rest do not form loops. In this skeleton »=3, The case of ¢=2 is 
special and is discussed in detail in the text. See also Fig. 3. 


and 0 for the other lines. As an example, take the 
skeleton shown in Fig. 2. The momentum transfer from 
4 to 2 during , is the same as that from 2 to 3 during 
8; and also the same as that from 3 to 4 during 8, and 
will be denoted by p. In Fig. 1, this means that the 
momenta of the points a, b, ---/ are given by 


k. k.+ Pp, k,= k;, k. = k,— P, k w= ke, 
k, = ky+ Pp, k,- k.—p, k, = k;, k, =k», 


k,= ks, k= ky, k,- k,, k, = kp. (111.35) 


The above reasoning shows that for a particle 
i (e.g., i=1 in Fig. 1) not in the loop, no momentum 
transfers ever occur so that the momentum is always 
k;. For a particle i in the loop, as one proceeds up 
vertically in the next-to-lowest order diagram, the 
particle may first receive a momentum p and then lose 
it (e.g., i=2 or i=3 in Fig. 1), or vice versa, (e.g., 
i=4 in Fig. 1). In the former case, its momentum 
starts out as k,, becomes k,+ p, and then changes back 
to k,. In the latter case, its momentum starts out as 
k,, becomes k;— p, and then changes back to ky. 

Now by (1.71), B; contains an exponential factor and 
a 6 function. To calculate the contribution to 5; due 
to a next-to-lowest order diagram, one uses (1.54) and 
(1.55). The 6 functions can be used to reduce the 
k integration for intermediate k’s in the manner dis- 
cussed above. One obtains thus a contribution to 5, 
equal to 


by’ = (1! 82*)"' (—a vf d8,- + -dp; 


4 apf d*k,d*k,: - -d*k; 
I 


I 
xexpl— > 6.£.— Eo(8—> Ba) }, (111.36) 
i 


where Eo=k’+kh?+---+h?, and E.=the energy in 
the diagram at the horizontal level corresponding to 
the bottom on the 8, interval. The @ integration extends 
over positive values of 8, for which >°;'8,.38. For 
the example in Fig. 1, 





Fic. 3, Further examples of skeletons. Notice that if the labels 
8, and #: are interchanged in skeleton 3(a), the result is not a 
skeleton because the B operator between particles 2 and 3 would 
in that case act in the intervals 82, 8;. No next-to-lowest order 
diagram corresponds to such a case 
Ey k,?+ k,?+ k,?+ k 2 = k’+k2+ k/’+k2, 
E, = k,’?+ k 7+ k2 T k/? = k’?+k.? 

+ (Kst+ p)?+ (k.— p)?, 
E;=k;+ k.?+ k?+k?= k,? 
+ (ke+ p)?+k,?+ (k,— p)’, 


(111.37) 


Ey= Eo. 


The exponent of the integrand in (III.36) is a sum of 
terms k?, (kjt+p)*. The dk; integration is thus a 
Gaussian integral : 
f d*k, exp —s,(ki+ p)*— (8—s)k2] 

(29/d)* explL—8-"p’s,(8—s,)], (111.38) 


where s;=}>- 8, over all a for which E, contains (k:+ p)*. 
For example, from (ITI.37), one sees that for the diagram 
of Fig. 1, 


s,=0, Sg= Bz, S3= Bo, Sa= Bot Bz. (IIT.39) 


A simple rule for writing down s; will be given below. 
Combining (II1.38) with (III.36), one obtains 


b/ (1! 8a’) , ord ef dp, ’ “dp, 
“ 28.58 
x [ @pexpl ~8-p? ¥° s,(8—s,) ]. (111.40) 


Now let us introduce the variables 


E=BitBet-:-+8, f=BrtBrt--- 
+8), ras g 


Sra/X “f 
8 


« fp esl -B Ps 


(111.41) 


One finds 


b,’ 


l! 8x 


s,(8 (111.42) 


si) }. 


We also change the labeling of the lines in the skeleton 
8;— &. The important observation is that s; can be 
read off the relabeled skeleton according to the following 
rule: 


Dc. NHN. YANG 


s,=0 for i not in the loop; otherwise 


s;= | difference of the two &’s labeling the two 


lines in the loop touching the vertex 7 (11.43) 


(111.43) gives, for ea 
functions of £,. 

We now take an skeleton” with ~23 
and consider all the /! ways of labeling it. Each gives 
rise to a skeleton and contributes a term },’. These /! 
contributions are in general different. The sum of 
them is, by (III.42) and (ITI.43), 


h relabeled skeleton, $s; as explic it 


“unlabeled 


@1,,.= (1! 84#)"'(— 89a ay f 


Xexpl[—S 1p? ¥ s:(8—s,)], (111.44) 
where s; is given by (III.43) for any particular way 
L of labeling. [Notice that the region of £ integration 
in (IIT.44) is much enlarged compared with that of 
(III.42).] We choose L so that the lines in the loop 
are successively labeled &), £, ---&,. The integrand in 
(ITI.44) is then independent of £,41, Eure, ---&. Thus 


O14 .= (1! 89*)( *)'8! 


x [ pexpt Bp) (£128 — E107) + (£2 Fo") 
(111.45) 


S7ra 


where 
E12 fi—f!, et (111.46) 


Introducing the variables /,= £87 


?’8, one obtains 


©, ,=rAF(1!) 71 (—2a/A) "cy, ITT.47) 


where c, was defined before in (III.15) 

We have shown above that each “‘unlabeled skeleton” 
(or rather, all the skeletons with u2 3 corresponding to 
one unlabeled skeleton) contributes to 5; the expression 
@,, given by (III.47). The total contribution from all 
unlabeled skeletons for given / and u (J2=yu=3) is thus 


A471) (111.48) 


Za aN y, y= (u,l), 


where =(yu,/) is the number of unlabeled skeletons with 
i numbered points, and / (unlabeled undirected) lines, 
u of which form a simple loop while the rest do not form 
loops. Comparing (III.48) with (III.10) we obtain the 
contribution to 6; from all skeletons with u23: 

I 


III.49) 


We must now add to this the contribution from 
skeletons with n= 2. For this case (III.42) and (III.43) 
still hold for each skeleton, but not all labelings of an 
unlabeled skeleton are allowed, as discussed in the first 
paragraph of this section. One therefore obtains 
(111.44) taken at u=2, minus the contribution that 
corresponds to consecutive labeling of the two lines in 
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the loop. The result must be divided by two because, 
e.g., in Fig. 3(a), switching the labels 8; and 6; do not 
generate new skeletons. Thus, each “unlabeled skeleton”’ 
with y= 2 gives the following contribution to };: 


1 
©), 2= (1! 84*)—"'(— 8ra/X*)! -f dt,-+-dé, 
246 zt. 20 


x d* pl —28 pt 12(B— £12) | 


1 
— (1! 8x*)—"'(— 8ra/X*)! -f dt,---dé, 
2/7 a 


- 


x [ #pc-28 'PE12(B—b12) J, (T1I.50) 


where £. is defined in (III.47) and & is a region in 
& space corresponding to B2£& 20, but with no &, 
falling in the interval between &, and £. The p integra- 
tion in (III.50) can be carried out. Changing variables 
from £ to t, £,=8t,., one obtains 


@,.2=d*(1 1)" (— 2a/r) gi, (111.51) 


where 


Fed 
== | f Cma-a9 


x [1— (1— te)" Jdtidt, 


l 
f @a-o7 1i—r*]dt, (122). 
‘ 
We thus obtain 


l 
6,= (1!)-"\(— 2) 'PEZ(2D+ dO (b)-(—2)'o E(u) 


u=3 


+contribution from (III.28). (II1.53) 

We shall now explicitly calculate the contribution 
from (III.28) to 6;. We consider a lowest order diagram 
in which one specific B is replaced by B:, the other 
B’s by B,;. We call this a marked diagram [the B, 
being marked]. For every marked diagram, by the 
same reasoning that led to (III.31), one concludes 
that in the diagram all the intermediate momenta of 
particle i are the same as the original value k,. The 
contribution to 5; from the diagram is, by (1.54) and 
(1.55), given by an integral over d*k,---d*k,, the 
integrand itself being given by an integral over d8,d8, 

--d8,_;. Using the explicit forms (1.71) for B; and Bz, 
one sees that all d*k integrations can be immediately 
carried out except for the two involved in B,. Also the 
d8 integrations can be carried out except for the one 
involved in Bz. One arrives thus at the following 
contribution to 5;: 
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Da?(r/B)*! 2)/2 


6 
xf dp ,(8—8,)'*(l—2) 1] if f area, 


< [exp(—8k:*—8k2*) [2AM ((28)*R) 
— (28,)-! exp(28,k*) }, 


(1! 89*)"(—aw-*)! 9 


(IIT.54) 


where k=4|k,—k,| and M was defined in (1.68). 
Different ways of marking the same diagram lead to 
the same contribution (IJI.54). We should therefore 
multiply (111.54) by (/—1) which is the number of 
ways a diagram can be marked. We should also multiply 
by A,= the number of lowest-order diagrams, a number 
already introduced in Sec. 3. The contribution of 
(I1I.28) to d; is thus 


(/—1)A,X (IIL.54). (III.55) 


The integral in (ITI.54) can be evaluated by first 
transforming k, and k, into the center-of-mass momen- 
tum K and relative momentum k: 


K= k,+ ko, k= }(k,—k,). 


The K integration is then performed and one is left 
with the following & integration: 


f PLew 28k*) | 2kM ((28;)*k) 
— (28;)~4 exp(26,k*) dk, 


which one evaluates by writing 


k 


M ((26:)'#)= (281)! [| exp(2ap*)dp, 


and then switching the p and & integrations. One is 
left after these integrations with only the @, integration. 
After the transformation 8,;= 1 one arrives at 


(111.54) = —[vV2A*/ !(1— 2) 1" (— 2a/A)'X, 
where 


x; fe (211) 1(1—1) FAs. (HEL. 56) 


Substituting this into (III.55) one obtains the following 
contribution to 4, from (ITI.28): 


— (1-1) A{'V211(1—2) 1}°(—2)'%, (1.57) 


which, together with (III.53) gives the complete 
explicit expression for 6;. 
We shall now show that (IIIL57) exactly cancels 


the first term on the right-hand side of (II1.53) so that 


i 
= > (1!) (—2)'e 2 (uD). (IIL.58) 
un3 
To show this cancellation we compare the definitions 
of =(2,1J) and A;. Their differences are: (i) For Z one 
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considers unlabeled skeletons, while for A; one considers 
labeled ones. (ii) For skeletons counted in 2(2,/) one 
of the lines is doubled [i.e., one may think of (/~1) 
lines with one of them drawn twice over |. These two 
differences give rise to factors (/—1)! and (/—1), 
respectively. Thus 


(2,1) A; 

111.59) 
l— 1 (I—1)! 
The integrals in (111.52) and (111.56) can be evaluated 


by putting /=sin’@. One obtains thus 


o,=V2—"(1—1)X, (LIL.60 


Using (II1.59) and (III.60) one easily proves the 
cancellation, and therefore (I11.58). 

The cancellation in terms of diagrams means that 
next-to-lowest order diagrams with two B,’s interacting 
between the same two particles 7 and j are exactly 
cancelled (to the order considered) by contributions 
from the lowest-order diagrams. This is a simple 
result which probably has a simple interpretation and 
a derivation more deeply rooted than the 
brute-force explicit evaluation. 

To evaluate the generating function A defined in 
II1.11) from the 6, of (III.58), we use Eq. (ITI.105) 
derived in Appendix D. The ITT.14 


? 


above 


result is Eq. 
used above in Se 


APPENDIX A 


We shall find the asymptotic limits of gy, gy, g), and 
F for arguments —~s—> — «. Now 


* sexp(—) 
gy(—3) rif d*k 
1+2 exp( k*) 


(111.61) 


7 } d*k 
s+exp(k’) 


For large values of z, the integrand is ~1 for k<(Inz)! 
and is ~0 for k>(Inz)!. The range of values of & in 
which the integrand is different from its limiting value 
1 These 
following asymptotic limit: 


is ~ (Ins) considerations lead easily to the 


gy(—s)=4(9r)-4(Inz)?+-6-4 (Ins)! 


+O([Inz}-').  (TIT.62) 


By differentiation one obtains 


2n~4(Inz)*— (12) 


le (Ins)—! 
+O([Inz } 
And by integration one obtains 
~ gy(—2) =8(159r*)~' (Inz) $+ 3! (Inz)'+O(1). (IIT.64 


To find the asy mptotic behavior of F for arguments 


-g3—>—o we first observe that the coefficients in 


AND (¢ 


ANG 


the series (IJI.3) can be expressed as integrals 


(rst)*(r+5) exp| — X*r- 


nir-+t) \dXd} dZdédn. 
Thus 


texp(Z?+7 


KdXdVdZdtdn 111.65) 
The asymptotic form of this inte gral can be obtained 
in the same way as that for the integral in (III.61): 


For large z, the integrand is ~1 in the region R: 


7 SInz, 


[11.66 


and is ~0 outside lominant term is therefore 


given by 


This integral can 
yielding 


— F(—s)=16(11 


APPENDIX B 


To study the limiti form of A(a 
(I11.14)-(11I.16) | for larg we first 


was defined by 


[defined in 
that D 


notice 


so that as 4 Defining a Hermitian 


operator 
Bi exp ] ’\ +q(t—f)* |, ITI.68 


where / and ?¢’ range from 0 to 1, one can write (ITI.15) 


as 


11.69) 


Substitute this into (ITI.14 


11.70) 


where 


y = trace[ In(i4 BD+4D*e? |. (III.71 


Clearly 
¥=>.{In(1+Dy, 


Drm +4DPXn2), (111.72 
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where h,, are the eigenvalues of ®. Since ® by definition 
(III.68) is a cyclic matrix, the eigenvectors are e*'™ 
(m= integer or 0), and the eigenvalues 


l 
Amn= [/ diCcosdemi} expl—attt ~t) }. (111.73) 


We first study the convergence of the sums and 
integrals in the definitions of y and in (IITI.70). It is 
clear that 


> mAm=trace®=1, (II1.74) 


> m Am? = trace®? S 2/9. (111.75) 
Similarly, 
> m Am? = trace®’ S 16/¢’. 


4 m 


(IIT.76) 
Furthermore by (III.73), it is easily seen that 


hn>O for 


Am=5 mo 


q>0, 
q=0. 


(111.77) 
for 


Using these properties and the fact that for x>0, 
0 Sin(1+2)—a2+42? S }a7, 
it is easy to show that for D>0, 


OSV S4D Dn dn? S16D%/(3q?).  (IIL.78 


Thus A as defined by (III.70) is convergent at large 
q. Furthermore since the \,,’s are all positive and S1, 


> Aw? SD Aw=1. Hence 


vs hb’. 111.79) 


Hence A is also convergent at small g. In fact, by 
(111.78) and (III.79) one easily proves that for all 
D>0, 


0S —Ani< KD, 


where A is some number. 
To study the value of A for large D we prove succes 
sively the following theorems: 
Theorem 1. 
\m/2gfq?+40°m? }'—- 1, as 


7 x 
q ? ° 


Furthermore the approach to the limit is uniform with 
respect to m. 
Proof.—We take 


III.73) and write it as 


Am>= [exp(—gt-+ql+i2emi)+complex conj. |dt, 


in which for large g, only the region, where / is small, 
contributes. Writing 
exp(—gt+ilemt)dl= (2emi—q)~'dLexp(—gi+i2rmt) | 


one can integrate by parts. It is then easy to prove the 
theorem. 


Theorem 2.—Defining 


A m=2¢(q?+42°m’)', 


bee agile 
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one has 
> vey 1 + Dy m= m+ DX wn?) 
im ——__—__—— —=1 
a > al Am(1+DAn)'—Am+DA,*] 
uniformly with respect to D (D20). 
Proof. 
Nm (1+ Dd mn) — mt Dr oe? = DP (1+ Din) 
One can then prove the theorem with this formula. 
Theorem 3. 


¥ aLAn(1+DA mn) —AmtDAg?] 


1+ (2D/q)*—14+-(D/q) 


lim 


qn 


=1, (III.81) 


uniformly with respect to D (D20). 
Proof—It is straightforward to calculate 


> mw Am(1+DA.), 
using (ITI.80) and the formula 


Zs 
> (m?+ A?) xA cothrA. 


(111.82) 


m x 


Similarly one can calculate >> A,, and > A,,? using the 
derivative of (ITI.82) with respect to A. One obtains 
thus 

>a ” 


— 


nL Am( 1+DA,,) Am+DA,?] 
ot 

&(q,0) -x (q,9), (TI1.83) 
Ox 


g q,x) 
where x= D/q and 
(1+2x)~! coth[4g(1+2x)']. (ITT.84) 


To prove (IIT.81) is therefore equivalent to proving 


é q,*) 


E(g,x) — £(g,0) — x(0E/Ax) (q,0) 
lim ei, 
a” £( wo x) — E( © 0) — x(0E/Ax)( @ ,O) 


(111.85) 


uniformly with respect to x (x20). It is trivial to 
prove (III.85) for any given x>0. To prove the 
uniformity of convergence, however, one must remember 
that the denominator vanishes at «=0. The region 
near x=0 therefore needs special treatment. Such a 
treatment is however, not difficult to formulate upon 
using the mean value theorem on both the numerator 
and denominator of the left side of (ITI.85). 
Theorem 4 


lim ¥'L(g?+ 2Dq)'— q— D+ (D*/2q)]=1, (111.86) 


uniformly with respect to D. [D20. y is defined by 
111.72). ] 


Proof.—One uses Theorems 2 and 3 and obtains, for 


‘every 0>0, a Kqg>0 such that for D290, 


DL Dwl(1+-Drm)!— Amt Dro? | 

> {{1+ (2D/q) F*— 14+ (D/q)} 1—Ke), 
DD w( 14+ Dm) — Am + DI wn? | 

<{{1+ (2D/q) }*—1+-(D/q)} (1+Ke), 


(111.87) 
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for all g>Q. Here Kg depends on () and —+ 0 as Q-» 
+ ©, Integrating both sides of (III.87) with respect to 
D from D=0 to D= D, one obtains 


¥>[(¢-+2D¢)!—4—D+(D*/29) 1—Ke], 
¥<L(¢+2Dq {_ q- D+ (D*/2q) [1+K ¢], 


which is identical with (III.86). This completes the 
proof, 
We are now in a position to calculate A for large D. 


We break the /0’dg into Jo%dg+ So%dq. Now 


Q Q 
os f Mdgns { qg'dgld. m 4D)». 


0 0 


(II1.88) 


Using (III.75) one obtains 


Q 


Os | qidqs 2D°0)}. 


(IIT.89) 


Using (III.88) one obtains 


f oaay>(1 Ka) | 


Q Q 


f qidq y- i+ K g) | 


@ Q 


x 


q'dgl. (q? +- 2Dq) ; 


q—D+(D*/29)], 


q gd{_(q? T 2Dq)* 


1— D+ (D*/24)]. 


The right-hand side of (III.90) is evaluable explicitly, 
yielding 


Dn 


f qidq y> (1— Kg)[.(4/15)(0+2D)! 
Q 
—$40(0+ 2D)!+40!+-2D0!— D*0'), 
(I11.91) 
f q'dqgy< (1+ Kg)[(4 15)(Q +2p)! 


Q 


40(O+ 2D)!+-20!+- 2D0!— D*0' | 


t 


For D>, the term (0+ 2D)! dominates, From (III.91) 


and (ITI.89) one concludes that, according to (III.70), 
A— —74(4/15)(2D)i as D>+-~. 


This is the result (IIT.21) used in the text. 


APPENDIX C 


introduced in (II1.33) 
number of lowest order diagrams for b;. Now the lowest 


The number 4, first 
order diagrams have a one-to-one correspondence with 
“tree skeletons” as explained in the caption of Fig. 4. 
A, is therefore the number of tree skeletons for / points. 
One has by direct enumeration 


Az=1, A; 


AND 


is the 


Cc 


IWEST 


Fic. 4. One-to-one correspondence between 
diagrams and tree skeletons. Each tree skeleton consists of / 
points 1, 2, --- connected by (/—1) lines without loop formation. 
The lines are labeled by 8 81_. A line in the tree skeleton 
between points 7 and yperator B between #4 and j 
in the lowest order diagram, its label 8, represents its vertical 
duration in the lowest order diagra The ler of the operators 
B are specified by the la Different labelings give 
different tree skeletons 


lowest-order 


j represents ar 


We define 


1,°)=A,(l—1)!}"', A/ [11.92 


f 


i.€., 
: of the 
be broken 


ways | by (i 


Aj’ is number unlabeled 1 skeletons 
tree skeletons with« labeling - 8 
Now each unlabeled tree 
into two disconnected pieces fin 2(i l 
breaking one of the (/—1) lin ind (ii 


of the sections of the broker 


ut tf € 
lines ton Cal 

marking one 
ar. An example 
of such a breaking proce own in Fig. 5. The A,’ 
different unlabeled tre keletor can be broken in 
this way into a totality « l—1)A,' different graphs 
of the | ig. . CI 


an unlabeled tre kel 1 ol 


with ast 


graph consists of (a 
with a broken 
an unlabeled tree 


type ol 
m points 
section of a line attach ind (b 
skeleton of (1—m) points, wit! 
of a line attached. For each fixed way of partition of the 


numbers 1, 2, ---/ between the two parts, there are 


tarred, broken section 


mA,’ possible parts (a) and (J—m)Ain’ possible 
parts (b). These statements are also 


if we define 


for m= 1 


correct 


Thus 


2(l—1)A)’ 


| | (111.93) 
m'(l—m)! 


[1I.92), this equation 


In terms of the A,’ 
reduces to 


[11.94 


d summing over J, 
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one obtains 
—2x(dh/dx)+2h= (xdh/dx)*, (111.95) 


where 


h r) - Ee 14,""'(—x)!. (Il 96) 
im] 


Equation (ITI.95) can be easily solved, giving 


x(dh/dx)=D, (111.97) 


and 


h=}D°+D, (111.98 


where D was defined in (III.13) as given by 


De? =x. 


L wa 


Fic. 5. Example of the breaking of 
an unlabeled tree skeleton. 


: 


Combining (IIT.92), (III.96), and (III.98), one obtains 


-¥ 


(1-1) !}*Ao(—x)'=D+4D*. (11.99) 


APPENDIX D 


We study the properties of Z(u,/) here for »>2. 
[The case for 1=2 was already discussed in (III.59). | 
We recall that Z(u,J) was defined immediately after 
I1I.48). 

Each unlabeled skeleton with / points 1, 2, ---/ can 
be broken at a nonloop line in (/—) ways (see Fig. 6). 
The two resulting disconnected parts are of the general 
type of (a) an unlabeled tree skeleton with m points 
see Appendix C) and (b) an unlabeled skeleton 
belonging to the type Z(u,/—m), each of the two parts 
having a segment of the broken line attached to it. 
There are [m!(l—m)!}"l! ways to partition the 
points 1, 2, ---/ to these two pieces. For each partition 
there are mA,,' possible parts (a) and (l—m)Z(u, 1—m) 
possible parts (b). Thus 


lp 
l—p)=E(n) = bs (mA m )L(l—m) E(u, l—m) | 


m-) 
l! 
x| | 
m'(l—m)! 
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Fic. 6. Example of the 
breaking of an unlabeled skele- 
ton belonging to = (3,6). 


f pr Z(y,)) La 1, E(u, l—m) 
(1- ) 5 _ (111.100) 
I7 (l—1)! «=i (m—1)! (l—m—1)! 


By introducing the A(x) function defined in (ITI.96), 
and the new generating function /,(x) for Z: 


H,(x)= > (i) 


” 


v)'E(ul), (w23), (111.101) 


one obtains from (ITT.100) the relation 


d dh dH, 
‘—H,—»H,=— (« ‘(= ), (u=3). (111.102) 


dx dx dx 


The function 4(x) was explicitly found in (III.97) and 
(I1I.98). With the aid of these equations, (ITI.102) 
can be integrated, resulting in 


H,, = (constant)[ D(x) ¥, (111.103) 


where the constant is independent of x..As x0, 
D— x and 


Hy, (we!) (— x)" (pu (Qu)71(—x)*, (w23). 


(111.104) 
With this condition, (111.103) becomes 


H,= (2u)[— D(a) ¥ 


wa 9 


(u = 3). 


In other words 


>. oo 


a ol 


x)"Z(p,l) = (2u)"L— D(x) }, 


(uz3). (111.105) 
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Starting from Rules A and B of a previous paper 


, it 18s ShOWT 


be evaluated in terms of the statistical averages of the occupation num! 


] 


formulation is in terms of a simple variational principle. The procedure repr 
separation of the effect of the Bose-Einstein or Fermi-Dirac statistical charact 
dynamical problem. In the case of Bose statistics, this formulation makes possi! 


of all thermodynamic functions near the Bose-Einstein transition point in tl 


o a system of hard spheres are discusse 


1. INTRODUCTION 


N paper I’ of the present series it was shown that the 

thermodynamical functions for a quantum mechan- 
ical system of particles obeying the symmetrical or anti- 
symmetrical statistics can be computed from a knowl- 
edge of certain U’; functions for the same system obeying 
Boltzmann statistics. The method of computation was 
called Rule A and Rule B which embody the influence 
of statistics on the thermodynamical functions. The 
dynamical part of the problem is embodied, on the 
other hand, in the functions L’;. 

The purpose of this paper? is to analyze further the 
effects of statistics in a system of interacting particles. 
It is found that the thermodynamical functions can be 
expressed explicitly in terms of the statistical averages 
(nx) of the occupation numbers in momentum space. 
Furthermore, the procedures of calculation are concisely 
formulated without approximations as_ variational 
principles. 

In the case of Bose statistics, this new formulation is 
also physically necessary to make possible a general 
treatment of the Bose-Einstein transition problems 
which will be discussed in detail in the subsequent paper 
paper V). 

It is generally accepted that the d-transition in liquid 
He is due to the Bose statistical nature of the atoms. 
In fact it is natural to conjecture that the transition is 
caused by some peculiar properties of the average 
occupation number (#,) at k=O. However, attempts at 
a systematic treatment of the problem have always 


* Work supported In part by the U. S. Atomic Energy Com 
mission 

'T. D. Lee and C. N 
hereafter referred to as I 
notations as I 

?It may be remarked that the contents of this and the sub 
sequent papers (IV and V) deperd only on the general methods 
discussed in I, The discussions in IT and III [T. D. Lee and C. N 
Yang, Phys. Rev. 116, 25 (1959); 117, 12 (1960)] represent 
some other parallel developments and applications which are not 
necessary for an understanding of the present paper. The reader 
is also referred to M. S. Green, Phys. Rev. Letters 1, 409 (1958 
for a parallel discussion of the problems treated in the present 
paper 


Yang, Phys. Rev. 113, 1165 (1959), 
Chroughout this paper we use the same 


been obstructed by the complicated dynamical problem 


involved. The present formalism, in separating out the 


statistics property from the dynamical property of a 
+} 


system and in using the average occupation numbers 


(ny) aS a primary concept in the analysis, offers new 


possibilities for a m« understanding of 


complete 


transitions that are of purely 


i 


statistical origin. 

In Secs. 2 to 8 we give the general developments for 
the case of 
system of hard spheres are discussed in Secs. 9 and 10. 
The corresponding developments for 


Bose statistics. Applications to a Bose 


Fermi statistics 
are given in Sec. 11. 


2. GRAND PARTITION FUNCTION 
BOSE STATISTICS 


We consider a system of interacting Bose particles 
in a finite volume 2. The grand partition function 998 
is related to the functions U,% by | 1.13) of 
paper I | 

x 

9.8 n) > 

In9o i l i # 
IV.1) 
These U5 can be computed in terms of U, through 
£ 
Rule A of paper I. As mentioned in I, in this compu- 
tation instead of | the symmetric combination 
T,* occurs, T,* is defined by [see Eq. (1.30) | 
(hy’ ko’, - - - ky’ | T,5| kiko, - - -k 
> pp Pky’ ke’, 4 IV.2 
In (IV.2) the sum extend r all 7! permutations of 
ky’, ky’ k,’. Thus we may state Rule A in a slightly 
altered form as follows 
Rule A’. k,’ k,’ k,’| U,S| ky ka, - - -k, 
j 


we first consider a grouping of the / integers 1, - - -1 


only 


where 


Ty } 
Tocalculaic 


[IV.3 
these / 


round 


eger in each (m,=0, 1, 2, and 


' 1\ (of Vs r " 
{(a b pt (cad) (¢ a . j 


where ab- - -cdef ghi is a 
integers. In the 
brackets with one int 


permutation of 


first curly bracket there are m, 
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in the second curly bracket there are m, round brackets 
with two integers in each (m.=0, 1, 2, ), etc, 


YY. mal. 


Within each round bracket the integers are arranged in 
ascending order and within each curly bracket the 
round brackets are so arranged such that their first 
integers follow an ascending sequence. We then form 
the sum 


> {(ka’ TS k. (ky Ti° k,)---} 


X ((ke’, Ko’ | T25|kejka)---}---, (V4 


where AB---CD--- is a permutation of i, 2---. 
Because we use T;5 in (IV.3), among all the permuta- 
tions AB--.-CD--- which differ from each other only 
in the relative positions of numbers within the same bra 
(e.g., (Ke’ , kp’ | and (kp’, ke’ | ) only one such permutation 
will be included in the sum (IV.4). The sum (IV.4) 
then extends over all permutations provided further 
that upon setting k,/=k, (for all i) the summand in 
(IV.4) cannot be written as a product of two factors, 
one of which depends only on some, but not all, of the 
coordinates k,, kz, ---k,; while the other depends only 
on the rest of these coordinates. The sum of all ex- 
pressions (IV.4) over the different groupings (IV.3 
then gives (ky’- +k,’ U;5\ k;- ° -k,). 
We give a few examples’ of Rule 4’. 
Example (1): 
(k’| US| k)=(k’| T,5| k 
= (k’| U;| k)=dyy- exp| —Bk?). (IV.5) 
Example (2): 
= (2"| U,|1)<1"| U1 | 2) 
+(1',2’| T25|1,2 [V.6 
Example (3): 
(1’,2’,3'| U35|1,2,3 
(1) U4)3)¢ 
+1" Uy 
4+(2'| U;|3) 


+(3'|U; 


+(1' 
+(3’ 


3. PRIMARY GRAPHS (BOSE STATISTICS 


By using (IV.1) and Rule A’, the logarithm of the 
grand partition function can be expressed as a sum over 
expressions (IV.4). It is useful to represent each of 
these terms in (IV.4) graphically. Indeed, a major part 
of the discussions in this paper is just to find a con- 


- and I’ 2’ 3’ 
, respectively. 


+ For simplicity, we use 123 


kek,--- and ky'ke'k,’ 


to represent 


A\TISTI¢ 


AL MECHANICS IV 


YS = 
+ bs fe 2 + i 5 
= 
ts 3 
(All) (any 


(aiy' 


(S,*3) 


(Sg*3!) 


a 
x , 
= ‘ 
> Bos (ei 


Fic. 1. Evolutions from diagrams to primary graphs. (A) and (B) 
are primary 0-graphs 


(8) 


venient way of representing these sums by appropriate 
graphs. For clarity, we shall present the gradual evo- 
lutions and successive simplifications of these graphical 
methods instead of immediately presenting the final 
rules. 

As an example, let us first consider two specific terms 
(At) and (Aiz) in (IV.4), 


(At (2 U; 1)(3 U, 21 U;|3), 
(Ati) = (3) U,| 11] U,| 2)(2| Us| 3). 


In Fig. 1 we represent (Ai) by a diagram in which the 
three incoming (i.e., with their directions pointing 
towards the vertex points) lines 1, 2, 3 represent, 
respectively, the three kets | 1), |2), and | 3) in (IV.8); 
the three outgoing (i.e., with their directions pointing 
away from the vertex points) lines 1, 2, 3 represent the 
corresponding three bras (1|, (2|, and (3|. These lines 
are connected at various vertex points that correspond 
to the U; factors in (IV.8). In a similar way, we repre- 
sent the term (Aii) by a diagram in Fig. 1. Next, to 
show the connectivity of these diagrams, we connect, 
respectively, the incoming lines 1, 2, 3 with the outgoing 
lines 1, 2, 3. The resulting diagrams are shown as (A1)’ 
and (Ait)’ in Fig. 1. Since in (IV.1) kj, ke, kg are to be 
summed over, both (Ai) and (Ait) give identical con- 
tributions to the sum (IV.1) for In99%. It is therefore 
convenient to omit the numbers 1, 2, 3 from these 
diagrams and represent both terms by a single graphical 
structure, called a primary graph (or, primary 0-graph), 
which is shown as A in Fig. 1. 

Next, as another example, we consider some other 
terms in (IV.4), e.g., 


(1,2,3| T35| 1,2,3). (IV.10) 


Again we first represent the ket |1,2,3) by three 
incoming lines 1, 2, 3 and the bra (1,2,3| by three 
outgoing lines 1, 2, 3. These lines are connected at a 
vertex point which corresponds to T,°. We then connect 
the incoming lines 1, 2, 3, respectively with their corre- 
sponding outgoing lines. Finally, we omit these numbers 


(IV.8) 
(IV.9) 
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1, 2, 3 and obtain a primary graph B which is also shown 
in Fig. 1. Unlike the previous example where the 
primary graph A represents the sum of the contributions 
of two terms (Ai) and (Ait) to (IV.1), the primary 
graph B represents only the contribution of a single 
term (IV.10). 

In an entirely similar way we may represent In9po* 
as a sum over various primary graphs. 

We define a primary graph to be a single (i.e., all 
parts being connected) graphical structure which must 
contain at least one line and at least one vertex. These 
lines are connected with each other at various vertices. 
Each line has a direction indicated by an arrow. Each 
vertex, called a-vertex, connects a incoming (i.e., with 
their directions towards the vertex) lines and a outgoing 
(i.e., with their directions away from the vertex) lines. 
A line which has vertices at both ends is called an 
internal line; otherwise, it is called an external line. All 
external lines are considered distinguishable and differ- 
ent. Two primary graphs are different if their topo- 
logical structures are different. For example, the length 
and curvature of each line are completely unspecified 
and immaterial. 

A primary {-graph (¢=0, 1, 2, ---) is a primary 
graph which has ¢ external incoming lines and ¢ external 
outgoing lines. It is clear that to express In99° we need 
only the special case ¢{=0. Higher ¢ values will be 
important for computing other physical quantities. 

To each primary {-graphs we assign a term which is 
determined by the following procedures: 


(i) Associate with each internal line a different integer 
i (i=1, 2, l) and a corresponding momentum k,. 

(ii) If ¢+0, then associate the external lines with 
certain pre-given momenta. 

(iii) To each a-vertex, assign a factor 


(ka, --ka, Ta5|kay---ka.), 


where ka;---ka, are the momenta associated with its 
incoming (internal or external) lines and ka,---ke, 
are the momenta associated with its outgoing (internal 
or external) lines. 

(iv) Assign a factor z to each iniernal line. 

v) Assign a factor S~' to the entire graph where 


(IV.11) 


S=symmetry number 
and is defined as follows 


Consider all /! permutations of the positions of the / 
integers associated with the internal lines. The total 
number of permutations that leave the graph topo- 
logically (including the relative positions of these 
numbers 1, 2, l) unchanged is called the symmetry 
number of the graph.‘ (Some examples of symmetry 
numbers are given in Fig. 2 
‘ Let us consider the two primary graphs (A) and (B) in Fig. 1 
and denote their symmetry numbers by S,4 and Sg, respectively. 
We follow step (i). These two primary graphs become, say, (A1)’ 
and (B)’, respectively. For (B)’, all the 3! permutations of (1 2 3 


AND C N 


YANG 


The term that corresponds to each graph is given by 


ys [product ) actors Il 1V.12) 


nw . 

In terms of these primary graphs we can write the sum 
(IV.1) as: (proved in Appendix A 

> (all different 

in which each graph contributes 

The sum (IV.13 


plicitly, one can write 
' 


In 99%: primary 0-graphs) (IV.13) 


1 term given by (IV.12). 
is illustrated in Fig. 3. More ex- 
IV.13) a 


In995=> [sz exp(—sk 


(IV.14) 


in which each term in the sum corresponds to the 


primary 0-graph at the corresponding position in the 





| 
| 
| 
| 
| 


Fic. 2. Relationship between irreducible 0-graphs and irre 
ducible 1-graphs. The derivative with respect to M(k) of an 
irreducible 0-graph listed in column A is the sum of the corre- 
sponding irreducible 1-graphs listed in column B. The number n 
is the number of lines in the 0-graph, which, when cut, gives rise 
to the 1-graph. Notice that Eq 
leave its topological structure including the 
1, 2 and 3) unchanged. Thus Sg=3!. For (Aé)’ only the cyclic 


: 123 fiza 12 
permutations (, 2} : and + ; >) leave the 


Thus, S4=3 


[V.103) is satisfied in every case. 


relative positions of 


topological positions hanged 





QUANTUM 


sum in Fig. 3. In (IV.14) we have used the explicit 
form of U, given by (IV.5). 


4. CONTRACTED GRAPHS (BOSE STATISTICS 


In Fig. 3 we have arranged the sum so that the dif- 
ferent primary graphs in the same row have the same 
number of a-vertices for a>2 but differ only in the 
total number and relative pusitions of 1-vertices. 
Because of (IV.5), we see that all the terms in the same 
row in (IV.14) can be easily summed over. Thus (IV.14) 
becomes 


In9o8=>> In[s~'m(k) | 
k 


+43 > (kik, | T.*| k, k.)m(k,)m(ke) 


ki ke 


+} > (k, kek, T,5| kik, k,) 


ki koks 


xII m(k,)+++>, 


(TV.15 


where 


m(k) = 2 1—z exp(—k*) }". [V.16 


It is therefore convenient to represent the primary 
graphs in the same row in Fig. 3 by a single structure 
which is obtained from any one of these primary graphs 
by simply deleting all 1-vertices. 

We now introduce the definition of a contracted 
graph. A contracted graph (or, contracted {-graph) has 


C oo 


' 
(i 3) 


fn25 = 


(2 (2) 


4 


(3) 


(1) 
(2) 


Fic. 3. InQ9g* as a sum over different primary 0-graphs and as 
a sum over different contracted 0-graphs. Solid lines are for 
primary graphs and the dotted lines are for contracted graphs 
The symmetry numbers are listed under the graphs. 
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the same topological structure as a primary graph (or, 
primary {-graph) except that a contracted graph does 
not have any 1-vertices. To each contracted graph we 
assign a term which is determined by the same pro- 
cedures (i)~(v) used to obtain (IV.12), except that (iv) 
is replaced by 

(iv)’ Assign a factor m(k,) to the ith internal line 
1=1, 2, l). 

The term that corresponds to a contracted graph is 
then given by 


> [product of all factors in (iii), (iv)’, and (v) ]. 
ky ki 


(1V.17) 
In terms of these contracted graphs (IV.13) becomes® 


In9o% =>" >» Infs-'m(k 


+> (all different contracted 0-graphs). (IV.18) 


This sum is also illustrated in Fig. 3 in which, for the 
sake of clarity, solid lines are used for the primary 
graphs and dotted lines are used for the contracted 
graphs. It is important to notice that the role of sym- 
metry numbers is preserved under this process of con 
traction. 

The first few terms in the sum (IV.18) have also 
been derived in paper II.° 

At z=1, m(k) has a singularity at k=0. The sum- 
mation (IV.18) therefore is useful only for z<1. As 
was pointed out in a previous paper,’ for a system of 
dilute Bose hard spheres the thermodynamical func- 
tions do not have a singularity at z= 1. In fact, through 
a rearrangement of the virial expansions the actual 
phase transition was found to occur at z>1. 

It will be shown in Sec. 6 that mathematically such 
rearrangement processes are identical with the study 
of the reducibility of the graphs. To see this and to 
extend these results to a general system of interacting 
bosons, it is useful to discuss first some properties 
between graphs and the average occupation numbers in 
momentum space. 


5. AVERAGE OCCUPATION NUMBER IN 
MOMENTUM SPACE AND M(k) 
BOSE STATISTICS) 


We define (n,) to be the statistical value of the 
number of particles* with a definite momentum k in a 
finite volume, averaged over the grand canonical 
ensemble. These average numbers can be shown to be 


* For the sake of uniformity we choose the definition that every 
graph (primary, contracted or irreducible) must contain at least 
one vertex. Thus, if we delete all 1-vertices from any primary 
graph in the first row in Fig. 3 the result is not a contracted graph 

*T. D. Lee and C. N. Yang, Phys. Rev. 116, 25 (1959), 
hereafter referred to as I] 

r. D. Lee and C. N. Yang, Phys. Rev. 112, $419 (1958). See 
especially the discussions given in Sec. 8. 

ny) is the occupation number for particles, not the so-called 
phonons. 





Mik) -mik) = ; 


Fic. 4. [M(k)—m(k)] as sum over different contracted 
1-graphs. The corresponding symmetry numbers are listed under 
the graphs. Each graph contributes a term equal to (I[V.17) times 
m*(k). See reference 9 


related to U;° by (to be proved in Appendix B 


sh U8 ky, Keak). (1V.19) 


For reasons which will become clear later, it is 
extremely useful to define a function M(k) related to 
(ny) by 


M (k) =2[ (ny) +1). 
By using (IV.19), M(k) can be written as 


(IV.20) 


s+2°[> (1! 


2. ih 
ky ki 
The function M(k 


function 99% by 


D[s-'M (k) 


k 


VM (k) 


kek) Uiii%| ky ++ kek [V.21) 


is related to the grand partition 


0 
] ).,.5 { , oo 
In%oq IV.22) 
a2 


Lim) =2 
K 


By using Rule A’, M(k) and (n,) can be expressed as 
a sum over expressions (IV.4). Similar to the discussions 
in Sec. 3, we can represent these expressions as primary 
graphs. Since in (IV.21) k is not to be summed over, 
each of these primary graphs must have one external 
outgoing line carrying momentum k and one externa! 
incoming line also carrying momentum k. Thus we can 
express M(k) as’ (proved in Appendix A) 


M (k)=s+2? ° [all different primary 1-graphs 
[V.23) 
in which each graph contributes a term given by (IV.12). 


* It is important to notice that in either (IV.12) or (IV.17) or 

[V.26) the factors associated with external lines are not included 
Graphically, we adopt the convention that the term corresponding 
to a graph is given by (IV.12) [or (IV.17) or (IV.26)] except for 
Figs. 4 and 5. For these two figures the external lines contribute 
further multiplicative factors m(k) or M(k) as explicitly marked 
in these graphs 
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In a way entirely similar to the reduction of (IV.13) 
to (IV.18) we can reduce M(k) to a sum over different 
contracted 1-graphs 


M(k 


+[m k 2_ | all different contracted 


1-graphs | (IV.24 


in which each graph contributes a term given by 
(IV.17). This sum is illustrated in Fig. 4. The explicit 


algebraic values of the diagrams are given below’: 
M (k)—m(k 


[ m(k) | kjky| T2°| ky ky (kk 


Ds 
+4L m(k) }? >> (Ck ky ke Ty5! ky ky kee) ( ky) om (kee) 


kik 


k 


6. IRREDUCIBLE GRAPHS (BOSE STATISTICS 


The above form (IV.24) for M(k 
simplified by noticing the property that 
contracted graphs in Fig..4 can be 


further 
many of the 
generated froma 
simpler contracted graph by a suitable replacement of 
the factor m(q) in (IV.17) by M(q). For example, we 
may take the first contracted graph in the sum for 
M (k) in Fig. 4 and re place , Say 


m‘k) associated with the 


can be 


y, the factors® m(k,) and 
internal line and the external 
VU (k and VU k), respectively. 
Mik) by a thick solid line 


and illustrate this replacement by changing the appro- 


outgoing line by 


Graphically, we represent 
priate dotted lines into thick solid lines. 
find the 

represented by this 


Fig. 5. 


sy using Fig. 4 


it is easy to of contracted graphs 


re sultins This is shown in 


Fic. 5. Graphical examplk l-graph as a sun 
of different contracte gri reference 9 for the roles of 
externa! lines. ] 
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To study such reduction in a systematic way it is 
necessary to introduce the concept of reducibility of a 
contracted {-graph. In the present paper we are only 
interested in the reducibility for the special cases of 
¢=0 and 1. 

Definition. 
1-graph, is called reducible if by cutting two of its in- 
ternal lines open the entire graph can be separated into 
two (or more) disconnected contracted {-graphs (¢ can 
be 1 or 2). 

We see, for example, the first two and the fourth 
contracted 1-graphs in the sum for [M(k)—m/(k) j in 
Fig. 4 are not reducible while the third and the fifth 
graphs are reducible. 

We now introduce the concept of an irreducible graph 
and its algebraic value. 

Definition —An irreducible {-graph is a contracted 
¢-graph which is not reducible, with its dotted lines 
[representing m(k)] replaced by thick solid lines 
[representing M(k) |. [Notice that in this terminology 
an irreducible graph is not just a contracted graph that 
is not reducible. ] 

To obtain the value of an irreducible graph we go 
through the set of procedures (i)—(v) used to obtain 

[V.12), except that (iv) is replaced by (iv)”. 

(iv) Assign a factor M(k,) to the ith internal line, 
where i= 1, 2, ---l. 

The term that corresponds to an irreducible graph 
is given by 

> [product of all factors in (iii), (iv), and (v) }. 

ky 


(1V.26) 


In terms of irreducible graphs, M(k) can be ex- 
pressed in a much simpler sum.’ 


M (k)— m(k)=m(k)M(k)K, (IV. 


where 
K=> [all different irreducible 1-graphs] (IV. 


in which each graph contributes a term given by (IV.26). 
It is important to notice that the role of symmetry 
numbers is again preserved under this process of re- 
duction. 
In explicit form (IV.28) can be written as 


K= > (kk, T.5| kk, \M | k;) 
ky 


+45 (k ki ky T;° kk, k2)M(k,)M (kp) 


ki ke 


+4 >. (k,k, T.4 kok, (ko,ks| Te* | k,k,) 


ki kok, 


7 (k, ky ke, k;! T,* k, ki kok, 


k , kok, 


II M(k) +3 
1 


(IV.29) 


~ 
x]T M(k)+--- 
1 


The corresponding irreducible 1-graphs for the 
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Fic. 6. K [Eq. (IV.28)] as a sum of different irreducible 1 
graphs. The corresponding symmetry numbers are listed under 
these graphs 


IV.29) are listed in the same order in Fig. 6. The 
numerical constant in front of each term in the sum 
(IV.29) is the appropriate factor (symmetry number)~' 
of the corresponding irreducible 1-graph in Fig. 6. 

(IV.27) is in the form of an integral equation for 
M(k). By repeated iterations, one can use (IV.27) to 
express M(k) explicitly in terms of m(k). It is easy to 
see that the resulting formula is identical with (IV.24). 

It may be emphasized that while forrnally the sum 
over contracted graphs, (IV.24), is equivalent to the 
sum over irreducible graphs, (IV.27), this regrouping 
of infinitely many contracted graphs into fewer irre- 
ducible graphs is actually important in avoiding un- 
necessary infinities as approaches one. 

To understand this, let us consider any reducible 
graph in the sum (IV.24). In such a graph, because of 
conservation of momentum some of the momenta 
(associated with different lines) must be identical.” In 
cases where these identical momenta are associated with 
internal lines, say, 1---m, such a reducible graph would 
contribute to the sum (IV.24) a term of the form 


fom }"d*q G(q), (1V.30) 


where G(q) represents the factors from the other ele- 
ments of the graph such as vertices, etc. At z=1, m(q) 
has a singularity at q=0. Thus (IV.30) behaves like 


G(q=0)[1—<]** (IV.31) 


as z—+ 1—. Consequently, to obtain the form of M(k) 
as ¢ nears 1 it is necessary in (IV.24) to sum over all 
such singular terms (IV.31), especially for large values 
of nw. The result of these infinite sums over various 
reducible graphs is precisely the final form (IV.27). 

Thus, the reduction of contracted graphs to irre- 

” For example, in the fifth graph in the sum in Fig. 4, the two 
momenta in the middle loop must be identical. In general, by 
definition, a reducible graph can be separated into two parts A 
and B connected by not more than two lines. (Both A and B 
must each contain some vertices.) In the case that A and B are 
connected by two lines the momenta associated with these two 
lines must be identical. Otherwise, [e.g., in the third graph in Fig 
3] the momentum associated with the single line which connects 
1 and B must be the same as that of the external line. 
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Fic. 7. ®’ [Eq. (IV.34)] as a sum over different irreducible 
0-graphs. The corresponding symmetry numbers are listed under 
these graphs. 


ducible graphs represents not only a mathematical sim- 
plification but also a physical necessity as s— 1. 

In terms of M(k) we can also express the pressure p 
of any Bose system in a finite volume 2 as a sum over 
different irreducible 0-graphs (proved in Appendix C), 


kT)“"Qp=0(2,M), (IV.32) 


where 
@(2,M) =>>y In[z"*M(k) } 
> « [m(k) JCM (k) — m(k) J 


+S” fall different irreducible 0-graphs |, (IV.33) 
L gray 


in which each graph contributes a term given by 
(IV.26). More explicitly, if we define @ to be the sum 


over all different irreducible 0-graphs, then 


X (hye! P25] kik) TT M (kd) 
i= 


(hike, ky} Ty5| bey kee, keg) TT a (e,) 
ky keoks 1 


(kik 


\ 


ki K4 


T2° ky, ky ] 


<[(ks ka! T25| ki, ke)) [] M(k,) 


l 
PD k,.k k ky T,° ky, ko, ks, k, 


4! ky-+ +key 


4 
<xIT M(ki)-4 (1V.34) 
i<1 
In (IV.34) the first four terms correspond to, respec- 
tively, the four irreducible 0-graphs in Fig. 7. 


7. VARIATIONAL PRINCIPLES 


In this section we shall discuss some general vari- 
ational properties. 

1. In (IV.33) we regard ® as an explicit functional 
of s and M(k). It is shown in Appendix C that if we 
set the variation of ®(s,M) with respect to M to be zero, 


(2 0, (IV.35) 
5M (k) ; 


YANG 

then the integral equation (IV. 27) for M follows auto- 

matically. 
Furthermore, if we 

derivatives of ® by a matrix Ry, 


denote the second functional 


Res | | 1V.36) 
6M (k)éM(k’) J, 


then at the point that (IV.35) is true, the inverse R™ 
of this matrix is given by [ proved in Appendix D } 


(R 1) ke’ - 2M (k)dbxx 


—3°( (ny Ny)) (Ny 


; 


(1V.37) 


j , 
Ny })), 


statistical average over the grand 
canonical ensemble and 5, is the Kronecker 6-symbol. 
Thus, Rxx is a negative matrix [i.e., its eigenvalues are 
always negative |. Combining (IV.35) and (IV.37), we 
find that if we P(z,M) as a functional of an 
arbitrary function M(k) then the pressure of the system 
is given by! 


where means 


regard 


Llp xl 
at constant g. 
It is of interest to 
finite, as well as for an infinite, 


[V.38 


volume. 


notice holds for a 
Upon taking the derivative of ® with respect to Inz 


we have, by using (IV.22), 


fa) 
| P(s,M ] 
d Inz ul 


where p is the particle density of the system. 

2. From (IV.32), the free energy F of the system can 
be readily evaluated if M(k) is known. It is useful to 
express F as an explicit functional of p and M(k), 


[V.40) 


(1V.39) 


kl)" F=$(p,M 


is give Legendre trans- 


The functional $ p, VU 
formation 


n by the 


F(p,M 
IV.39 


Qp Inzs— P(z,M), [V.41) 


in which we use and regard 
s=2z(p,M). IV.42) 


The functional derivatives of ¥ with respect to M at 
constant p are related to the derivatives of ® by 


— =| — |, 


O° oy 
= k’ | — k)5M (k’) 


1V.43) 
and 


|. 1V.44) 


functional of an 
Helmholtz free 


regard $F a 


arbitrary functior Mik), the the 


Consequently, if we 


1 Jt will be further show: Apr 
general conditions this ma 


nder certain 


maximum 
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energy is given by 


(xT) F = minimum [5(p,M) } (1V.45) 


at constant p. 

Although these functions @(z,M) and S(p,M) are 
expressed in terms of infinite sums of irreducible 
(0-graphs, it is important to notice that especially for a 
dilute Bose system at low temperature the various 
irreducible 0-graphs contribute quite differently to 
these sums. 

For definiteness, let us consider a dilute Bose system 
of hard spheres of radius a in its gaseous state. For such 
a system it is possible to estimate directly the mag- 
nitudes of different terms in the sum (IV.34). Let us 
consider a typical irreducible 0-graph with m, a-vertices 
and / internal lines, 


” 


> ma=l. 


Such a graph would contribute a term of the form 


¥ OT. UI Mk) (1V.46) 


k 


to the sum (IV.34). Since the system is in the gaseous 
state, and since M(k) is related to the physical quan- 
tities (m,) and the fugacity z by (IV.20), we find 


M (k) = finite « ph’, IV.47) 


where \?= (478). 
We recall that for small a [see Appendix E and paper 
IIT'?}, 


(1'2'.--a! Ta®|12---a) & (ad?/Q)7" 


(IV.48 


for small values of k, and decreases exponentially like 
exp(—@k,) for large k;. Thus in each summation over 
k; only regions | k;| <~ are of importance. Because of 
momentum conservation there are (I— >> m,+1) inde- 
pendent momenta to be summed over. Combining all 
these factors, it is easy to see that (IV.46) is of the 
magnitude 


M-*(a/d)—"( pr)! (1V.49) 


where » is the total number of vertices in the graph: 


* 
n=> mg. (IV.50) 


a=2 


. APPROXIMATION METHODS AND 
APPLICATIONS 


We shall show that for a Bose system of hard spheres 
at given p and T in the gaseous phase, all the thermo- 
dynamical functions can be evaluated systematically 
provided a is small [i.e., (apd?)K1 and (a/A)<1 }. 

As 2-—+«, we can replace all summation over 
momentum space by continuous integration. Thus 


% T. D. Lee and C: N. Yang, Phys. Rev. 117, 12 (1960), Sec. 3 
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(IV.22), (I1V.41), and (IV.34) become, respectively, 


p= (8x) ‘ft 'M(k)—1]@R, (IV.51) 
2-"'$(p,M) =p Inz— (8x*) f Infs~'"M (k) \d*k 


+ (Be?) f Coch) 


« [M(k)— m(k) ]d*k—2-'0’, (1V.52) 


and 


(8x*) 2-0’ (M) 


2 
=} fs ve®| ki, ke) [] M(k,)d*k, 


+4 f [k,l | va | ig, y) J28"(ey-+ beg — kg— I) 


x II M(k,)d*k;+ Bf (ksh ks] os k;, ko, k;) 


XII M(ki)d*ki+--+, (IV.S3) 


where v;* are related to the Boltzmann m, functions 
[defined in Eq. (1.54) of paper I] by 


(hy’,- - -Iey’! v5 | hey, - - - ky) 
=) Pr Pky’, - «hey! | ty) hey, - « ey), 


and are independent of the volume. In (IV.54) the sum 
extends over all permutations of ky’, - - -k,’. In proving 
(IV.53) the detailed relationship between T,° and v;% 
discussed in Appendix E is used. 

(IV.49) gives a direct classification of the magnitudes 
of each term in the infinite sum (IV.53) as powers of a. 
To calculate, for example, the free energy F accurate 


(IV.54) 


‘to a certain power in a, we can neglect all those terms 


in (IV.53) which give only higher order contributions. 
he corresponding approximate integral equation for 
M can be generated by the variational principle 


[65/5M (k) ],=0, (IV.55) 


which automatically insures the consistency between 
the two approximate formulas for M and for F. 

In the following, we shall solve for z, M(k) and F 
explicitly as functions of p and in powers of a. The mth 
order approximate solutions [accurate to O(a") ] will 
all be denoted by subscripts n. 


Zeroth Approximation 


In the zeroth approximation we do not include any 
irreducible 0-graph. 


°;, =0. (IV.56) 





The zeroth order solution for M(k) is 


M o(k)=2o1—29 exp(—Sk*)}"' —s (IV: 


where 2, as a function of p and 7, is given by 


x 


N °g3(z0), gr(s)=>d on. (IV.5 


Correspondingly, the zeroth order free energy is 


(QkT)" Fo= p Inzo— X~*gy (zo). (IV.59) 


The zeroth approximation is identical with that of a 
free Bose gas 


First Approximation 


There is only one irreducible 0-graph which con- 
tributes to the order of a. Hence, 


(8x3) 2-19,’ 7 (kik | ve kek 


* M (ky) M(ke)d*k; d*k,. (1V.60) 


Because of the variational character of the free energy, 
we can substitute directly the zeroth order solution Zo, 
M(k) into (I1V.52) and obtain the first order expression 
for F. Substituting (I[V.57), (IV.58) and the explicit 
form of ve% [see Eq. (1.67) of I] 


( k,k.! v2 k,k. 


\ 2n*) lan? 


Xexp[—8(ki?+ks*)]+O(a*) (IV.61) 


into (IV.60), we obtain [neglecting O(a?) ] 


QP,’ = — 2ad*p?. (IV.62) 


Correspondingly, we find the first order expression for 
F to be 


(x TQ)“ F = p Inzo—A~*g4 (20) +2ad7p*, (1V.63) 


where zo is given by (IV.58). Using (IV.63) we 
obtain the first order expression for p as 


can 


pi=r *(xT)g4(t0) +-8rap’. (IV.64) 


Expressions (1V.63) and (IV.64) are identical with 
the results obtained by the pseudopotential method." 

To obtain the first order solution M, and 2, we have 
to use (IV.60) and apply the variational principle 
(IV.55). The resulting equation is 


—M,—'(k)+:, 8k?) + (2x*)—'an? 


exp 
 exp( ak’) f (a exp(—8q’)d*g=0, (IV.65) 
which can be readily solved. The first order solutions 
M, and s; are given by 
M,(k)=2,[1—£ exp(—8k’) }'" IV.66) 
p=n*g,(£), (IV.67) 


D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958 


BT 


| ee 


whiere 


[V.68) 


pmo - (2x*) 


an’ f VM ,(q) exp(—8q*)d*q 


Second Approximation 


To calculate F to O(a?) we have to include in @,’ 
the first three terms in (IV.53}. Because of the mini- 
mum property of & we can substitute the first order 
solutions 2:(p,7) and M;(p,7,k) into @,’ and directly 
obtain the second order expression for F. 


9. SINGULARITY OF M(k 


From these approximate solutions we expect that 
there exists a critical value z,. At z<z,, M(k) is finite 
for all k values; but, z., M(k) becomes infinite 


at k IV.27) as 
K(k). 


at Zz 


=(). In general we may write 


M—(k)+m—"(k (1V.69) 


Thus, the condition for z, is 


co '=1+K(k=0 [V.70 
By using the approximate solutions we can evaluate z, 
as a power series in a. Substituting (IV.66) in (IV.70) 
we have 


1+4(2.612) (a/r)4 (IV.71 
Correspondingly, the density and the pressure at z=z 
are given by 


Mp 2.612)+O/(a/x), 
and 


A? (kT)—" p.= (1.342) 4+2(2.612)?(a/r) + [V.72) 

As will be shown in detail in paper V, such singular 
behavior of M(k) at k=0 is a general characteristic of 
a Bose-Einstein phase transition 


that in the condensed phas¢ 


Physically, it means 


M (k=0) = xpQ, IV.73 
where x is a finite number between 0 and 1. Conse- 
quently, M(k=0 

It is of course true that even though M(k=0) may 
be proportional to ©, our present formalism still is 
formally valid. However, if x #0, then unless a further 
re-grouping of the series is performed, our basic equa- 


becomes infinite as 2 — ©. 


tions in terms of irreducible graphs cannot be used. 
Indeed, e.g., the sum (IV.34) is a series consisting of 
infinite members of increasingly divergent terms. To 
show this, let us consider a typical irreducible 0-graph 
(IV.46). By using (IV.73) and (IV.48), we find that if 
x0, (IV.46) is proportional to 


“*Q? [V.74 


plus terms proportional 
maximum power # is 


to lower powers in Q. The 


equal to the total number of 
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vertices in the graph: 


r 
n=>> ma. 


a=? 


Consequently, if x0, the higher order terms in the 
sums (IV.28) and (IV.34) become more and more 
divergent as Q—> ~, 

In paper V, we shall give a new formalism which 
reduces to the present one in the gaseous phase («=0). 
But unlike the present one it can be applied also in the 
condensed phase and does not contain the above- 
mentioned divergence difficulties. 


10. FERMI STATISTICS 


In this section we consider a system of Fermi par- 
ticles with spin J in a finite volume ©. The grand 
partition function 99% is given by 


In9o4=> (1!)~'2! > (giv qi UA Gi ** Ge), (IV.75) 
i=1 qi-+-@t 


where g; represents both the momentum and the spin 
coordinates of the ith particle (i=1, 2, ---J). Starting 
from rule B of paper I, we can also formulate 99% in 
terms of the average occupation number by procedures 
similar to those used in the previous sections. 

Let (n,) be the statistical (averaged over a grand 
canonical ensemble) average number of particles with 
a definite momentum and a definite spin component. 
Both of these coordinates are represented by g. The 
corresponding function M4(q) is defined by 

M4(q) =2[1—(n,) ]. (IV.76) 
The particle density p is related to M4 by 


Qp=L {1-29 M4(q)). 


Similarly to (IV.21), M4 can also be expressed in terms 
of U,4 (proved in Appendix B), 


(IV.77) 


M4(q)=2—S[(/—1)!}°'s*! 
ll 


x ~ \9i** *Gi~1y9 UiAlqu--q 1,9)- (IV.78) 
qi--qi—1 


Next we define a primary ¢-graph, a contracted 
¢-graph, and an irreducible {-graph (¢=0, 1, 2---) in 
exactly the same way as in the Bose case. To each of 
these graphs we assign a term, slightly different from 
its counterpart in the Bose case, determined by the 
following procedures for ¢=0 or 1: 


iA) Associate with each internal line a different 
integer ¢ (t=1, 2---/) and its corresponding 4. 

114) Associate each of the external lines with some 
pre-given momenta and spin values. 

iitA) Assign a factor 


(gai: + -QPa|Ta*| gar: --gAa) 
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to each a-vertex where gai: - -g4q and gay: - ga, are the 
momenta and spins associated with its (internal or 
external) incoming and outgoing lines, respectively. The 
definition of T,4 is given by (1.31). 

(ivA) To each ith internal lines, we assign a factor z 
in the case of a primary graph, a factor 


m4 (q;) =2[1+2 exp(—fk,)] . (IV.79) 
in the case of a contracted graph, and a factor M4(q,) 
in the case of an irreducible graph. In (IV.79), k, is the 
momentum represented by q,. 

(vA) Assign a factor 


(symmetry number)~", 


to the entire graph. The definition of the symmetry 
number is identical with that in the Bose case. 

(viA) Assign a factor @ to the entire graph. Here @ is 
+1 (or —1) if the permutation 


gai— qe’, gar Bx, ***'; QAa— QBa; **’ 


from all the initia] coordinates into all the final coor- 
dinates of all the vertex functions T,4 taken together 
is even (or odd). 
The term that corresponds to each graph is given by 
> [product of all factors in (i#1A), (tvA), (0A) 


ql 


and (viA)}. (IV. 80) 


In terms of these graphs, we can write in complete 
analogy with (IV.13), (IV.18), and (IV.33) 


(xT)"2Qp=> [all different primary 0-graphs], (IV.81) 
= — >>, In[z-*m4 (q) | 
+5 [all different contracted 0-graphs }, 
= —)>°, Infe"M4(q) | 
+5 [ m4 (¢q) JL M4 (g)—m4(q) ] 
+> [all different irreducible 0-graphs ]. 


(IV.82) 


(IV.83) 
Similarly, 
M4(q)=z—2* > [all different primary 1-graphs ], 
(IV.84) 
= m4(q)—[m4(q) ? & [all different 
contracted 1-graphs ], 


= m*(q)—[m4(q)M4(q) ] > [all different 
irreducible 1-graphs ]. 


(IV.85) 


(IV.86) 


In the above equations (IV.81)-(IV.86) each graph 
contributes a term given by (IV.80). [Notice the dif- 
ference in factors (ivA) for primary, contracted and 
irreducible graphs.] The first few terms of (IV.82) 
have been derived also in paper II. 

In a similar manner to that for the Bose system, a 
variational principle can be obtained for the Fermi 
system. 
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We first discuss an elementary property of the sym- 
metry number. 

Let us assign a different integer 1 (t=1, 2, ---l) to 
every internal line of a {-graph. The resulting graph is 
called a numbered {-graph generated from the original 
graph." Two numbered {-graphs are different only if 
they have different topological structures, including the 
positions of these numbers. 

Let D be the total number of different numbered 
¢-graphs which can be generated from the same {-graph. 
From the definition of symmetry number given by 
(IV.11), it is easy to see that 

D= (l!))s", (1V.87) 
where s and / are, respectively, the symmetry number 
and the number of internal lines in the original {-graph. 

To prove (IV.13) and (IV.23), we notice that dif- 
ferent terms in (IV.4) [e.g. (Ai) and (Ait) given by 
(IV.8) and (IV.9)] can give identical results after 
summing over all their internal momenta. Graphically 
these terms correspond to the same primary {-graph 
but different numbered primary {-graphs [e.g., (Ai)’ 
and (Aii)’ in Fig. 1]. Thus, the total number of such 
terms is identical with the total number, D of the 
corresponding different numbered {-graphs. In both 
(IV.1) and (IV.21) we have to sum over such terms, 
sum over their internal momenta k,---k,;, and then 
divide by (1!). Consequently, we obtain a factor 


1!)“'D, 


which is, by (1V.87), (symmetry number). By using 
(I1V.12), it then follows that (IV.13) and (IV.23) cor- 
rectly express the sums (IV.1) and (IV.21), respectively. 


APPENDIX B 


To prove (IV.19) and (IV.78), we recall that in the 


sum 
ss 
9q* > (N!)-'s4 p 


Ved l \ 


Wyw%\1,---N), (IV.88) 


[a=s, A depending on the statistics ], 

each term represents a relative probability. Thus, the 
statistical value (m,) of particles with momentum (and 
spin coordinate) g averaged over a grand canonical 
ensemble is 


(1V.89) 
refers to 
or the cor 


4 For simplicity, a {-graph (or a numbered ¢-graph 
a primary or a contracted or an irreducible ¢-graph 
responding numbered ¢{-graph 
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1 


In (IV.89) we have utilized the property that 
1,---N|Wy*|1,---N) is a symmetric function with 
respect to the V particles. We now use the definitions 
of U;* [e.g , (1.12) of paper I | and observe that each 
W y* can be written as a sum over products of the form 


| U,% g,@1,°° 
(by, ° + +b:| Uy2|b1,- + by 


(g,1,°**@, 
(TV.90) 


IV.90) is which 
contains g as one of its variables, and m,U,* functions, 
m,U ,* functions, etc., which contain other particles as 
variables. In (1,---V—1,¢|Ww*\1,---N—1, q), there 
are altogether 


In general, a product of one U 


[V.91) 


such terms where 


[V.92) 


ributes 


Each of such terms cont 


eZ 


(IV.93) 


to the sum 


L 


we find 


IV .94) 


If we define the corresponding M*(g 


M°(q)=2[1+(n [V.95) 


with + sign for a=S, sign for a=A (in the text, 
the superscript a=S i MS(qg) and 
M4(a) are given, respectively, by (IV.21) and (IV.78). 

It is of interest to notice i 
M*(q) can be written as 


omitted), then 


that in terms of second 


quantized field operators, 


s1M*(q)=(Qa" tracel at(g 


~<s | 


< exp a5C)s‘a(g [V.96) 


where a(q), a'(q) are the appropriate annihilation and 
creation operators and KX, MN are, respectively, the 
second quantized operators for the Hamiltonian and the 
total number of particles 


APPENDIX C 


asserts that 


Equation (IV.32 


In9o5=0(s,M), [V.97) 
>. In this formula the left-hand side 
[V.1), and the right-hand 


for all values of z 
is a function of z defined in 
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side is defined as a functional of zs, M through(IV.33) 
while M is in turn defined by (IV.21), or equivalently 
(IV.27). To prove (IV.97), one notices that as s— 0, 
by their definitions, 

m(k) — z. 

Thus, (IV.97) is correct at z<=0. We now proc eed to 
prove that the derivatives of both sides with respect to 
Inz are the same for all s20. The derivative with 
respect to Inz of the left-hand side is, by (IV.22) 


Da(s7M (k)—1). 


That of the right-hand side, by the rules of implicit 
differentiation is: 


ay 5 dM (k) 
(22) 2a) a 
Olnz/ wy © \6M(k)/7, dinz 
Now, in (IV.33) the irreducible 0-graphs are dependent 


on z only implicitly through M. Hence, using the 
explicit form of M(k), one obtains 


20* — 1, 


M(k)— sz, 


[V.98 


(1V.99) 


ay 
( ) 1430 51M (k) = (1V.98). 
Olnz7 xy k 


Thus to prove (IV.97), it is only necessary to prove 


(1V.100) 


5P? 
(ira) = 
6M(k)/, 


for the values of M satisfying (IV.27), i.e., satisfying 


M~'(k)=m"(k)— K(k,M). (IV.101 
Using (IV.101), we can write (IV.100) in the form 


> [all different irreducible 0-graphs } 


5M(k)|, 
=K(k,M), 
or, by (IV. 28), in the form 


> [all different irreducible 0-graphs ], 
5M (k) 


> [all different irreducible 1-graphs]. (IV.102) 


Now (IV.102) is an identity. It is correct even if 
(IV.101) is not satisfied, and all M(k) are independ- 
ently and freely variable. 

To prove this statement, we take as an illustration 
the first irreducible 0-graph in column A, Fig. 2. It is 
equal to 


4 } (ky ke T2* k,,k2)M(k,)M(k.). 


kike 
Differentiation with respect to M(k) yields 


2( }) > (k, ke! T25| k,k.)M( k.), 
ke 
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which is the first irreducible 1-graph in column B, 
Fig. 2. The other graphs in Fig. 2 give similar results. 

For a general irreducible 0-graph we first define a 
relationship, to be called correspondence, between the 
(-graphs and the 1-graphs."* If we take any 0-graph and 
cut any one of its lines open, the resulting graph is a 
1-graph. Conversely, by connecting together the two 
external lines of a 1-graph we obtain a 0-graph. Further- 
more, if the 0-graph is an irreducible graph then its 
corresponding I-graphs are all irreducible. 

By cutting open one of the / lines of an irreducible 
0-graphs one obtains a corresponding 1-graph. Varying 
the line that is cut leads to / corresponding 1-graphs. 
Among these, a particular 1-graph may occur, say, 
times. Let S» and S; be, respectively, the symmetry 
numbers of the irreducible 0-graph and this particular 
1-graph. From the definition of symmetry number it is 
straightforward to show that 


So= nS}. (IV.103) 


Equation (IV.103) is illustrated in Fig. 2. 

To prove (IV.102), one notices that in taking the 
functional derivative 6/65M(k) of any irreducible 
0-graph with / lines, one generates / terms each of which 
is equal to So~4S, times a corresponding 1-graph, which 
is obtained by cutting open one of the / lines. Equation 
(IV.102), then, follows immediately by using (TV.103). 

We remark that (IV.100) proves also the stationary 
property of ® with respect to variations 6M(k), as 
stated in (IV.35). 
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The functional ®(2,M) will be written in this Ap- 
pendix in the form 


@(z,M)=>, Infe"M(k)] 
~Til(s'—exp(—Bk?) JM (k)—1) +0" (1V.104) 


where ®’(M)=> all different irreducible 0-graphs. 
We recall that from (IV.102) one obtains 


50” 


——= K(k,M). 

5M (k) 

The functional derivative of @ at fixed z vanishes for 
M satisfying the equilibrium distribution, as shown by 
(IV.35). To obtain the second (functional) derivative 
of ® we shall regard z and 7 as fixed. Furthermore in 
this Appendix we shall regard both M(k) and m(k) as 
arbitrary functions related by 


m*(k)= M-"(k)+K(k,M), (1V.105) 


where the functional K{k,M) is given explicitly by 
(TV.28). (IV.105) expresses m as a functional of M. 
If one solves (IV.104) for M it is obvious that one 
obtains (TV.24): 


M (k) = m(k)+[m(k) }? > [all different con- 


tracted 1-graphs]. (IV.106) 
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Equations (IV.105) and (IV.106) are identical with 
(IV.24) and (IV.27) except that now m(k) is considered 
to be independent of z.'® 

By directly differentiating (IV.104) with respect to 
M but keeping z constant, we find 


6°P(z,M) 
sate 
5M (k)dM(k’)J, 


5°00’ (M) 


————. (IV.107) 
5M (k)dM (k’) 


—[M (hk) }*b xu + 


which, upon using (IV.105) and (IV.102), can also be 
written as 

bm *(k) 

5M (k’) 


Rex 


Its inverse matrix R™ is given by 
5M | k) 


(Ro!) ex . 
. ; 
bm—"(k’) 


(1V.108) 


which can be contracted 
graphs. 


By using (IV.105), 


analyzed in terms of ithe 


the functional derivative 
[5M (k)/dm(k’) } 


can be expressed as a sum over graphs. These graphs 
are obtained by taking any contracted 1-graph and 
cutting one of its lines open. The result may either be 
simply two disconnected contracted 1-graphs or a single 
contracted 2-graph. 
We define 
5M (k) 
Mo (Mek’) = ne? (k’) [M (k) }*6 xx 
m(k’) 


[V.109) 


By differentiating (1V.106) and using the definition 
(IV.109), we find (after some manipulations) 


Me (k,k’) = [m(k)m(k’) ? > [all different 


contracted 2-graphs| (IV.110) 


in which each graph contributes a term given by 
(IV.17). The two momenta carried by the two external 
outgoing (and also the external incoming lines) in these 
2-graphs are k and k’. 
In order to find the relation between IN2(k,k’) and 
(nym) we must first establish the following theorems. 
Theorem 1. 


(Pb yy )— (My 4 Ny Ore 


pa: 3 ee Ae 


x | US| k, k’, 1,2, ---1—2), (1V.111) 


‘6 Throughout this Appendix, unless stated explicitly, m(k 
does not satisfy (IV.16). For example, in the sum (IV.106) and 
(IV.110) the factor assigned to an internal line is m(k) and sof 
s[ 1—s exp(—sk*) J". 
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where , is the occupation number for particles with 
momentum k and refers to statistical averages 
over a grand canonical ensemble. 

Proof.—W« ensemble of 
systems, each containing .V identical (but regarded 
hypothetically as distinguishable) particles. The prob- 
ability that the first particle has momentum k and the 
second particle has k’ is given by 


consider first a canonical 


(Ov) XS (kk, 3, © NW 


where 


Oy> 


Since thes« partic les the same probability 


V alue of 


k<k’, 


must also be given by the average 


I f k=k’ 

canonical ensemble. 
Upon equating these probabilities and further averaging 
over a grand canonical 


These averages are taken over the 
ensemble, we obtain 


(yn Ny Or 


(99*)"' rs [i \ 


[V.113) 


Using similar arguments to those used in Appendix B, 
we can regard Wy* as a sum over products of U;,‘ 
functions. We distinguish the two different cases: (a) k 
and k’ are in the same U5 function, and (b) k and k’ 
are in two different U5 functions. We can then show 
that the right-hand side of (IV.113) is equal to 


EL-2)1) 


2)+ (ny) (ny 
where these two terms correspond, respectively, to the 
above two cases (a) and (6 


Theorem 2.—lf 


Thus, Theorem 1 is proved. 


- Bk?) +, (1V.16) 


2 exp 


then 


x 


2ST (] ) 


—- = 


Sux. (IV.113) 
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Proof.—The left-hand side can be regarded as a sum 
over primary graphs. Graphically, we can represent 
these sums by first considering a primary 1-graph with 
external momentum k. Then we cut one of its internal 
lines open into two external lines, each labelled by k’. 
The resulting form may either: (@’) consist of two dis- 
connected primary 1-graphs, or (b’) consist of a single 
primary 2-graph. Thus, we find that the left side of 
(IV.113) is equal to 
dxx[ 2” > (all different primary 1-graphs) 

+2 > (all different primary 2-graphs), (IV.114) 


in which these two terms correspond to the above two 
cases (a’) and (6’), respectively. (IV.113) now follows 
by using the identity. 
o* > (all different primary 2-graphs) 
= [m(k)m(k’) ? > (all different con- 
tracted 2-graphs) (IV.115) 


provided m(k) is given by (IV.16). 
Theorem 3.—If 
Fea 
=(), 
5M(k) J, 
then 


(R- 1) eke’ - —2M (k)dxx: 


—2°[(myny)—(my)(ny) }. (1V.37) 


Proof.—We notice that by using (IV.104) and (IV.- 
105), the condition 


50 (z,M) 
oe 
5M (k) J, 
is identical with m(k)=2[1—z exp(—k*) |. Theorem 
3 now follows immediately by combining (IV.108), 


(IV.109) with Theorems 1 and 2. 
We remark that since the matrix 


(x — (Wy)) (te — (rx)) 


is a positive matrix and since the average over the 
grand canonicai ensemble is an average with positive 
probabilities, the resulting matrix 


(nyny:)— (ny) My) 


must also be a positive matrix. Furthermore, if (IV.35) 
holds, then 


M (k)=s[(my)+1], 


which is positive. Thus R™ and consequently R must 
be negative matrices if (IV.35) holds. 

Next, we will prove that Ryy is a negative matrix 
even though m(k) is not given by z[1—z exp(—6k*) T', 
i.e., even though (TV.35) does not hold. We define a 
function 2x, 


zy | =m, '+exp(—sk’). (IV.116) 
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For arbitrary function M(k) we can, by using (IV.105) 
and (IV.116), regard sy as a functional of M(k) and 
vice versa. 

Theorem 4.—Ry is a negative matrix for arbitrary 
function M (k) provided the corresponding zy is positive. 

Proof.—Let ® be the Hamiltonian of the present 
problem in terms of the second quantized operators. 
Instead of the actual grand partition function, we 
consider a pseudo-partition function defined by 

9% =tracelexp(—S8H)[]u(cu)"*]. (1V.117) 

Similar to the grand canonical ensemble, we can con- 
struct a 9-ensemble and regard the probability of 
finding any system in the ensemble with N particles 
(identical but considered to be distinguishable) and 
with a momentum distribution in which the ith particle 
has k; (i=1, 2---N) to be 


(9) 1(N !) Mk, ke: ee ky! Wy’ | k,, ky: ’ -ky), (IV.118) 


where 


(ky,- ++ kw | Wy’ | ha, + ey 
=P p(P(ky,- + -ky)| Way! kis +> ew) TT om, 

and Wy is the Boltzmann Wy function given by Eq. 
(1.4) in paper I. 

We can also define (n,)’ and (myn,-)’ as the averages 
of m, and (yn,-) over a 9’-ensemble. 

In complete analogy with (IV.20), (IV.111), and 
(IV.113), it can be shown that if we regard M(k) and 


(1V.119) 


‘IM2(kk’) as functions of through (IV.106), (IV.110), 


and (IV.116), then 

M (k) = suf (mx) +1), (IV.120) 
and 
MWo( kk’) +-[M (hk) — ze Por 


= ZySu[ (mynty)’ — (my) (ne) — (nn) ber’ |. 


(IV.121) 
Consequently, by using (IV.108) and (IV.109), we find 


Rew = — 24M (bbe — tute [(ery)’ — (ey (ey). 


(IV.122) 


If 2,20, then the probability (IV.118) is always 
positive. Consequently, Ry» is always a negative 
matrix. 

Thus, we find that the true pressure is given by the 
absolute maximum for @(z,M) at constant z provided 
we restrict the variation of M(k) to the domain in 
which the corresponding 2 is positive. 


APPENDIX E 


In this Appendix we list some relationships between 
T,4, Ui, Ui., #; and v;5 in momentum space. 

The U; and T;* functions used in this paper are 
defined for a finite volume 2. They are related to Ui.9 
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(see paper I, Sec. 5] in coordinate space by 


(ky’,- + ky’| Uy | ky, - + - ky) 


~ tf (eons U1,0|t1- + - fi) 


XexpLi al k,’ : ey - k. ‘r.) II. d'*r *r,' . 
The U;, functions in momentum space are defined by 


(ky’,---k,’ Vis k,,: ++ ky) 


(87°) tf tet n U we \T1,° * * Ti) 


xexpli 3 (ka’ ra’ — kata) I] d*rad*r_', (1V.124) 


(1V.123) 
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where U,,, in the coordinate space was defined in paper 
I. Thus if we define u; by Eq. (1.54), then as Q— ~, 
[2/ (8m*) "ky, ~~» hey’ | U7 hy, - hy 

» (hy, «+ Mey’ | ey! ky, 
where K- Zz k., and K’ : hs 


QN— x, 


k;)dx,x, (1V.125) 


Similarly we find, as 


[2/ (Sm) ]-'(y’,- + « hy’| Te] bea, - - 
-+k,’ v;” k,,---k,), 


where v;* is defined by (IV.54). 

independent of volume 
Some explicit forms of T,* 

have been given in papers IT and III 


(IV.126) 


4 bx K k, s 
Both wu; and uv,‘ are 


and v;* for hard spheres 
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Theory of Fluorescence Time Constant Measurements in Liquid and Rigid Solutions* 


Hartmut KALLMANN 
Depariment of Physics, New York University, New York, New York 
(Received June 16, 1959) 


Formulas are derived for the dependence of fluorescence upon time for the case when energy transfer 


from the solvent to the solute is involved. Three cases are considered 


excitation by single fast particles, 


excitation by one burst of particles during a given period, and periodic‘excitation. One important point 
is that in the rise and decay of fluorescence from a burst of particles, it is the difference of two exponential 
functions and not their sum which occurs. The results are compared with the experiments of Burton and 
Dreeskamp, of Swank and Buck, and of Knau. These experiments are in general accordance with the derived 


formulas. 


THEORY of light emission from a liquid or rigid 

solution which is energized by a fast particle has 
been given by Brucker and Kallmann.' It shows that in 
a solution containing a single solute and solvent where 
the flourescence is emitted mainly by the solute, the 
light emission, J, varies with time according to the 
formula 


Ts —f —f 
I = Nack |e»(—) -exp(—) } (1) 
Ta—~Ty Ts Tu 


This formula holds if the solute is excited via energy 
transfer only. N is the total number of excited molecules 
of the bulk material, ac is the probability per unit time 
that energy is transferred to the solute, and r+, is the 
decay time of the solute as measured under direct light 
excitation (not via energy transfer). 1/7,=1/ro+ac, 
where ro is the time constant of the solvent in the 
absence of solute. « is the product of the quantum 
efficiency of the solute when directly excited by light 
and the efficiency of energy transfer. According to 
recent measurements, this latter efficiency is close to 


* This work was supported by the Signal Corps Engineering 
Laboratories, Fort Monmouth, New Jersey. 
'G. Brucker and H. Kallmann, Phys. Rev. 108, 1122 (1957). 


one.” Often, however, the solution is not energized by a 
single particle but by a burst of particles during a 
period of time, 7, as is the case in the experiments of 
Burton and Dreeskamp’ and Swank and Buck‘; 
or, the solution is continuously excited with an excita- 
tion intensity varying with the period w. This is the 
case in the experiments of Knau.*® 

Formula (1) cannot be applied directly to these 
cases, but the theory can be extended by a straight- 
forward procedure to include the effect of a burst of 
particles or of periodic excitation. 

If the excitation is extended over a period of T 
seconds, then the following formulas for the light 
emission are obtained: 


Noacxr, —f{ 
Pian 0 Hae fo 
T (t.— Tu) Te 
i-m(2)] 
- 1-e(—)]}. (2) 


* Brown, Furst, and Kallmann, Discussions Faraday Soc. 
(to be published). 

*M. Burton and H. Dreeskamp 
(unpublished). 

4W. L. Buck and R. K. Swank, Argonne National Laboratory, 
Physics Division, Summary Report, 1958 (unpublished 

*H. Knau, Z. Naturforsch. 12a, 881 (1957). 
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“fe neato) 
sro -Yf-e)]} 


where ’=i!—T and No/T is the number of solvent 
molecules excited per second. 
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For periodic excitation with the intensity nol 1 
—coswt |, where mo= excited solvent molecules produced 
per second, one obtains for the light emission 


NOACKT, 
RB guciecnes C( T.— Ty) —A cos(wl+ ou) |, (4) 


Te Tu 


where 


(Cr+. )~ ra(1 +8, )P+[rbo(1+8,? )— rabu(1 +6,?) }*}! 


— ; (5) 


(14+8,)(148,2) 


rt, and +r, are the above-defined lifetimes, 6,= 


6,=wr,, and 


WT, 


5,7,(1+4,7) —b,7.( 1 +,?) 
tan¢g,,=— ~, (6) 


7.(1+6,*)—7.(1+4,?) 





Equation (4) goes over into the well-known formula 
for direct excitation of the solute if 7,.<r,,. 

It is noteworthy that although two time constants 
occur in Eq. (1), nevertheless the light emitted by the 
solute varies in (4) as the incoming intensity except 
that it is altered by a phase shift ¢,., (¢u is, of course 
different from the value of gy, when only one time 
constant is involved as under direct excitation of the 
solute by light). 

The application of these equations leads to the 
following conclusions : 

Instantaneous excitation (high-energy particle), pro- 
duces a flash, the decay time of which is essentially 
always the longer of the two time constants involved. 
Thus for dilute solutions, and ro>1,, the time constant 
of the solvent (or more precisely 7, which is always 
smaller than 7») is observed as the decay time of the 
emitted light. When 7,>7,, direct light excitation of 
the solute and high-energy excitation of the solute yield 
different decay times as observed by Knau. 

For constant excitation during a period 7, comparable 
to r, and +r, or longer, formula (2) gives the rise of the 
emission and formula (3) its decay. Both contain two 
time constants. In both rise and decay curves the 
longer time constant accounts for most of the emission. 


One must, however, consider that it is not the sum but’ 


the difference of two exponential functions which occurs 
in the rise and decay curves, the longer time constant 
having the greater effect when excitation is carried out 
almost to equilibrium (T>r, and r1,). On a plot of 
log against ¢ an extrapolation to ’=0 of the linear 
portion of the curve which represents the longer time 
constant will intersect the J axis only slightly above the 
equilibrium intensity. 

If the two time constants are in the ratio 2 to 1, the 
extrapolated line intersects the J axis at an intensity 
twice as large as the actual equilibrium intensity (1.3 
on the logarithmic scale). This means that the actual 


light emission curve lies only slightly below the extrapo- 
lated curve for the longest time constant. In a log- 
arithmic representation, the smaller time constant only 
shows up as a small downward bending at the beginning 
of the decay curve because the two time constants occur 
as differences in formula (3). This agrees with the form 
shown by Burton’s measurements.' Even for the special 
case in which the time constants are equal, the curve 
will not deviate greatly from a straight line in the 
logarithmic representation. In this case the decaying 
intensity is proportional to the formula [1+ (¢/r) ] 
exp(—t/r). 

This analysis shows that two different time constants 
do not show up as shatply as one might expect in the 
decay curve. A greater difference is obtained when 
excitation is not to equilibrium. (T<7, and r,). The 
difference between the strength of excitation of the 
two time constants becomes smaller; however, the 
exponential with the longer time constant always 
remains the larger one. Burton’s measurements for 
crystals and plastics are found to display the effects of 
two time constants. These cannot be readily identified 
with the time constant of transfer and light emission 
of the solute since the curves do not show the down 
curving at the beginning and since the longer time 
constant component is not always the larger one. The 
longer time constant in this case must have another 
origin than energy transfer. We conjecture that it is 
due to a long-time component of light emission observed 
in scintillators expecially under excitation with high 
density of excitation. This long-time excitation 
probably comes about because of a delayed recombina- 
tion of charges or perhaps by trapping of charges or 
excitation energy. One can describe this delayed 
excitation in this theory as equivalent to two types of 
excitation which are superimposed upon each other; 
their respective light emissions also are superimposed. 
If the light emission of the short-time excitation has 
already decayed, the weaker emission of the long-time 
component becomes observable. A long-time exciting 
component of this type may be responsible for the form 
of Burton’s curves for crystals and plastics.® 





* Buck and Swank‘ have also pointed out that simple energy 
transfer considerations cannot explain their results in plastics. 





38 HARTMU 1 

The dependence of the time constant given by the 
straight-line portion of Burton’s curves of time con- 
stants as function of the benzene concentration in 
cyclohexane can be interpreted in accordance with the 
above equations. At zero benzene concentration the 
measured 7 is that of terphenyl in cyclohexane since 
r, of cyclohexane (assumed to be determined essentially 
by ro of cyclohexane) is expected, because of the small 
energy transfer of cyclohexane, to be smaller than 1, 
(terphenyl). The amount of energy going to benzene 
and from benzene to terpheny! increases with benzene 
concentration. The time consiant involved in the 
energy transfer to terpheny] in the combination solvent 
is always essentially the 7, for benzene, since the transfer 
time from cyclohexane is always shorter than 7 of 
cyclohexane which is assumed very short. Thus when 
most of the emitted light stems frorn energy transfer 
from benzene, formula (3) is used with 7, that of 
benzene (plus terphenyl) and +, the time constant of 
terphenyl in the benzene-cyclohexane combination. 

ro is larger for small concentrations of benzene than 
for higher concentrations because of concentration 
quenching; this is known from the fluorescence of 
benzene. In addition, ac for a given terphenyl concentra- 
tion is smaller for benzene-cyclohexane combinations 
than for benzene alone; this is concluded from our 
general observation that Q values in such solutions 
are larger than for a solution with a single solvent. 
On account of both effects it is to be expected that 71, 
(benzene) is relatively large for small benzene con- 
centrations and may even be larger than r,. This is a 
possible explanation of the increase in +r observed by 
Burton at small concentration. At larger 
benzene concentrations r, becomes small, and the 
observed time constants decrease in agreement with 


benzene 


observations of Burton. A more accurate comparison 


KALLMANN 

between the proposed theory 
made only when many more 
available, 
excitation. 


and experiment can be 
time-constant data are 
expecially those obtained under light 

The measurements with periodic excitation as given 
by Knau can also be analyzed with the theory. He 
finds that the time constants change with concentration 
from large magnitudes to small. The time constant at 
very small solute concentrations is interpreted as that 
of the solvent; at large concentration the time is that 
of the solute as is verified by direct light excitation of 
the solute. Actually his equipment does not measure 
time constants but phase shifts, and apparently he 
determines the equivalent time constants from the 
formula g=wt which gives an apparent time constant. 
The true time constants must be calculated by means 
of Eq. (6). From this equation 7, can be determined if 
tT, is known. For small concentration Eq. (6) yields 
indeed @measured=wTo, and for 
Ymess=WT,. However, in the intermediate range (6) 
must be employed in order to determine 7,. The phase 
shift curve given by Knau should be given by Eq. (6) 
i ' or, using the relationship 


large concentration 


+c 


if r, is given by (19 
between ac and the “Q” of the intensity versus con- 
16 


‘ 
i 
centration curve, by r,= 70(1+ c/a) 


' since O= (ato) 
It would be interesting to see whether such a relation- 
ship follows from the experimental data. At the moment 
one can only say that the general trend of Knau’s 
agrees with Eq. (6) and the value given above for 7,. 
It would also be particularly interesting to consider 
types of energy transfer other than by diffusion or 
migration, for instance that by jumps. The latter would 
give a slightly different dependence of r, upon the 
concentrations. Thus this method may help to dis- 
criminate between transfer 
processes. 


the various types of 
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He II Film Profile and Relative Importance of Height and Surface Pressure* 


O. T. Anperson,t D. H. Lizpenserc, anp J. R. Dicuincer 
University of Wisconsin, Madison, Wisconsin 
(Received July 29, 1959) 


The thickness d of the He II film at 1.40°K os height 4 to 40 cm has been measured by an optical method. 
Results agree better with an expression of the form d= ki than with d= kk“ or h= (a/d)*+-(b/d)*. Evidence 
was obtained suggesting that the contour of the film cannot be accounted for by considering it to be an 
adsorbed film subjected to a varying pressure. The pressure would decrease with height due to gravitational 


effects in a vertical gas column. 


INTRODUCTION 


ISCUSSIONS of early measurements of the thick- 

ness of the He II film can be found elsewhere.'” 
More recently Bowers,’ using a microbalance to weigh 
the film covering an aluminum foil, found that the 
thickness d varied with height # in accord with the 
relation, d= 11.8 10-*k-4. Measurements were made 
to heights of about 6.5 cm. The thickness at a given 
height was found to be independent of temperature 
from 1.2°K up to 0.006° below the lambda point. 
Burge and Jackson‘ used an optical method to measure 
the thickness of the film up to heights of 1.2 cm and 
found d= kh~* with z varying from 3.5 at 1.1°K to 2.5 
at 2.1°K. At a temperature of 1.5°K, k=1.9X10~. 
Ham and Jackson® found that for heights of 0.4 to 
1.6 cm, d=kh-'”* with k varying from 3.15xX10~* to 
2.96 10-* and z from 2.26+0.02 to 2.59+0.45, re- 
spectively, as the temperature was varied from 2.05 to 
1.32°K. 

Frenkel® and Schiff’ have discussed the formation of 
the film in terms of the Van der Waals attraction be- 
tween the helium atoms and the substrate, and the 
gravitational potential of the helium atoms. These con- 
siderations led to the expression : 


d= ki, (1) 


in which & depends on the material of the substrate. 
From a consideration of the zero-point energy of the 
superfluid atoms in the film and the gravitational 
potential, Bijl, de Boer, and Michels* obtained 


d= 11.2X10-%r-4. (2) 
Atkins’ combined the zero-point energy arising from 


* This work was supported in part by the Wisconsin Alumni 
Research Foundation and the U. ge Atomic Energy Commission 

t Now at International Business Machines Corporation, Pough- 
keepsie, New York. 

‘K. R. Atkins, Proc. Roy. Soc. (London) A203, 119 and 240 
(1950). 

2 J. G. Daunt and R. S. Smith, Revs. Modern Phys. 26, 172 
(1954). 

* R. Bowers, Phil. Mag. 44, 1309 (1953). 

*E. J. Burge and L. C. Jackson, Proc. Roy. Soc. (London) 
A205, 270 (1951). 

5A. C. Ham and'L. C. Jackson, Proc. Roy. Soc. (London) 
A240, 243 (1957). 

* J. Frenkel, J. Phys. (U.S.S.R.) 2, 365 (1940). 

7L. L. Schiff, Phys. Rev. 59, 839 (1941). 

* Biji, de Boer, and Michels, Physica 8, 655 (1941). 

*K. R. Atkins, Can. J. Phys. 32, 347 (1954). 


longitudinal Debye waves with the gravitational and 
Van der Waals energy to obtain 


h= (a/d)*+ (b/d)*. (3) 


For heights of 0.8 to 1.6 cm Ham and Jackson* could 
fit their measurements to this expression by taking 
a=1.89X10~* and letting 6 vary from 2.78 to 2.54 
x 10~* as the temperature varied from 2.05 to 1.32°K. 
Rice and Widom,” and Meyer" obtained d= kh from 
the following considerations. If the helium gas in contact 
with the film is considered to be an ideal gas, the 
pressure p exerted on the film at a height # above the 
liquid level will be given by 


p= po exp(—Mgh/RT), (4) 


in which fp» is the vapor pressure of bulk liquid at the 
temperature 7, M is the molecular weight, and g the 


‘acceleration due to gravity. They postulated that the 


thickness of the film at a height 4 would be that appro- 
priate to an adsorbed film at temperature T and 
saturation p/ po. Bowers’? has measured the adsorption 
isotherm to be 


—In(p/po) = K/¥, (5) 


in which y is the number of adsorbed layers and K is a 
constant depending on temperature. Combining Eqs. 
(4) and (5) gives Eq. (1). In support of this point of 
view Jackson™ has reported observation of a film on a 
solid body which is in contact only with the vapor, and 
that this film has the same profile as when the body is in 
contact with the liquid. 


EXPERIMENTAL 


Figure 1 shows some of the essential parts of the 
apparatus used. The purpose of the work was to 
measure the variation in thickness of the He II film on 
mirror M; as a function of height / from the surface of 
the bulk liquid supplying the film. Windows W, and W, 
sealed off an inner chamber which was made of brass 
except for the stainless steel supporting tube Y. This 
 Q. K. Rice and B. Widom, Phys. Rev. 90, 987 (1953). 

1 L, Meyer, Phys. Rev. 97, 22 (1955). 

2 R. Bowers, Phil. Mag. 44, 485 (1953). 

“ L. C. Jackson, Proceedings of the Fifth International Conference 
on Low-Temperature Physics and Chemistry, Madison, Wisconsin, 


August, 1957, edited by J. R. Dillinger (University of Wisconsin 
Press, Madison, 1958), p. 61 
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Fic. 1. Apparatus for measurement of film thickness vs height. 


chamber connected to a vacuum system for 
evacuation through tube R. The distance from the head 
plate H to point Z was 56 cm. With the level G of liquid 
at its lowest value, 4 was 40 cm, its maximum value. 
Except fer some optical components shown schemati- 
cally above the head plate H, the drawing is to the 
scale shown. A Dewar, not shown, containing liquid 
helium, surrounded this inner chamber and made a 
vacuum tight connection to an extension of head 
plate H. The temperature of the helium in this Dewar 
was lowered to the desired value by pumping through 
tube K. A second Dewar containing liquid air sur- 
rounded the helium Dewar. Narrow strips in the silver- 
ing of both Dewars permitted the viewing of the liquid 
level G in the glass sight tube B by means of a 


was 


cathetometer. This tube was connected to the inner 
chamber by means of Kovar seal X and copper tube J. 

Light source 1, collimator C, interference filter J, 
aperture stop S, front silvered mirror M,, and polaroid 
P, provided a beam of plane polarized light directed 
down the Dewar. The average wavelength of the light 
was 5458 A with a half-width of 50 A as determined by 


the filter. Z was an incandescent projection lamp the 
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intensity of which was varied by means of a variac in 
the power line. The two coated glass windows W, and 
W. permitted the light beam to enter and leave the 
inner chamber. The light beam, after being reflected 
from mirror M; which was covered by a He II film, 
struck mirror M,. Mirror M, was adjusted to return 
the light beam to a second reflection from the film 
covered mirror M; and then out of the Dewar through 
window W,. After passage through quarter wave plate 0 
and polaroid P2, the light was reflected into D by front 
silvered mirror M,. D was an RCA-1P21 photomulti- 
plier tube the output of which was fed to a de high-gain 
current amplifier connected to an Esterline-Angus 
chart recorder. The high voltage for the photomultiplier 
tube was supplied by an Atomic Instrument Company 
model 312 power supply. 

A collimated beam of plane polarized, monochromatic 
light incident on a polished metal surface is reflected as 
elliptically polarized light. The orientation and eccen- 
tricity of the ellipse are functions of the optical con- 
stants of the metal and the wavelength, angle of 
incidence, and orientation of the plane of polarization 
of the incident light. A layer of transparent material, 
the He IT film in this case, present on the metal surface 
M;, changes the orientation and eccentricity of the 
reflected light. These changes are interpreted in terms 
of the variation in thickness of the film on M;. Burge 
and Jackson‘ were the first to make use of these changes 
to measure the thickness of the He IT film. 

M, was a ? in.X1} in. in. highly polished stain- 
less steel mirror set such that the angle of incidence of 
the incident light was 70°. Polaroid P,; was adjusted 
such that the angle between the plane of polarization of 
the incident light and the plane of incidence was 38°. 
M, was a front silvered mirror adjusted for approxi- 
mately normal incidence so as to introduce no changes in 
the light as a result of the film on it. 

Measurements were taken by adjusting Q to give 
plane polarized light with no film on M3. Polaroid P, 
was adjusted so as to transmit a minimum of this plane 
polarized light as denoted by D. With film on M; the 
quarter wave plate Q was left fixed and P, was rotated 
through an accurately measurable angle to the new 
position for minimum light transmission. The relative 
thickness of the film was then determined from the 
change in angle of P2.5 

A direct calculation of the film thickness from the 
characteristics of the elliptically polarized light involves 
many constants which accurately known. 
Instead of using a film such as one of barium stearate of 
known thickness for calibration, the variation in the 
He II film thickness d with height 4 above the bulk 
liquid supplying the film was determined by comparing 
the measured thickness at 4 with that measured at a 
fixed height Ao of 4 cm 

The experimental procedure was as The 
inner chamber was pumped through a liquid air trap to 
a pressure of about 10~* mm of Hg by a diffusion pump 


are not 


follows. 





He II FILM PROFILE: 
before a run and sealed off just before adding liquid 
helium to the surrounding helium Dewar. After adding 
helium to this Dewar and reaching temperature equi- 
librium at about 1.40°K, the angular setting of P, for 
minimum light transmission with a dry mirror was 
found. Valve N, controlled from the head, was then 
opened to admit liquid to the inner chamber through 
tube F. With N below the liquid level in the helium 
Dewar, the helium admitted to the inner chamber 
should have been quite free of impurities as such would 
have been frozen out on the walls of the helium Dewar. 
When the liquid level in the center part of the inner 
chamber reaches A, liquid will spill over into the lower 
part through tube O until the lower level is at some 
chosen value such as A’ at which N is closed. At this 
time the film on M, is dependent only on level A since 
film from the lower liquid level A’ is cut off from M; by 
the umbrella U’. Vapor pressure equilibrium between 
the upper and lower parts of the inner chamber was 
maintained through vent pipe V. 

Angular settings of P, for minimum light intensity 
into D were recorded vs time as shown in Fig. 2 for a 
height of 17.7 cm. Points prior to time ft show the 
gradual decrease in film thickness on the mirror at the 
place of light incidence Z due to a change in the upper 
level from A to a position 4p cm below Z. This level 
dropped due to film flow through tubes V and O and 
bulk flow through the 0.006-in. id. nickel tube E. 
This caused the lower level to rise up from A’. At to the 
upper level broke contact with the cylindrical um- 
brella U, and at that instant the film at Z on M; must 
have been supplied by bulk liquid & cm below, instead 
of Ao cm below. Points after fo show that the film thick- 
ness at Z does not change measurably with the relatively 
small changes in A occurring after time fo. @(/o) is the 
angular setting of P, corresponding to a minimum in 
transmitted intensity just before /% and @(A) is the 
setting just after 4) as determined by drawing straight 
lines through the measured points to f. The time /» is 
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Fic. 2. A typical thickness determination 
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taken as that at which the recorder deflects abruptly 
to a lower value. 

More liquid was then let into the inner chamber to 
bring the upper level back to A and the lower level to 
a new A’ and values of @(4o) and @(h) were determined 
for the new h. By viewing level G in the glass sight 
tube B at time /o with a cathetometer, A was obtained. 

The bath temperature was controlled by pumping 
through tube AK, and determined by measuring the 
helium vapor pressure with an oil manometer. Pre- 
cautions were taken to maintain as nearly as possible 
isothermal conditions within the lower part of the inner 
chamber containing the mirror and tube T. Except for 
the small solid angle subtended by the opening to 
admit the light beam, these structures were surrounded 
by opaque wails immersed in liquid helium. The brass 
plate forming the top of the mirror chamber had holes 
drilled radially into it to permit liquid to flow in to 
help maintain it at the temperature of the helium in the 
Dewar. The tube surrounding the mirror chamber was 
of 7y-in. brass and that surrounding 7 was of #y-in. 
brass. M; was mounted by a Wood’s metal joint at the 
top of a brass tube T, 36 cm long and with a wall 
thickness of #5 in. The mirror had a }-in. diameter hole 
drilled into its center as shown. Thus, during an experi- 
ment bath helium filled 7 and the hole in M;, to aid 
further in maintaining the surfaces on which the film 
was being studied at the bath temperature. Minimum 
light intensity compatible with the sensitivity of the 
apparatus was used. Evidence that the light was not 
seriously affecting the film was obtained by increasing 
this minimum intensity by a factor of 5 without de- 
tecting any change in the film thickness. Further work 
(DHL) has indicated that limiting the periphery over 
which film could be supplied to the mirror from the 
lower bath by a factor of 1:20 does not affect the film 
thickness. 

Special mounts for glass windows W, and W, had to 
be developed which would apply minimum stress to 
them. Otherwise, changes in stress on these windows 
due to variations in stress on the head plate H intro- 
duced an intolerable amount of birefringence in the 
glass. The difference method of measurement employed 
here eliminated remaining small effects. 

As in previous work, small amounts of impurity 
strongly affected the film thickness. Reproducible re- 
sults, presumably free from the effects of impurities, 
were obtained by pumping out the inner chamber to 
10-* mm Hg before a run. Admitting helium to the 
inner chamber as liquid from the bath rather than by 
condensing in gas further reduced impurities added to 
the system. 


RESULTS 


The data in Fig. 2 show that the thickness of the 
film, as measured at Z on mirror M;, of Fig. 1, decreased 
abruptly as the level of bulk liquid supplying the film 
dropped from a distance hp to a distance h below point Z. 
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Fic. 3. Profile of He II film at 1.4°K. 


This change in thickness occurred in a time less than 
the time constant of the amplifier and recorder, which 
was about 0.3 second. This abrupt drop in level of bulk 
liquid supplying the film accompanied the separation of 
liquid from the cylindrical umbrella U’. Vent pipe V 
maintained a constant vapor pressure above the film on 
M, at Z where measurements were taken. Since there 
was an abrupt change in film thickness accompanying 
the abrupt change in distance to the liquid supplying 
the film, while there was no change in the vapor 
pressure to which the film on the mirror was subjected, 
it would seem that the thickness of the film is de- 
pendent principally on its height above the bulk liquid 
supplying it. Although the pressure in a vertical gas 
column varies with / as given in Eq. (4), it would seem 
that either the pressure is not a significant factor in 
determining the thickness of the film, or the superfluid 
properties of the film on the surfaces extending through- 
out and surrounding’ the gas column prevent the 
pressure from varying with height as given in Eq. (4). 

Thus, it may not be possible to account for the con- 
tour of the film by considering it to be an adsorbed film 
subjected to a pressure varying with height as is implied 
in combining Eqs. (4) and (5). 

The thickness d of the film at height Ao was deter- 
mined from the difference between @(4o) and the angular 
setting of P, for minimum transmission with a dry 
mirror. The thickness at other heights was then found 
from the difference between 6(h) and @(/o). Figure 3 
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shows the thickness of the film as a function of height 
to 40 cm. Curve A is referred to the left scale and 
curve B to the right scale. The points are those taken 
during a typical run at 1.4°K. The solid curve is a plot 
of d=kh-* where k= 560 and z is 2.9. These values 
were obtained from the intercept at h=1, and the slope 
of curve A of Fig. 4 which was taken as the best fit to 
the experimental points plotted as logd vs logh. Errors 
in determining the setting of P, for minimum trans- 
mission with a dry mirror could change the value of & 
by +30 and z by +0.2. 

Figure 4 also shows that the measured points can be 
represented well by a single straight line on a log-log 
plot up to heights of 40 cm. Curve B is for k= 560 and 
z= 3 and curve C is for k= 560 and z=2. It is seen that 
the data are represented better by d=A~' than by 
d= kh in the range of heights from 2.5 to 40 cm. 

Equation (3) can be fitted to the measured values 
represented by curve A of Fig. 4 by taking a= 533 and 
b= 208. Since a is much larger than 6 and since Eq. (1) 
fits the data quite well as shown by curves A and B, it 
appears that Eq. (1) is adequate in the range of heights 
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Fic. 4. Power law dependence of film profile 


from 2.5 to 40 cm. Others" have observed results for 
much smaller heights which followed Eq. (3) with 
a= 189 and b= 254. Curve D is a line normalized to the 
data at a height of one cm and having a slope given by 
a plot of Eq. (3) using a=189 and b= 254. The dashed 
portion represents an extrapolation beyond the meas- 
ured values. 

While the plot of thickness 


occasionally showed deviations from a smooth curve, 


vs height measurements 


these could not be correlated with the type of irregu- 


* The difference might be 


larities described previously. 
accounted for by the fact that thicknesses reported 


here were measured for the static film, whereas, the 


thicknesses previously reported were determined from 


measured properties of the moving film 
ew. C. 
(1954). 


Knudsen and J. R. Dillinger, Phys. Rev. 95, 279 
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Transient Temperature Variations During the Self-Heating of a 
Plasma by Thermonuclear Reactions* 


Howarp D. Greysert 
Radiation Laboratory, University of California, Livermore, California 
(Received April 3, 1959) 


The ion and electron temperature variations in an idealized controlled thermonuclear reactor burning 
various ratios of deuterium and tritium are calculated. The variation in the fraction of energy deposited to 
the nuclear and electron gases with temperature is specifically included. One qualitative result is that it 
would be unsafe to assume nuclear temperature always equal to or greater than electron temperature for a 
nuclearly reacting plasma with tritium concentration greater than ten percent 


sb discuss the energy balance in a fully ionized what one envisions for the controlled thermonuclear 
gas with nuclei of very low Z and with a temper- __ reactor. 

ature in the region of 10-1000 kiloelectron volts (kev), If we assume a system completely open to neutrons 
it is necessary to consider the temperatures of the ion and radiation and closed as far as loss of charged 
and electron gases separately. This is because the particles or any other form of energy drain other than 
energy transfer mechanism between ions and electrons neutrons and radiation is concerned, we may write for 
becomes, in this region, smaller than the characteristic a constant-volume system, i.e., magnetic field increasing 
energy sources and sinks for the two gases. in such a way as to keep constant volume, 

If, in addition, the radiation produced escapes more . 
or less freely from our system,' the radiation as jg (10X10 *)XinT n= aPartbPar— Pro (1a) 
not in equilibrium with the matter (and, in fact, the (1.6K10-*)X§n7T,=(1—a@)Put+(1—)) Pa 
concept of radiation temperature is not applicable). If +P.—Pr, (ib) 
we state that the energy source for our fully ionized gas 
is the thermonuclear reactions among its constituents, Where 7 is the kinetic temperature in kiloelectron volts, 
then the combination of the aforesaid conditions is is the number of particles per cubic centimeter, Pa 
usually described as “nonequilibrium thermonuclear is the energy production rate from dd reaction, and 
burning”: (1) 7, 7,, where T,= nuclear or ion temper- is equal to $n@((o)aa)wX(2.44-4(3.5) ]X (1.6K 10-*) 
ature, T,= electron temperature; (2) T,,72>“radiation  etgs/cm* sec. Only deposition of charged particle energy 
temperature.” is counted. One half of a dt reaction is added for each dd 

Such a process is probably at Jeast a rough approxi- reaction. We assume no depletion and instantaneous 
mation to the thermonuclear burning contemplated in energy deposition. P is the energy production rate from 
some form of controlled thermonuclear reactor. Due to 4 reaction, and equals nnt((o?)a:)wX3.5(1.6X 10~*) 
the extremely low density of the plasma, the system is ergs/cm* sec, mq is the number of deuterons per cm’, 
essentially “open” to radiation. Also, if a 50% d, 50% and m;, is the number of tritons per cm’. 
plasma is contemplated, for temperatures above 10 
kiloelectron volts, 7, will be appreciably different 
than 7,. 

The motivation for this work arose from an observa- 
tion by Rosenbluth that in a different but related 
physical situation, 7, could exceed T, during transient 
heating. This was in direct contradiction to the picture 
commonly invoked for a controlled thermonuclear 
reactor that the energy is produced by the ions, 
transmitted from ions to electrons, and lost by brems- 
strahlung radiation from the electrons. The explanation 
is simply that the fast product charged particles from 
the thermonuclear reactions deposit energy to both the 
ion and electron gases. We have undertaken to trace 
the transient temperatures to be expected in an idealized 
physical situation that still bears some resemblance to 
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a preliminary report of this work appeared in U.S.A.E.C 
report, Washington 289, June 1955. 
t Now at the Geophysics Corporation of America, Boston TIME | 
4 . ? ’ N SECON 
Massachusetts. Research supported by the U. S. Atomic Energy oS 
Commission. Fic. 1. Electron and nuclear temperature evolution for 
! Dimensions “reasonable,” i.e., 0.1 to 100 meters; density is low. a 530% t, 50% d mixture. 
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The coefficients a and 6 indicate the fraction of 
nuclear energy deposited to the nuclear and electron 
gases and are approximations to graphs showing the 
slowing down cross section versus energy of the charged 
product particle. a is taken to be 0.340.005 T, and b 
is 0.01 T,. The expression for a happens to be identical 
with that used by Fermi and Ulam in work at Los 
Alamos. P;, is the energy transfer rate from nuclear 
gas to electron gas and is equal to 1.244K10-"n’ 
<(0(T1—T:2)/T 2") ergs/cm* sec, while Pg is the energy 
production rate in bremsstrahlung radiation and equals 
5.38X10-"n?T} ergs/cm’ sec. 

We have done the calculations for n=10" but it is 
clear that one may scale the results simply for number 
density. The time scale will vary inversely with 
density ; hence for »=10'® cm’, divide times on ac- 
companying graphs by 10, etc. 

The integrations were carried out on an IBM card- 
programmed calculator, and the results are shown in 
Figs. 1, 2, and 3. Three cases were run: (I) 5¥% ¢ and 
50% d; (II) 10% t, 90% d; and (III) 1% t, 9% d. 
Some cases were run for different starting 
temperatures. 

A check calculation was run with Af=0.01, 0.1, and 
1.0 second and the comparison showed that the interval 
of At=0.1 sec used gives graphs quite close to those for 
At=0.01 sec and hence, fairly accurate. 

However, a much larger source of error is 


two 


our 


assumption of instantaneous deposition of energy by 
the fast reaction-product charged particles. A rough 
estimate of the time for a 3.5-Mev He‘ nucleus (or a 
1-Mev /) to slow down to zero energy in a deuterium- 
tritium mixture at » 


10" is given by 
r=0.4(T,), 
where 7, is in kev and 7 is in seconds. 

Thus, for 7,=25 kev, r= 2.0 seconds. One can infer 
how the curves would look were this factor correctly 
introduced into the calculation. First we note that 
qualitatively, since a fast charged particle spends most 
of its time losing energy to the electron gas, and, only 
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Fic. 3. Electron and nuclear temperature evolution for 


a 1% t, 99% d mixture 


remainder 


eed the 7, 


near the end of its range, speedily loses thi 
to the nuclear gas, (1) the 7, curve 
curve by a larger amount in the 70 kev 
than calculated; (2) the crossover points where T,=T, 
will be at higher values than calculated. Also 
scales for the rise of 


W lI ex 
rang¢ below 
, the time 
vith time will be 
100 kev 


much a l 


temperature v 
the time to reach ie 
calculated by 


increased, i.e. 
greater than 
factor of 2. 
The results of the cal 
us an idea of the time scales involved in the self-heating 
process. Of course, other 


may be 


tion, although rough, give 


losses than considered here, 
such as energy lost in particles diffusing to the walls, 
energy leaking through magnetic 
mirrors, or useful output such as work against 


lost in parti les 


mirrors, or particles exiting in a divertor, et 
all tend to lengthen the time for 
rise. It is clear that our Eqs. (la 
be generalized to include 
mentioned 
compression or magneti 


moving 

would 
i given temperature 
ind (1b) could easily 
extra terms such as those 
such as 
burning, if 
simple expressions are available. The time-dependent 
energy deposition feature, although messy, 
be added. 

We derived the equations for t ase ol 
constant 
field 
magnet coils) and 
programmed computer. U 
to have been 
and no graphs are given f 

One qualitative result of this work is that it 
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Thermoluminescence of ZnS Single Crystals 


H. ArRBELL AND A. HALPERIN 
Depariment of Physics, The Hebrew University, Jerusalem, Israel 
(Received July 29, 1959) 


The blue and green components of the glow of ZnS:Cu:Cl crystals were recorded separately. Thermo- 
luminescence-excitation spectra taken for each of the components were found to be identical with the 
excitation spectra for the blue and green luminescence at steady excitation. Other measurements included 
the spectral distribution of the glow, saturation effects, effects of infrared radiation, and computation of 
activation energies. The activation energy for the blue peak was found to be about 0.14 ev, and that for 


the green 
is bimolecular in character. 


about 0.20 ev. From the shape of the peaks it was concluded that the recombination process 


Electrical glow curves were also recorded and were found to be similar to the green glow curves. 
The results are discussed and an energy model is proposed. 


INTRODUCTION 


INC sulfide seems to have been investigated more 
than any other phosphor, and its properties as a 
phosphor are described in any book dealing with 
luminescence.' In spite of this, the processes involved 
in the emission of luminescence are yet not very clear. 

The method of glow curves has been used extensively 
in the investigation of these phosphors.’ In most of tue 
earlier work, however, the blue and green components 
of the thermoluminescence were not separated, which 
might have introduced confusion in the results. 

In the present work we concentrated the investigation 
on the thermoluminescence of ZnS single crystals 
activated by chlorine and traces of copper. 

The blue and green peaks of the thermoluminescence 
were examined for: (1) spectral distribution, (2) 
saturation of the excited glow, (3) thermoluminescence- 


was replaced by a Hanovia xenon compact arc lamp 
(Type 507c, 800 W). 

The filters used for reducing the stray light in the 
monochromator and for separating the blue and green 
components in the glow were the same as in the previous 
work.* 

The spectral distribution at various temperatures 


during the glow was measured with a liquid-air-cooled 


excitation spectra, (4) activation energies, and (5) 


effects of infrared radiation. 

The results of these measurements were compared to 
those on the luminescence under steady excitation 
obtained previously*® for the same crystals. 

In parallel with the optical measurements some of the 
crystals were examined for photoconductivity and 
electrical glow, in hope that correlation of all these 
properties might help to get a better view on the 
processes involved. 


EXPERIMENTAL 


Glow curves were recorded with the crystal mounted 
in a vacuum cryostat described elsewhere.* A compact 
source Hg lamp (Mazda MD/E, 250W)in conjunction 
with a Hilger small quartz monochromator (D222) 
supplied the monochromatic light for exciting the 
crystals. In some of the measurements, the Hg lamp 


1 See for example: P. Pringsheim, Fluorescence and Phos phor- 
escence (Interscience Publishers, Inc., London, 1949); G. F. J. 
Garlick, Luminescent Materials (Oxford University Press, New 
York, 1949). 

* For a recent review and for references see: W. Hoogenstraaten, 
Philips Research Repts. 13, 515 (1958). 

2 A. Halperin and H. Arbell, Phys. Rev. 113, 1216 (1959). 

‘A. A. Braner and A. Halperin, Phys. Rev. 108, 932 (1957). 
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photomultiplier (IP 28) mounted in place of the light- 
source in a Beckman DU spectrophotometer equipped 
with a rapid scanning wavelength drive. The construc- 
tion and the apparatus, and its amplification and 
recording devices, were described elsewhere.* 

In some of the measurements, glow spectra were 
taken with a Beckman DK spectrophotometer, in which 
the crystal, in a suitable cryostat, was fitted in place of 
the light source (tungsten lamp) of the spectropho- 
tometer. 

Monochromatic infrared light, when used, was sup- 
plied through an extra quartz monochromator (Hilger 
D 246) with a zirconium arc or a xenon compact arc as 
light sources. A set of adjustable mirrors was used to 
direct the beam of light onto the crystal. 

For photocurrent measurements and electrical glow 
curves the crystals were ground to make plates with 
two parallel faces. Stannum oxide films evaporated*® 
on the ground faces served as transparent conducting 
electrodes. A dry cell battery supplied the electric field 
(up to a few thousand volts/cm), and a Keithley 
micro-micro-ammeter was used to measure the current 
through the crystal. By this arrangement, current and 
luminescence glow curves could be taken simultaneously 
on separate recorders. 

The rate of heating used in obtaining the glow curves 
was in most of the measurements about 0.5 deg/sec. 

The ZnS crystals were the same as in the previous 
work.’ They contained about 100 parts per million of 
chlorine, and traces of copper. Spectroscopic check of 


* A. Halperin and N. Kristianpoller, J. Opt. Soc. Am. 48, 996 
(1958). 

*E. Alexander and IJ. T. Steinberger, J. Sci. Instr. 33, 320 
(1956). 
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Fic. 1. Luminescence glow curves and electrical glow of a 
ZnS:Cu:Cl crystal. a—luminescence glow, unfiltered; b—blue 
glow; c—green glow; d—electrical glow. 


some of the crystals showed their copper content to be 
less than 10 parts per million. 


RESULTS 


(1) Thermoluminescence and Electrical 
Glow Curves 


The glow curve of a crystal which exhibits both blue 
and green thermoluminescence is shown in Fig. 1, curve 
a. Two poorly resolved peaks appear in the glow curve. 
Using suitable filters they were separated into a blue 
peak at about 115°K, and a green one at 156°K (curves 
b and ¢ of Fig. 1, respectively). No correction was made 
in the intensities of the various curves to allow for the 
variation with wavelength in the sensitivity of the 
photomultiplier. 

The electrical glow curve for the same crystal is given 
in Fig. 1, curve d. Only one peak at about 150°K 
appears in this case. 
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As in Fig. 1 for another crystal. a 
electrical glow 


—green 
glow; b 
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Though the given glow curves are typical, the 
distribution of the peaks in the glow curves varied 
somewhat from one crystal to another, even of the 
same batch. An example is given in Fig. 2. This crystal 
showed only green thermoluminescence (curve a). The 
main peak appears now at 145°K and in addition there 
is a shoulder at 170°K and another weak peak at 375°K. 
The electrical glow for the same crystal is shown in 
curve 5 (Fig. 2). Here the first peak appears at about 
125°K, the next at 170 with a shoulder at about 200°K, 
and at higher temperatures there is again a peak at 
375°K. 

There is, in addition, a glow peak just below 80°K, 
which on starting at liquid-air temperature can be 
noticed only by the strong decay in the phosphorescence 
at liquid-air temperature immediately after stopping 
the excitation. This peak was obtained more clearly on 
exciting the crystal at 70°K, a temperature achieved 
by evaporating the liquid-air in the cryostat with a 
fast vacuum pump 
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the spectrum of the 
a ZnS crystal 


Effect of temperature or 
steady luminescence of 


(2) Luminescence and Thermoluminescence 
Spectra 


Crystals which above room-temperature 
emitted only blue luminescence at steady excitation 
showed only blue thermoluminescence (at about 115°K). 
If, however, any green luminescence could be noticed 
on excitation with uv (0.36 «), the thermoluminescence 
obtained after excitation to saturation with the same 
wavelength was mainly green. This is demonstrated in 
Figs. 3 and 4, luminescence and 
thermoluminescence spectra, respectively, for such a 
crystal. The green luminescence band (at 

appears quite strong at 300°K [ Fig. 3(a) ] j 
weak at 150°K (curve 5), and hardly noticeable at 85°K 
(curve c). In the glow, on the other hand, the green 
band is much stronger compared to the blue one 
(slightly below 0.464). Even at 120°K [Fig. 4(a)], 
where the blue peak is about at its maximum, there is 


up to 


which show the 
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already a strong green component. At 135°K (curve }) 
the green band is already stronger than the blue one at 
its maximum, and it is much stronger at 150°K (curve 
c) where it nears its maximum. 

This effect was observed in all the examined crystals ; 
whenever a crystal exhibited traces of green lumines- 
cence, its glow showed a strong green peak, which was 
mostly the dominating one in the glow curve. 


(3) Saturation of the Luminescence 
and Thermoluminescence 


On exposing the unexcited crystal to uv light, its 
luminescence rises steeply at the beginning, and tends 
to saturation after a period which, for a given crystal, 
depends on the intensity of the exciting light. The blue 
luminescence was found to saturate much quicker than 
the green band. This is shown in Fig. 5. The blue band 
(curve a) reaches, in this case, about 90% of its satu- 
ration value in about 10 sec, while with the same 
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Fic. 4. The spectral distribution of the glow of a ZnS 
crystal at various temperatures 


intensity of exciting light this takes about 100 sec for 
the green luminescence (curve b). It follows that energy 
storage takes place mainly in the traps connected with 
the emission of green luminescence. This fits well the 
observations described in paragraph 2, according to 
which the green component is the dominant one in the 
thermoluminescence. The stored light sums (the areas 
between the curves and their saturation lines) were 
found, in fact, to be nearly equal to the light sums of 
the corresponding emitted glow peaks, both for the 
blue and green components. 

Saturation curves for the thermoluminescence were 
obtained similarly. These are shown in Fig. 5, curves « 
and d, in which the intensity of thermoluminescence 
versus the time of previous excitation is given for the 
blue and green components, respectively. The blue 
thermoluminescence saturates in parallel with the blue 
luminescence, while the green component seems to 
saturate somewhat slower than the green luminescence. 
It is of interest that in the first few seconds, when the 
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Fic. 5. Saturation curves for: a—blue luminescence; b—green 
luminescence; c—blue glow; d—green glow. The intensities are 
normalized to the saturation values (J) 


blue peak rises steeply, the green one remains weak, and 
starts to rise faster only when the blue peak nears 
saturation. The “blue traps’’ seem to be filled first, 
and filling up of the “green traps” takes place after 
the blue ones are already full. 

Similar measurements carried out on a crystal with 
transparent conducting electrodes enabled comparison 
of the saturation of the photoconductivity and elec- 
trical glow curves. The photoconductivity was found 
to saturate much slower than the green luminescence. 
rhe electrical glow peaks, however, seem at least at 
short excitation times to rise in parallel with the green 
thermoluminescence. 

The peak temperature of the blue glow did not 
depend appreciably on the degree of saturation, and 
remained almost unchanged on varying the time of 
excitation. The peak temperature of the green compo- 
nent, however, varied in some crystals with the degree 
of saturation. For example, in one crystal it was 132°K 
at low excitation and moved to 142°K at saturation. 
In another crystal the green peak did not change, while 
the electrical glow peak of the same crystal moved from 
130° at low excitation to 156°K at saturation. 


(4) Thermoluminescence Excitation Spectra 


The excitation spectrum for thermoluminescence 
gives a measure of the relative effectiveness of various 
wavelengths in exciting the thermoluminescence. To 
obtain an excitation spectrum, a series of glow curves 
was recorded, each excited with monochromatic light 
differing in wavelength, but with the same light sum 
(t= const). Care has been taken in these measurements 
not to near saturation, even with the most efficient 
wavelength of exciting light. The excitation spectra for 
the blue and green peaks of the thermoluminescence are 
represented in Fig. 6 by the circles and triangles, 
respectively. They fit well the excitation spectra for 
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Fic. 6. Excitation spectra for the luminescence and thermo 
luminescence of a ZnS crystal. a—blue luminescence; b—green 
luminescence. The circles correspond to the blue, and the triangles 
to the green, thermoluminescence 


the blue and green luminescence for the same crystal 
(curves a and 6, respectively). 

(5) Thermal Activation Energies—-The 
Method of Initial Rise 


Activation energies of the traps are most directly 
measured from the initial rise of the glow.’ This method 
is based on the fact that the thermoluminescence 
intensity of a single glow peak can be expressed by 
I= f exp(— E/kT), where £& is the activation energy, 
k—Boltzmann’s constant, 7—the absolute temperature, 
and f is a function of the number of full traps and of 
the number of empty centers, but can be taken as a 
constant for the initial part of the glow peak. Plotting 
InJ versus 1/T should then give a straight line from the 
slope of which the activation energy E is easily obtained. 

High sensitivity of the amplification system and high 
speed of the recorder chart were used in these measure- 
ments, which enabled accurate determination of temper- 
atures and thermoluminescence intensities. In some of 
the measurements, a whole set of “initial rise” 
was taken on one glow peak. The procedure was to 
warm up the excited crystal until the first initial rise 
curve was recorded, when the crystal was allowed to 
cool back. The remainder of the glow, which quite 
often contained some 80-90% of the light sum of the 
whole glow, was then treated again in the same way. 
Successive cycles of this type resulted in a series of 
“initial rise” curves, and activation energies could be 
computed from each curve. This procedure was carried 
out for the blue glow, for the green one, and also for 
the electrical glow peaks. 

Only two or three such cycles could be taken in a 
series of ‘‘initial rise’”’ measurements on the compara- 
tively weak blue peak. The derived activation energies 


curves 


7 See reference 2, p. 545. 
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showed a tendency to increase slightly on passing from 
the first initial rise to successive cycles. For one speci- 
men a value of 0.13 ev was obtained in the first cycle, 
0.15 ev in the second after which about 20% of the total 
glow remained, and 0.16 ev for the last portion of the 
glow. For another crystal! the values were 0.14 ev in the 
first cycle, and 0.17 in the third. In other measure- 
ments the values ranged between 0.10 and 0.15 ev. 

In the green glow peak, the high intensity allowed 
seven or eight “initial rise’’ curves to be recorded from 
a single glow curve. For some crystals a nearly constant 
activation energy (0.20—0.22 ev) was obtained from all 
the segments. In others it changed appreciably as shown 
in Table I, which represents an extreme case. In this 
case the activation energy changed from 0.13 to 0.30 ev. 
Mostly, however, the values obtained did not exceed 
0.22 ev, and values below 0.18 ev were obtained only 
for the very initial part of the glow, which comprised 
only a few percent of the total light sum of the glow 
peak. 

It should be noted that in cases in which the activa- 
tion energies varied appreciably within the same glow 
peak, the InJ versus 1/T plots did not form straight 
lines when taken from the beginning of the glow up to 
about one-third of the maximum. This indicates again 


TABLE [. Activation energies obtained at var 


green glow peak by the method of initial rise 


ous portions of one 


Cycle No. 


Remaining glow 
(% of total light sum) 100 83 
Eev 0.13 0.16 


that the peak is not a simple one, b 
of more than one component 
Similar measurements were carried out on the electric 
glow curves. For the peak at about 150°K, the values 
obtained for the activation energy ranged between 0.11 
and 0.16 ev 
noticed in the way the £& values changed. For example 
the values 0.126, 0.116, 0.138, 0.112, and 0.114 ev were 
obtained in a series of successive “‘initial rise’ curves. 
The mean value is about 0.12 ev in this case, and the 
scattering seems to be due to ¢ xpe rimental error. 


t is rather « omposed 


In this case, however, no regularity was 


(6) Thermal Activation Energies Computed from 
the Symmetry of the Glow Peak 


In the method described in the last paragraph, use 
was made of the fact that the initial rise of the glow 
peak is independent of the type of the kinetics involved 
in the process 

The shape of the glow peak, on the other hand, 
depends on the kinetics of the process of recombination 
of the trapped electrons with the empty centers 
Halperin and Braner® made use of this dependence and 


* A. Halperin and A. A. Braner, Phys. Rev. (to be published) 
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developed a theory in which the activation energies 
were computed from the symmetry about the maximum 
of the glow peak. Formulas of the form £,=gkT,*/é 
were obtained, in which &, is the activation energy 
obtained by this method, &—Boltzmann’s constant, 
T,—the peak temperature, 6—the half-width towards 
the falloff of the peak, and g—a factor which can be 
computed from the shape of the glow peak. A symmetry 
factor w, was defined by the ratio 4,=6/W, W being 
the half intensity width of the peak. 

It came out that for monomolecular processes 
ug Se (1+A) with A=2kT,/E, whereas for processes 
of bimolecular character’ larger u, values should be 
obtained: e~'(1+A) <u, <0.5(1+<). 

The symmetry of the glow peaks of the ZnS crystals 
considered in the present work indicated a bimolecular 
process for both the blue and green components. We 
used therefore the approximate formula corresponding 
to this process®: 


E,=qkT,?/6, with 


q=(2u,/(1—p,) ](1—2A). 


TaBLeE IT. Activation energies for the blue and green glow 
peaks as computed from the symmetry of the peaks (//,). Values 
obtained by the method of initial rise (£;) are given for compari 
son. For the meaning of the other parameters see text 


Cleaning Ee 
Serial temp ! in 
number Color in 


1 blue 

2 blue 
blue 
blue 
blue 
blue 
green 
green 
green 
green 
green 


117 


103 
118 


ee 


This formula was derived for an isolated peak. The 
green glow peak, however, was shown not to fulfill 


this condition. To eliminate the disturbance, the 
excited crystals were kept for some time just below the 
peak temperature of the measured glow peak. This 
treatment cleaned the components at lower 
temperatures, so that nearly a single glow peak re- 
mained. 

It should be noted that weak shoulders at the falloff 
of the main glow peak do not change appreciably the 
computed FE, values. It happens that the increase in 
the g value is in such cases just compensated by a 
similar increase in the measured value of 6. 

Typical values of E, obtained by this method are 
given in Table II for the blue and green glow peaks 
Values obtained for the same glow peaks (from the 


away 


same curves) by the method of initial rise are given 
for comparison in the last column of Table IT (under £, 
Examples 1-3 in Table II belong to the blue peak of 


* The term monomolecular is used here for processes of the first 
order, and second order processes are termed bimolecular 
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a crystal which gave by the method of initiai rise almost 
a constant activation energy throughout the whole glow 
peak. For this crystal there was no need to clean away 
the lower temperature part of the glow. This is shown 
in examples 1-3, where the Z, values fit well the £;, 
ones though they were both obtained without any 
cleaning. 

Results for the blue peak of another crystal are given 
in examples 4-6. For this crystal the £; values were 
0.1 ev in the beginning of the glow and 0.16 ev for the 
final part of the glow. This might explain the higher 
values of E, compared to the E, values obtained in 
this case. 

The green glow at about 150°K has already been 
shown to be composed of more than one peak. This 
appears now again. Examples 7 and 8 belong to a 
crystal which by the method of initial rise gave a 
spread in activation energies from 0.14 to 0.22 ev. 
Without any cleaning we get now (example 7) 0.13 ev 
for E,, while after cleaning away a part of the glow 
(by warming the excited crystal to 117°K and recooling) 
E,=0.16 ev is obtained. This is still more pronounced 
in examples 9-11, which correspond to the green peak 
of another crystal. In this case 2, was nearly constant 
throughout the whole glow (0.18—0.22 ev), nevertheless, 
the peak seems to be complex. In example 9, without 
any cleaning the value for /, was 0.12 ev; after cleaning 
at 103°K, it rose to 0.15 ev; and cleaning at 118°K 
resulted in a value of 0.18 ev. The low values of F, 
obtained without cleaning away the low-temperature 
components of the glow seem to be caused by a reduction 
in the uw, values which results in low values for /,. That 
this is the case can be seen in a check of the variation 
in wy, which follows the cleaning treatment. The yz, 
values increase from 0.45 in example 9 to 0.51 in example 
10 up to 0.54 in 11. 

In general all u, values obtained after cleaning were 
larger than 0.5, which indicates the bimolecular 
character of the process. 


(7) Effect of Infrared on the Glow 


In these experiments the crystals were excited 
().366 4) to saturation at liquid-air temperature. They 
were then exposed to infrared radiation before the glow 
curve was taken. This was repeated for various wave- 
lengths of infrared, but with the total infrared energy 
(Jt) made constant for all wavelengths. Figure 7 shows 
the effect of infrared on the blue peak (curve a) and 
on the green one (curve 6). Care has been taken in 
these measurements to keep the exposures to infrared 
short enough (small /¢ values), in order to avoid 
saturation effects which tend to equalize the effects of 
different wavelengths. With this precaution, the blue 
band was found to show the most effective quenching 
on irradiation with 0.8 4. The green band was found 
to be quenched by shorter wavelengths, and to be 
enhanced by wavelengths around 1.2 y. 
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Fic. 7. Effect of various wavelengths of infrared on the blue 
(a) and green (b) glow peaks. The 100% line corresponds to the 
glow intensitity without infrared radiation 


This effect seems to go in parallel with the effect of 
infrared on the steady excitation luminescence at 
liquid-air temperature, which in the case of the green 
band showed enhancement with a maximum at 1.2 yp, 
and quenching for wavelengths below 1.0 yu. In other 
crystals the enhancement was completely suppressed by 
the quenching effect, which takes place to some extent 
even at wavelengths above 1 yu. 


DISCUSSION 


The experimental results described in the present 
work provide information, which might help to establish 
a model for the transitions involved in the process of 
luminescence in ZnS crystals. 

We start with the excitation spectra. In the case of 
steady luminescence the traps are in equilibrium when 
the luminescence becomes saturated, and so they do 
not affect any more the luminescence intensity. The 
influence of the wavelength of exciting light on the 
relative intensities of the blue and green luminescence 
bands should therefore be attributed only to differences 
in emptying the blue and green centers by different 
exciting wavelengths. On the other hand, the thermo- 
luminescence excitation spectrum was shown to be 
almost identical with that at steady luminescence (see 
Fig. 6). This seems to imply that also in the case of 
thermoluminescence the effect of wavelength of exciting 
light on the relative intensities of the blue and green 
glow peaks is due to differences in the emptying of the 
various centers. This implication seems still more 
convincing remembering that the excitation spectrum 
at steady luminescence was obtained with constant 
energy for all wavelengths (using the Beckman DK) 
and at saturation, while that for thermoluminescence 
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was obtained with constant light sum and far from 
saturation. 

We have, therefore, to the existence of 
separate “blue” and centers, which can be 
emptied independently. Browne” has suggested that 
the blue and green luminescence arise both from the 


same center. According to Browne there are two levels 


assume 
“green” 


in each center, and blue luminescence is obtained only 
when both levels are empty, while only the green band 
is emitted when one is empty. This seems to 
contradict our results. For, according to Browne’s 
model, the number of centers having both levels empty 
should be very small on starting the excitation, so that 
mainly green luminescence should be expected in the 
beginning. It has been shown, however, in the present 
work (paragraph 3) that the blue band rises much 
faster than the green one on starting the excitation. 
Another conclusion from the similarity of the 
luminescence- and thermoluminescence-excitation spec- 


level 


tra is that the transitions. between the blue and green 
centers should be negligible the thermo- 
luminescence excitation spectrum would change with 
the time between excitation and measurement of the 
glow, which was not found to be the case. 
We conclude further that the traps are also 
for the blue and green bands. This is indicated by the 
different activation energies, and is further supported 
by our results on the light sum of the 


Otherwise 


se parate 


which was 


glow, 
found to equal the missing area in the luminescence 
saturation curves, 


bands. The comparatively large missing 


blue and green 
the 
green luminescence indicates 


separately for the 
area in 
saturation curve for the 
that more energy is stored 
pared to that in the blue; in other words, it indicates a 


in the “green” traps com 


higher concentration of green traps in the 
crystals. 

The conclusion that the 
from two independent sets of traps and centers limits 
considerably the possible energy models 


examined 


green bands arise 


Diue and 


Two such models are given in Figs. 8(a) and 8(b). 
In model a [ Fig. 8(a) | the green glow peak is obtained 
when electrons in the green traps, with £,~0.2 ev, 
released thermally into the 
the green glow on recombining with the empty green 
centers (transition G). The blu the other 
hand, are described as having an excited state (with 
Ey~0.14 ev) below the conduction band from which 
recombination blue centers occurs by a 
tunneling process (transition B). They contribute very 
little to the electrical glow because only a few of them 
reach the accounts for the 
resemblance green thermoluminescence 
and the electrical glow. 

The assumption of a tunneling process presumes some 


are 
conduction band and emit 


traps, on 


with the 


conduction band. This 


between the 


sort of proximity between traps and centers, which 
model 


given by Prener and 


may correspond to the 


1956 


” P. E. Browne, J. Electronics 2, 154 
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Williams." The fact that the glow curves indicated a 
bimolecular process both for the green and blue peaks 
does not contradict this model. As pointed out by 
Halperin and Braner,* the process will be bimolecular 
in character whenever the probability for retrapping of 
the excited electron is large compared to the probability 
for recombination. 

Model 6 [Fig. 8(b) ] assumes for the green glow the 
same process as in model a. A different transition, 
however, is assumed for the blue glow peak. In this 
case a hole transition is assumed between the hole-trap 
(E,~0.14 ev above the valence band), and the blue 
center (about 2.7 ev above the valence band). Here, 
excitation raises a hole from the center into the valence 
band, which may consequently be trapped in the hole- 
trap. The blue glow is produced by thermal release of 
the trapped holes into the valence band followed by 
recombination with the centers. The resemblance of 
the electrical glow curve to the green one is in this 
model explained by the fact that the current in the 
sulfide-phosphors is carried mainly by electrons."*” 

Model 6, as far as it concerns the blue glow, is the 
same as proposed by Lambe and Klick“ for CdS as 
well as for ZnS. 

Hoogenstraaten” obtained glow curves similar to 
ours, and using filters he separated the glow into the 
blue and green components. He rejected, however, the 
assumption of two species of traps for the blue and 
green peaks. Instead, he attributed the difference in 
the peak temperatures of the two components of the 
glow to the different temperature-dependence of the 
two emission bands. This explanation does not seem 
to us satisfactory, because we obtained the same 
separation of the two peaks even for crystals for which 
the luminescence intensity remained almost constant 
in the temperature range at which the blue peak is 
already on its falloff while the green one is still rising. 
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Fic. 8. Models for the transitions involved in the process of 
thermoluminescence. Dashed lines indicate hole transitions 
uJ. S. Prener and F. E 
342 (1956). 
2 F. A. Kréger, Physica 22, 637 (1956). 
3 J. Lambe and C. C. Klick, Phys. Rev. 98, 909 (1955) 
“4 J. Lambe and C. C. Klick, J. phys. radium 17, 663 (1956 
'® See reference 2, p. 571 
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Activation energies as computed in the present work 
show a distribution of trap depths, especially pro- 
nounced for the green peak. In our measurements, the 
distribution of activation energies for the green peak was 
in general much less than that given in Table I, which 
represented an extreme case. On the other hand, 
Hoogenstraaten'® has reported a still broader distri- 
bution of activation energies (0.008-0.3 ev). In this 
case, however, Hoogenstraaten did not separate the 
blue and green components, which might account for 
the wide distribution in the activation energies. 

A point which remains unexplained is the low- 
activation energies obtained for the electrical glow. 
According to both our models these should be expected 
to equal the activation energies of the green peak. The 
discrepancy might arise from differences in the mecha- 
nism of the two phenomena not included in the models. 

In connection with our results it is of interest to 
discuss shortly some results reported by Neumark'’ on 
effects of an electric field on glow curves of electro- 
luminescent ZnS crystals. The glow curves obtained by 
Neumark were similar to ours; i.e., they showed two 
peaks, one below 120°K, and another at about 160°K. 
Although the spectral distribution was not measured 
by Neumark, we identify the peaks with our blue and 
green ones. This is supported also by the fact that the 
electrical glow in Neumark’s experiments followed 
exactly the luminescence glow peak at 160°K, which is 
again similar to our results. 

Neumark, trying to explain this result, assumed that 
there is a change with temperature of the effectiveness 
of the released electrons as current carriers. One 
explanation given by Neumark for this dependence on 
temperature is that “the low temperature (~120°K) 
trap together with the activator form a localized 
center.”” This is in fact identical with our model a. 
More light, however, is thrown on this phenomenon 
taking in account the spectral differences between the 
two components of the glow curve, as obtained in the 
present work. 

An interesting implication is that although the 
crystals treated by Neumark were all blwe-electro- 
luminescent, the electrical field enhanced the green 
component of the glow only. This fact may bear 
importance in any theory trying to explain the mecha- 
nism of electroluminescence in crystals. 

Turning back to our energy models, we take the band 
gap to be about 3.8 ev. This leaves in both models 
about 1.5 ev between the green center and the valence 
band. Absorption of a photon of 1.5 ev (~0.8 4) by 
an excited crystal may then raise an electron from the 
valence band into the green center (transition /,). 
Such a transition should result in quenching of the 
green thermoluminescence. Similarly, we obtain for 
model a that 1 ev (~1.2,4) radiation should quench 


See reference 2, p. 547 


'7 G. F. Neumark, Phys. Rev. 103, 41 (1956) 
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the blue thermoluminescence. To some extent, the more 
energetic 1.5-ev photons may affect also the J, transi- 
tion, and thus give also quenching of the blue band, 
which is in accordance with our results (see Fig. 7). 
The stimulation of the green glow peak by 1.24 
seems difficult to explain by model a. Model 6, however, 
can account for the stimulation of the green band as 
well as for the quenching effects. In this case irradiation 
by 1 ev (1.24) raises electrons from the blue centers 
up into the conduction band. Part of these electrons 
may then be trapped in the green traps and thus 
enhance the green glow as shown in Fig. 7. On irradi- 
ation with shorter wavelengths the transitions /, enter, 
and cause quenching of the green peak as described 
above. As stated above, the more energetic photons 
may to some extent affect also the transition /, and 
thus cause also quenching of the blue peak. The free 
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holes created by transition /, seem to favor recombi- 
ation with electrons in the blue centers rather than 
further filling up of the almost full blue traps, which 
again causes a reduction in the blue glow 

In some crystals no enhancement of the green glow 
with 1.2y4. Such 
crystals usually exhibited a very weak blue component 


peak was observed on irradiation 


in the glow which further supports our model. 

The results seem, therefore, to be better explained by 
model 6. More experimental work seems, however, to 
be needed before final decision about the correct model 
is made. 
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Measurements of Equilibrium Vacancy Concentrations in Aluminum* 
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Measurements of change in length and change in lattice 
parameter were made at identical temperatures on 99.995% 
aluminum in the temperature range 229 to 656°C. Length 
changes, AL, were measured on an unconstrained horizontal 
bar sample using a rigid pair of filar micrometer microscopes. 
X-ray lattice parameter changes, Aa, were observed using a 
high-angle, back-reflection, rotating-single-crystal technique 
The measurements are compared to earlier work. The relative 
expansions AL/L and Aa/a were equal within about 1:105 
from 229 to 415°C. At higher temperatures additional atomic 
sites were found to be generated: the difference between the 
expansions could be represented by 3(AL/L—Aa/a 
=exp(2.4) exp(—0.76 ev/k7). At the melting point (660°C) 
the equilibrium concentration of additional sites is 3(AL/L 
— Aa/a)=9.4X10~. This result is independent of the detailed 


two 


Il. INTRODUCTION 


HE experimental determination of the pre- 

dominant atomic defects present in thermal 
equilibrium in metals has proven to be a difficult 
problem. Even though the general thermodynamic 
theory of point defects is well developed, experiment 
has not yet established the nature and concentrations 
of the defects in a completely satisfactory way.'? The 
expected equilibrium atomic fraction of the jth type 


*This work was supported by the U. S. Atomic Energy 
Commission. 


1See the review papers in: Impurities and Imperfections 
(American Society for Metals, Cleveland, 1955); Vacancies and 
Other Point Defects in Metals and Alloys (The Institute of Metals, 
London, 1958). 


? R. Feder and A. S. Nowick, Phys. Rev. 109, 1959 (1958). 


nature of the defects, for lattice relaxation or 
degree of association 
and it is they Tare predominantly 
vacancies; it is estimated that the 
the melting point may 
responding to a divacancy binding energy 


example, tne 
The nature of the defects is considered 


concluded that lattice 
y contribution at 
15%, 


0.25 ev. 


divacanc 


well be less than about cor- 
The 
es with the values obtained by 
high 
material by 
first direct 
that 


observed formation energy agr« 
quenching 
temperature electrical resistivity of identical 
Simmons and Ballufhi. The present 
measurement of formation ent: r; the 
expected from theoretical cor 


techniques and | interpretation of the 


work is the 
value is near 

ns. The contribution of 
the thermally generated defect o other physical properties 
at high temperatures is considered briefl 


of atomic defect may be written as 


c= g; exp( —Gj kT =g; exp SJ/k exp kj kT), (1) 


where G/, S/ and E/ are, respectively, the free energy 
of formation, the entropy of formation, both exclusive 
of the configurational entropy, and the energy of 
formation. g; is a constant geometrical factor which 
depends upon the number of ways that the defect can 
be orientated in the lattice. Theoretical estimates of S/ 
and Ej for various defects indicate that vacant lattice 
sites are probably the predominant defects present in 
close-packed metals, with concentrations in the range 


*F. Seitz, in Phase Transformation in Solids (John Wiley & 
Sons, Inc., New York, 1951 77 
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However, these calculations are semiquantitative at 
best, and it is still possible that interstitial atoms may 
be present. Theory and experiment'*~’ also suggest a 
binding energy between single vacancies, and pre- 
sumably vacancy aggregates may also be present. 

Many experimental attempts have been made to 
establish the quantities of Eq. (1) for the dominant 
point defects. In general, efforts have been made to 
detect the defects either directly at elevated temper- 
atures where an appreciable concentration should exist 
in thermal equilibrium or at low temperatures in 
quenched specimens where the high-temperature con- 
centrations are frozen in by rapid cooling. Properties 
such as internal friction,® electrical resistivity,’ 
specific heat," linear dilatation,® and release of stored 
energy” have been measured. Unfortunately, such 
measurements are macroscopic in nature and are not 
capable of identifying the type of defect. In addition, 
the defect concentrations cannot be obtained directly 
from a number of these experiments without independ- 
ent information about such fundamental properties of 
the defects as their electrical resistivity or lattice 
dilatation. 

There is one type of experiment, however, that 
appears capable of giving direct information about the 
nature of the predominant defects. This experiment 
consists of measuring differences between the fractional 
lattice parameter change, Sa/a, as measured by x-ray 
diffraction, and the linear dilatation of the specimen, 
AL/L, as defects are generated in a crystal containing 
a constant number of atoms. Briefly, Aa/a differs from 
AL/L since the x-rays measure only the average 
dilatation of the inter-atomic spacing which occurs 
when point imperfections are generated, whereas the 
macroscopic length measures both this dilatation and 
the dimensional changes due to the creation or destruc- 
tion of substitutional atomic sites which occur when 
the defects are generated at sources in the crystal. 
The difference then gives a direct measure of the 
number of sites created or destroyed. For example, if 
vacancies are generated, new sites are created and 
(AL/L—Aa/a) is positive. If interstitiais are generated, 
atomic sites are destroyed and (AL/L—Aa/a) is 
negative. Lattice thermal expansion does not contribute 


to this difference in cubic crystals because it makes 
equal contributions to both AL/L and Aa/a. 


* Koehler, Seitz, and Bauerle, Phys. Rev. 107, 1499 (1957) 

* Kimura, Maddin, and Kuhlmann-Wilsdorf, Acta Met. 7, 145 
(1959). 

®W. DeSorbo and D. Turnbull, Phys. Rev. 115, 560 (1959 

7 Bacchella, Germagnoli, and Granata, J. Appl. Phys. 30, 748 
(1959). 

8A. E. Roswell and A. S. Nowick, Trans. Am 
Met. Engrs. 197, 1259 (1953) 

* J. E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957) 

“DPD. K. C. MacDonald, in Report of the Conference on Defects 
in Crystalline Solids, Bristol, 1954 (The Physical Society, London, 
1955), p. 383. 

"L. G. Carpenter, J. Chem. Phys. 21, 2244 (1953) 

?W. DeSorbo, Phys. Rev. (to be published). 
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Van Duijn and Van Galen” and Feder and Nowick’ 
have made recent attempts to carry out this experiment 
on aluminum? and lead." No detectable differences 
between AL/L and Aa/a were found for lead. However, 
the more recent and precise work on aluminum gave a 
rather questionable indication that vacancies are the 
predominant defect at elevated temperatures and that 
the fraction of thermally generated lattice sites at the 
melting point is 3X10~. Previous individual measure- 
ments of AL/L or Aa/a by different workers using 
diverse methods (see Tables I and II) have not been 
sufficiently precise to allow an estimate of the expected 
small defect concentrations. 

In the present work still more precise measurements 
of (AL/L—Aa/a) were made for high purity aluminum 
during heating and cooling in the temperature range 
between 229°C and the melting point (660°C). 
Aluminum was chosen because it is a cubic metal, has 
a relatively low melting point and evaporation rate, 
may be obtained in high purity form, and may be 
readily converted into single crystals. Every effort was 
made to achieve the maximum possible precision in 
the measurements, and simultaneous measurements of 
SL/L and Aa/a were made on the same specimen held 
at constant temperature. A real difference was found 
between AL/L and Aa/a at elevated temperatures, 
and the number of thermally generated lattice sites was 
measured with fairly satisfactory precision. The defects 
in thermal equilibrium were identified as vacancies and 
possibly vacancy aggregates. It appears that the method 
may be made sufficiently precise to serve as a tool for 
investigating point defects in many substances. 


Il. PRINCIPLES OF THE MEASUREMENTS 


Lattice defect concentrations in real crystals can be 
investigated by a direct comparison of densities as 
determined by bulk and by x-ray lattice parameter 
measurements. For a perfect crystal p=nM/vNo where 
p is the bulk density, » the number of atoms/unit cell, 
M the atomic weight, » the unit cell volume given by 
X-ray measurements, and N» Avogadro’s number. 
Generally, the presence of lattice imperfections will 
destroy equality. The most comprehensive and accurate 
measurements of this nature’ have indicated that data 
from crystals of different types can be made consistent 
within 1:10° by using isotopic weights and relative 
abundances and a value of No about 1:210* larger 
than the present accepted value. The possible defect 
structure remains unknown except possibly where large 
defect concentrations are involved. In addition, the 
temperature range in which direct high precision density 
measurements can be made is limited. 

In view of the relatively imperfect character of 
actual crystals and of the limitations imposed by 
uncertainties in the absolute values of x-ray emission 
J. Van Duijn and J. Van Galen, Physica 23, 622 (1957). 

4 Smakula, Kalnajs, and Sils, Phys. Rev. 99, 1747 (1955). 
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wavelengths and of N¢ it is clearly advantageous to 
use comparison methods. Such a technique is particu- 
larly useful for the study of thermally generated defects. 
For a cubic crystal consisting of a constant number of 
atoms, V, the thermal! expansion can be written 


3(Aa/a)= p(T)+r(T)+x(T), 
3(AL/L)=q(T)+s(T)+y(T). 


The reference lattice constant, a, and length, L, are 
taken at a temperature at which the thermally 
generated defect concentrations are negligible. Here 
p(T) and q(T) denote the “true” thermal expansion of 
the standard (admittedly imperfect) crystal without 
thermally generated defects, x(T) and y(T) denote 
the expansion arising directly from creation of defects, 
and r(T) and s(7) denote the thermal expansion of 
the crystal due to the presence of lattice defects which 
alters the lattice frequency distribution and therefore 
the internal energy. 

It is expected on very general grounds that p(T) 
+r(T)=q(T)+s(T) because, regardless of the vibra- 
tion of atoms in the crystal, a time average mean 
position of the atoms in the unit cell is meaningful; 
and length and x-ray techniques measure merely 
changes in unit cell dimensions. At the highest temper- 
atures, the asymmetry of the diffuse x-ray scattering"® 
may begin to contribute an experimental error to the 
measurement of the positions of Laue-Bragg inter- 
ference maxima, the error depending on the particular 
reciprocal lattice point; for the simpler solids this 
error is very small. 

Eshelby’* has shown that a uniform random distribu- 
tion of cubically symmetric point centers of dilatation 
(point defects) in an elastic material with cubic elastic 
constants will produce a uniform elastic strain of the 
crystal without change of shape.t When uniform strain- 
ing without change of shape occurs, the reciprocal 
lattice undergoes a uniform strain equal and opposite 
to the uniform strain of the crystal lattice; and the 
fractional change of lattice constant is equal to the 
fractional change in linear dimensions of the crystal. 

For a crystal containing NV atoms and AN identical 
point defects, the term x(7) can be written AN fQ2/NQ 
when each defect contributes a fractional expansion f 
of an atomic volume 2. The term y(T) is AN (f+1)Q/NQ, 
if one new atomic site has appeared as a result of the 
creation of each defect, « £., 
Then 


in vacancy production. 


AN/N=3(AL/L—Aa/a (3) 


if the expansions are randomly directed. In the general 


8 See for example: H. Jahn, Proc. Roy. Soc. (London) A179, 
320 (1942); A180, 476 (1942 

16 J. D. Eshelby, Acta Met. 3, 487 (1955); Solid State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, Inc., New 
York, 1956), Vol. 3, p. 121 


+ The writers have also shown that this result holds for the case 


the crystal may be strained 


to be published 


where an appreciable fraction of 
bevond the elastic range 
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case where different types of defects may be present, 
we have 

AN/N = (€y1+2¢¢2+3¢034 Sabie’ s:-), 


are the fractional concentrations 


of monovacancies, divacancies, and trivacancies; and 


where Col, Cve2, and Cea 


Ca and cy are the corresponding concentrations of 
interstitial-type defects. We note that a measurement 
of (AL/L—Aa/a) yields only the net fractional increase 
in the number of atomic AN/N, and that it is 
independent not only of the lattice relaxation around 
the defects, f, but also of their degrees of association. 


sites, 


It remains to be seen how closely this model cor- 
responds to an actual crystal. A direct experimental 
test of Eshelby’s result has been made for copper at 
liquid helium temperature in which the centers of 
distortion were produced by deuteron irradiation.’’"'* 
While the and lattice parameter 
changes were very small, the equality Ae/a=AL/L 
was established within an experimental error of about 
15%. Berry” has reviewed measurements indicating 
that Aa/a=AL/L added to 
form dilute solid solutions. 

It is not certain whether the elastic fields of single 
atomic point defects in the face-centered cubic structure 
have cubic symmetry. For example, the vacancy and 
interstitial recently considered by Tewordt™ possessed 
cubic symmetry, but his model of interstitial 
crowdion did not. In the latter case the axis of the 
crowdion could lie along any close-packed direction of 
the crystal. For a crystal containing a large number of 
uniformly distributed free of 
external forces, one would expect the defect axes to be 
randomly distributed along these directions. The same 
considerations apply to divacancies and other of the 


measured length 


when solute atoms are 


the 


crowdions which is 


more complicated point defects. In all of these cases 
the average elastic field should have cubic symmetry. 


This may be seen by replacing the defects by a con 


tinuous distribution of infinitesimal centers of dilatation 
with the same total strength and summing their effects. 
We conclude that Eq. (3 

We should also expect the volume changes due to the 
generation or destruction of atomic sites to be isotropic : 


will still hold in such cases. 


For a cubic crystal whose dimensions are large compared 
to the mean distance traveled by a defect during its 
lifetime we may expect that the defects are generated 
and destroyed internally at dislocation and 
sinks." The resulting average 
then be isotropic for a 
random distribution of dislocations 
be created or destroyed at grain boundaries or at the 


surface. Though the 


sources 
changes should 


crystal containing a 


volume 
( ubic 
Other sites may 


volumes of the various sites 
17R. O. Simmons and R. W. Balluffi, Phys. Rev. 109, 1142 
(1958). 
18 R. Vook and C. Wert, Phys. Rev. 109, 1529 
1” C. B. Berry, J. Appl. Phys. 24, 658 (1953 
*” L. Tewordt, Phys. Rev. 109, 61 (1958 
2 J. Bardeen and C. Herring, in Atom Movements 
Society for Metals, Cleveland, 1951), p. 87 
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differ, the mean volume for a large number will cor- 
respond exactly to the atom volume deduced from 
Q=nM/pNo. Further aspects of the measurement of 
(AL/L—Aa/a) have been discussed by the writers 
elsewhere.” 


Ill. EXPERIMENTAL METHOD 


An accuracy of about 1:10° was desired in the 
measurement of both AL/L and Aa/a as functions of 
temperature in order to obtain the difference with 
sufficient accuracy to detect the expected point defect 
concentrations. The thermal expansion contribution 
to AL/L and Aa/a is large compared to the point 
defect contribution, and the problem consists of 
measuring a small difference between large quantities 
which are sensitive to small changes in temperature. 
Considering Eqs. (2) at slightly different temperatures 
T and 6T and writing the thermal expansion, x(7) 
=q(T)+5s(T), at the point x(7+67) one has 


AN / Nowy exp(— F//kT)+-6T {(dx/dT 
+[(1+/)E/kT* hy exp(—B//kT)}, (5 


where y= g exp(.S’/k) and only one predominating type 
of defect has been considered. For aluminum, for which 
y and |f| are of order unity, the error term in the 
curly brackets is about 3 to 4:10° per degree near the 
melting point. Therefore if AL/Z and Aa/a are measured 
independently,? the temperature of each measurement 
should be known better than +0.2°C. Because it was 
doubtful that this accuracy could be obtained under 


9 


such conditions,’ an apparatus was constructed in which 








ak 
} 


Fic. 1. Cross section of furnace at a length-measurement port 
a=specimen, }=thermocouple (in quartz tube), c= outer furnace 
jacket, d=powdered insulation, e=viewing aperture in graphite 
core, f= thin-wailed inconel port, g= Pyrex glass window, 4=port 
heater winding, i=gas-tight inconel furnace tube, j= graphite 
core, k= water cooling tubes. 


2R. O. Simmons and R. W. Balluffi, J. Appl. Phys. 30, 1249 
(1959 
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Fic. 2. Schematic top view of apparatus used for length and 


x-ray lattice expansion measurement. a=butt-welded Pt versus 


Pt-10% Rh thermocouple, b= x-ray tube and collimator, c= film 
cassette, d=path of incident and diffracted x-rays, e= rotating 
stage supporting x-ray tube platform and film cassette arm, 
f=vertical axis of rotation of x-ray apparatus, g=specimen 
(polycrystal possessing “bamboo” structure), 4=x-ray crystal, 
i=Invar mounting bar for microscope assembly, j = filar microme 
ter microscope equipped with relay lens, 4 = thermocouple. 


both AL/L and Aa/a could be measured simultaneously 
on the same specimen and where all temperatures 
were measured with the same thermocouple. 


1. Specimen and Furnace 


The specimen, furnace arrangement, and measuring 
apparatus are shown in Figs. 1 and 2. A long specimen 
was desired in order to obtain precision in the length 
change measurement. The specimen, therefore, con- 
sisted of a bar, 50 cm long ‘by 1.27 cm by 1.27 cm; it 
was supported in a square cross-section horizontal well 
machined along the axis of a large cylindrical spectro- 
graphic purity graphite core. The core provided a smooth 
inert support which allowed free expansion and contrac- 
tion of the specimen. The graphite also protected the 
specimen against contamination and reduced temper- 
ature gradients by virtue of its relatively high thermal 


‘ conduction. 


All temperatures were measured with a butt-welded 
Pt versus Pt-10% Rh thermocouple” which was 
threaded through a fused quartz tube held in a second 
small longitudinal well in the graphite core. In this 
arrangement the thermocouple junction was only 3 mm 


% The thermocouple material was obtained from S. Cohn and 
Company, Mt. Vernon, New York, and the temperatures reported 
here are believed accurate to —0.0, +-0.5 degree C. This accuracy 
is of importance, of course, only in comparing the present in 
dividual measurements with the work of other investigators. 
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from the specimen and could be moved parallel to the 
specimen length in order to ascertain the temperature 
at any point. The high thermal conduction of the 
specimen and graphite insured that the actual specimen 
temperature was measured. 

A number of special precautions were taken to 
produce a temperature distribution which could be 
maintained uniform along the entire length of the 
rather long specimen during the time required for each 
simultaneous measurement of the length and lattice 
parameter. A 300-cm long furnace tube and helical 
resistance winding were used in order to reduce the 
effects of thermal! end losses. Also, the winding was 
divided into three sections for which the power input 
could be individually controlled. The radial thermal 
losses from the ports were compensated by individually 
controlled port heater windings. By use of these in- 
dividual controls it was possible to maintain the 
temperature constant along the specimen length to 
t(0).2°C or less. The specimen temperature was kept 
constant in time by stabilizing the rms voltage applied 
to the windings, maintaining the outside jacket at 
constant temperature, and using the natural compensa- 
tion given by the, large temperature coefficient of 
resistance of the Pt—10% Rh windings. The furnace 
was, therefore, operated under steady-state conditions, 
and the temperature distribution never drifted in time 
by more than +0.2°C during any single measurement. 

The specimen was prepared from 99.995% pure 
aluminum bar stock” originally containing 0.003% Cu, 
0.001% Fe, and 0.001% Si. The forged specimen was 
first machined to fit loosely into the well of the graphite 
core and was then annealed in the furnace for several 
days within several degrees of the melting point 
(660°C) in a prepurified nitrogen® atmosphere. Re- 
crystallization and grain growth occurred, and a final 
bamboo-type structure was produced where 
single large grains, several cm in size, occupied the full 
width of the bar. One large grain occupying the center 
of the bar was found to have an orientation suitable 
for the x-ray diffraction measurement. This grain was 
chosen as the x-ray crystal and was located at the 
x-ray port in the final assembly. At the end of the 
grain growth anneal a portion of the specimen was 
removed; its resistance ratio between ice and liquid 
helium temperatures was measured and found to be 
414. This value was in close agreement with the ratio 


grain 


for the starting material and is typical of aluminum of 
this purity.*® These tests, therefore, indicated that 


purity was maintained during specimen preparation. 
Evidence that during the 
experiment was obtained later when it was found that 


purity was maintained 


* This materia! was kind 
of America 

** Properties are listed by the supplier as purity greater than 
99.996%, oxygen 0.0008°%, dew point —68°C. 

*© A. Sosin and J. S. Koehler, Phys. Rev. 101, 972 (1956); 
Chanin, Lynton, and Serin, Phys. Rev. 114, 719 (1959) 
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all measurements could be reproduced reversibly upon 
heating and cooling 


2. Length Change Measurement 


The paramount considerations in the design of the 
present measurements of change in length were that 
(1) the spec imen be quit free of external constraint 
during expansion and contraction, (2) the influence of 
creep”’ at the highest temperatures be minimized, and 
(3) the necessary sensitivity be obtained with very 
direct means, avoiding any apparatus which would be 
in a temperature gradient 
possible unknown error. 


ind therefore subject to 


AL/L was measured by observing the movement of 
reference marks on the specimen surface with two 
parallel mounted filar micrometer microscopes equipped 
with relay lenses. The microscopes, having a mechanical 
working distance of 13.3 cm and a magnification of 
60X, were rigidly clamped to a massive Invar bar in 
order to maintain their spacing constant (Fig. 2). 
They were each calibrated versus a stage micrometer, 
and were thereafter operated at fixed and equal focus, 
the proper focusing (i.e., condition that Invar bar and 
specimen be parallel to one another) being achieved by 
rotation and translation of the whole microscope 
assembly. Errors due to misalignment are of the cosine 
small in this work. The 
temperature of the Invar bar was measured with a 


thermocouple and the spacing of the tel scopes was 


type and were negligibly 


initially calibrated versus temperature using a quartz 
rod standard. Minor corrections could then be 
for the temperature variation of 
error from this 
temperature was controlled to +1°C 

The reference marks at the ends of the 
were made modified Tukon micro-hardness 
machine equipped with a pyramidal diamond indenter. 
The resulting pyramidal indentations about 
6X 10-* cm across the base and their apexes were used 
he detailed appearance of these 
marks remained constant during the experiments due 
to the high stability of the thin aluminum oxide film 
on the surface. A high precision cathetometer was used 
to make an initia! direct m« 
length. 

In a typical length measurement the 


made 
the S ing: tl > | 
tn pacing; the fina 
source was neg gible because room 
specimen 


with a 
were 


for the measurements. 7 


surement of the specimen 


temperature 
along the specimen length was first adjusted to a 
constant +0.2°¢ At 


pairs of micros« ope readings 


value least ten consecutive 
then taken in a five 
temperature distribu- 


tion along the specimen was again determined. In most 


were 
to seven minute interval, and the 


cases an x-ray lattice expansion measurement was also 
made during this period. The final temperature assigned 


to the length measurement was then obtained by 


averaging the temperature distribution over time and 
distance. The temperature of the 


X-Tay measurement 


27 J. Weertman, J. Appl. P! 32 
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was taken as the temperature at the x-ray crystal 
averaged over time. 


3. Lattice Expansion Measurement 


Characteristics required of the x-ray lattice expansion 
measurement included (1) high accuracy, (2) short 
measurement time, (3) a specimen having properties 
identical to those of the length change measurement 
specimen, and (4) careful design so that the temperature 
distribution would be negligibly perturbed by the 
necessary access port for the x-rays. The general 
arrangement, as shown in Fig. 2, satisfied these re- 
quirements. It is an extension of a back-reflection 
rotating-single-crystal technique used earlier." 

The rigid assembly, consisting of the x-ray tube with 
collimator and film cassette, was oscillated with a 
typical amplitude of 40’ of arc with a period of about 
2 minutes around a vertical axis intersecting the point 
of contact of the incident x-ray beam and the crystal 
surface. The oscillation was used to smooth the film 
exposure reproducibly. Accurate alignment of the 
device was obtained by careful preliminary measure- 
ments of the position of the axis of rotation. A standard 
full-wave rectified General Electric CA-7 x-ray tube, 
fitted with a 0.254-mm slit collimator of 24’ angular 
divergence, was run at 30 kv and 13 ma. Exposure 
times for Ni Ka; radiation (A= 1.65784 A) diffracted by 
(422) planes parallel to the specimen surface were less 
than 7 minutes near the melting temperature (660°C), 
at which the Bragg angle is near 80°. A gaseous helium 
path was provided in order to minimize absorption of 
the diffracted beam. The lowest temperature at which 
measurements could be made was 229°C. 

The position of the Laue-Bragg line on the film was 
measured with an average accuracy of 0.06 mm using 
an X cross hair on the cursor of a commercial film 
reader. The line width at half-maximum intensity 
varies with Bragg angle; near @=83° the width was 
about 6 mm, the major fraction contributed by spectral 
width of the x-ray emission line. Film shrinkage effects 
due to processing were appropriately corrected using 
measurements on a known array of fiduciary marks 
placed on the film at the time of exposure. 

The relation between the position of the Laue-Bragg 
line on the flat film and the Bragg angle, @, was obtained 
in several different ways. First, the included angle 
(r—26) between incident and diffracted rays at a 
known temperature 351.5°C (at which the defect con- 
centration is immeasurably small) was measured 
directly using a rigid template and the known position 
of the center of rotation, with an estimated accuracy 
of +5’ in @. Second, the Bragg angle at the same 
temperature was deduced from the accepted value of 
lattice parameter of aluminum* a(20°C)= 4.04911 A, 
and the measured AL/L between 20 and 351.5°C, the 


* W. B. Pearson, Laitice Spacings and Structures of Metals and 


Pergamon Press, New York, 1958). 
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estimated accuracy in this case being +1’ in 6. The 
Bragg angies corresponding to other positions were 
calculated from the measured geometry of the ap- 
paratus. Third, the Aa/a values deduced from the first 
and second methods were compared with the measured 
AL/L values above 229°C and the Bragg angle adjusted 
within the overlap of the previously mentioned error 
limits to produce congruence of the length and lattice 
parameter changes. The final adjustment produced 
AL/L=Aa/a over a range of 229 to 415°C with mean 
absolute deviations of 9X10~-* in AL/L and of 6X10~* 
in Aa/a. Over this same temperature range AL/L= Aa/a 
changes by 5.31X10~*. It was felt that this was a 
sensitive test, because the linear dispersion at the 
film, Aa/a per mm, varies approximately as tané, 
which is about 15 at 229°C and only about 8 at 415°C. 

There was some possibility that the local temperature 
at the x-ray measurement region might have been per- 
turbed by the exposure of the specimen face at this point 
to the outside of the furnace. Simple calculations of 
radiation loss indicated that this effect was negligible. 
Also, the gas atmosphere within the ports was well 
heated by the port windings, greatly reducing tempera- 
ture gradients which might have led to conduction 
cooling of the exposed crystal face. Possible cooling by 
convection was limited by the small, narrow, horizontal 
character of the port openings. Since no temperature 


' perturbations were recorded by the thermocouple in 


the port regions when the furnace was properly ad- 
justed, we may conclude that a uniform temperature 
was maintained. 

Several other possible errors must be considered. 
Error could originate from the presence of a possible 
superficial film on the specimen face. The highly stable 
aluminum oxide film was indeed present but its thick- 
ness was small compared to the penetration of the 
x-rays. Further, no cumulative effects due to continued 
film formation during the experiment were observed ; 
Aa/a measurements were completely reproducible 
during the thermal cycling of the heating and cooling 
runs, which included over 125 hours above 600°C. The 
term “film formation” here includes a possible layer 
formed .by penetration of impurities by diffusion. The 
small error due to asymmetry of the diffuse x-ray 
scattering,’® already mentioned in Sec. II, should be 
particularly small in aluminum because of the relatively 
high characteristic temperature (near 400°K) compared 
to the melting temperature (993°K). Corrections which 
depend upon @ due to finite specimen height and to 
refraction in the aluminum are negligible in the 
restricted range of large @ used here. The large size of 
the apparatus minimized the relative importance of 
possible errors due to inaccurate measurement of 
specimen-to-film distance, penetration of the x-rays 
into the specimen face, and eccentric placement of the 
vertical rotation axis, because the error distances 
involved all tend to have a fixed magnitude. 
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IV. EXPERIMENTAL RESULTS 


The values of AL/L and Aa/a are shown plotted in 
Fig. 3 for the temperature range 229-655°C with 20°C 
taken as the reference temperature. The SL/L curve 
includes all points taken during two heating runs and 
one cooling run, whereas the Aa/a curve includes all 
points taken during one heating and one cooling run. 
The mean deviations of the experimental points from 


TABLE I. Macroscopic linear thermal expansion of aluminum 
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* See reference 29 
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3. Measured length and 
parameter expansions 
of aluminum versus temper- 
ature. The fraction of addi- 
tional atomic sites present in 
thermal equilibrium at the 
higher temperatures is 3 (AL/L 

Aa/a). These sites corre- 
spond to the thermal genera 
tion of Jlattice-vacancy-type 
defects. AL/L=Aa/a=0 at 
20°C 


HEATING 


the smooth AL/L and Aa/a curves are 1.110~* and 
0.5X10-*, respectively, and the maximum deviations 
are 3.5X10~* and 2.0X10~°, respectively. No evidence 
was obtained for any systematic lack of reversibility 
during heating and cooling. The mean deviation of all 
AL/L and Aa/a values from the smooth curve in the 
temperature interval between 229°C and about 415°C 
is 0.8X10-°. We note that the thermal expansion of 
aluminum, x(7), defined earlier, cannot yet be inferred 
with similar accuracy at above about 
415°C, the relaxations around the 
defects are presently unknown. Further, once these are 
known the “true” thermal expansion would be obtained 
by subtracting an amount s(7T), which although 
probably small is also presently unknown. 

Values of AL/L and Aa/a obtained by a number of 
other investigators?:>—" are given in Tables I and II for 
purposes of comparison. All values have been converted 
to expansions relative to 20°C using the expansion data 
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MEASUREMENTS OF EQUILIBRII 
of Nix and MacNair™ near room temperature. The 
present AL/Z measurements fall in between the previ- 
ous values, and are in good agreement with those of 
Taylor et al.** and those of Feder and Nowick’ up to 
600°C. However, the present data show a considerably 
larger increase between 600°C and the melting point 
than was observed by Feder and Nowick. The Aa/a 
data are all in quite good agreement near 300°C. How- 
ever, near 600°C the present values are somewhat lower 
than the others but are still in fair agreement with those 
of Feder and Nowick.’ 

At about 420°C AL/L becomes noticeably greater 
than Aa/a and this difference continuously increases up 
to the melting point. The reversible nature of the high- 
temperature divergence of the two curves confirms the 
isotropic and reversible behavior of the defect source 
and sink action. The net fractional change of the number 
of atomic sites, AN/N, was calculated from the smooth 
curves using Eq. (3) and is plotted logarithmically versus 
1/T in Fig. 4. The estimated maximum absolute meas- 
uring error in AN/N is about +4:10°, and this uncer- 
tainty is indicated for each point. We note that the pos- 
sible percentage error is relatively small at the highest 
temperatures (about +5%) but becomes considerably 
larger at the lower temperatures (+40%). The data 
follow the expected Arrhenius type behavior, and the 
equation for the indicated line through the data points 
is AN/N=exp(2.4) exp(—0.76 ev/kT). 


V. INTERPRETATION AND DISCUSSION 


Net fractional changes in the number of atomic sites, 
AV/N, during heating and cooling have been deter- 
mined experimentally, and it remains to interpret 
these results in terms of the presence of point defects. 
The fact that AN /N is positive establishes vacancy-type 


TasLe IT. Lattice parameter thermal expansion of aluminum 


10°f Aa/a(20°C) ] 


b 


7.80! 


10.7 +0.4¢ 10.13 10.08! 


17 640.4 16.74 


18.44 18.60 


» reference 35 
» reference 36 
© See reference 37 
See reference 2 
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PRESENT WORK, ON/Nee®** q-@?GerseT 


. 
(AN/N=c, IF G)_*O) 


ONOVACANCIES (c,) 


* 
sy 


ATOMIC FRACTION OF Ww 


, 
F G,*O025ev,c,,-e7* gO reewrar 


4% SORBO AND TURNBULL 
FROM QUENCHED-IN RESISTIVITY USING 
SuGom PER I% MONOVACANCIES) 


13 i4 iS 16 7 is 
i0°/T(*K) 
Fic. 4. Monovacancy concentration, c.,, versus 1/T(°K) for 


aluminum. Values are shown for three different assumed divacancy 
binding energies, G,2’ 


defects as the dominant defects (see Eq. 4), in agree- 
ment with much previous expectation’ based upon the 
large calculated energies of formation of interstitial 
defects in copper.** Further, measurements of the 
electrical resistivity of aluminum at high temperatures 
can be interpreted satisfactorily by considering as 
predominant only defects having essentially the same 
formation energy as obtained in the present work. We 
assume, therefore, that the concentrations of the 
interstitial-type defects are small enough to be ignored. 
We are left to a consideration of the concentrations 
of the various vacancy-type defects which may be 
present. Each type of defect will exist in an independent 
equilibrium in the crystal at concentrations given by 


Cai= exp(—G,//kT), 
Co2= 6 exp(—Gi//kT), 
Ce3> s exp(—G,7 RT), 


(6) 


where the G/ are the free energies of formation, 
exclusive of configurational entropy, and where we 
assume that a divacancy consists of a pair of nearest 
neighbor vacancies and that a trivacancy consists of a 
triangular group of nearest neighbor vacancies. Other 
less close-packed clusters consisting of two or three 
vacancies may be visualized. However, their formation 
energy should increase as the degree of close-packing 
decreases and their concentrations should, therefore, 
be relatively small 


*“H. B. Huntington, Phys. Rev. 91, 1092 (1953) 
* R. O. Simmons and R. W. Balluffi, following paper [Phys 


Rev 


117, 62 (1960) ] 
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TABLE III. Fraction of atomic sites associated with monova 
cancies, divacancies, and trivacancies for different possible binding 
energies. 
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0.00 
0.00 
0.01 
0.00 
0.00 
0.02 
0.00 
0.01 
0.05 
0.00 
0.02 
0.12 
0.01 
0.04 
0.25 


200 X10 


0.01 
0.06 
0.20 
0.03 
0.13 
0.38 
0.09 
0.31 
0.82 
0.24 
0.72 
1.65 
0.48 
1.36 
2.80 
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1.02 
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The concentrations of the defects depend upon the 
binding energies, G,o’=2G,/—G,7 and G,3°=3G,/ 
—G,. By combining Eqs. (4) and (6) we obtain 
24 exp(G, > kT )cy* t 12 exp(G,2” kT t fi T Cel AN N, 
Cy2 6¢41" exp(G,2? kT), 


Cos= Bee: exp(Gy®/RT). 


u 


i” 


{ 
i 


The defect population may be completely determined 
from the experimental data by use of Eqs. (7) if G2” 
and G,,° are known. It will be shown below that higher 
order clusters may almost certainly be safely neglected. 
Unfortunately, there are no completely reliable values 
of G,2 and G,,° presently available. Most estimates 
of G,»° in face-centered cubic metals fall in the range 
0.1<G,°< 0.4 ev.'** Brooks” points out that the 
energy of a vacancy cluster is crudely proportional to 
its ‘surface area”’; if the vacancies are taken as cubes, 
it follows that G,s3°™~2G,.”. 

With this approximation, we have used Eqs. (7) to 
calculate the expected concentrations of the different 
defects for a range of possible binding energies, viz., 
Gy2=0.15, 0.25, and 0.35 ev. The results are given in 
Table III in terms of the fraction of atomic sites which 
associated with monovacancies, divacancies, and 
trivacancies. The clusters become 
abundant as either the binding energy or the temper- 
ature increases. The concentrations of sites associated 
with trivacancies are seen to be negligible for present 
purposes under all conditions, since they never exceed 
about half the estimated maximum measuring error of 
AN/N. The concentrations of divacancies are more 
difficult to evaluate, and are seen to be appreciable at 
higher temperatures if G,2® exceeds about 0.15 
DeSorbo and Turnbull® have carried out annealing 
experiments in quenched aluminum and interpret cer- 
tain features of their work to mean that G,.°~“0.3 ev 
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ev. 


are energies 


\meric an 


« H. Brooks, in Im Im berfech 


Society for Metals, Cleveland, 1955), p. 1 
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of motion monovacancies and divacancies.“ If 
(Ev"— E,7 0.15 ev,‘ then G,,’ is in the range 0.15 ev. 
It must be emphasized, however, that these results are 
highly tentative. While 


value 0.15 than to t! 
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Since the nearest neighbor relay 
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lattice tom jumps 
divacancy than a monovacancy, we take » 
Sei” 2 25,9" = ZR. If (E,,;"-—/ s again taken to be 
0.15, the ratio of diffusivities is D,/Dy~2.5(¢,;/2cy2) at 
660°C. This result, combined with the defect concentra- 
tions given in Table III, indicates that the divacancy 
diffusion component would be difficult to detect, in 
agreement with usual self-diffusion data. 
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positive sign of S,./ agrees with the usual prediction* 
that there is a loosening of the lattice in the vicinity of 
the vacancy and a corresponding decrease in the 
vibrational frequencies. The magnitude of S,,/ suggests 
that vacancies in aluminum are relatively simple and 
are not disordered regions involving a comparatively 
large number of atoms.’ The present formation 
energy may be combined with the energy of motion 
of monovacancies in order to estimate the activation 
energy for self-diffusion, Q. From kinetic studies of 
very high purity material quenched from comparatively 
low temperatures, F,,"=0.65 ev and, therefore, 
E.i"+E,/=140 ev=Q. This value agrees with the 
value Q=1.4+0.1 ev found by Spokas and Slichter** 
using nuclear magnetic resonance techniques and wkh 
the value Q=1.43+0.08 ev estimated by Nowick® 
from an analysis of alloy diffusion data. 

It is of considerable interest to compare the present 
equilibrium vacancy measurements with the defect 
concentrations which have been retained in aluminum 
by quenching. The latest, and probably most reliable, 
quenching data® have been used for this purpose, and 
monovacancy concentrations derived from these data 
are also shown in Fig. 4. According to the present 
results, the imperfections present in thermal equilibrium 
in this lower temperature interval between about 260 
and 320°C were almost certainly monovacancies. The 
quenched-in resistivity increments were converted to 
monovacancy concentrations using a value for the 
monovacancy resistivity of 3 pwohm-cm/atomic %.™ 
Extrapolations of the curves giving the best fit through 
the present high-temperature equilibrium data and the 
best curve through the lower temperature quenching 
data indicate that the derived quenched concentrations 
are somewhat low compared to the high-temperature 
concentrations. However, the disagreement is no larger 
than a factor of about two. 

It is also apparent that an over-all curve may be 

 C. Zener, J. Appl. Phys. 22, 372 (1951). 

“ See discussion of this point by W. M. Lomer in: Vacancies 
and Other Point Defects in Metals and Alloys (The Institute of 


Metals, London, 1958), p. 79. 
Huntington, Shirn, and Wajda, Phys. Rev. 99, 1085 (1955). 
8 J. J. Spokas and C. P. Slichter, Phys. Rev. 113, 1462 (1959). 
 A_S. Nowick, J. App]. Phys. 22, 1182 (1951). 
® W. DeSorbo and D. Turnbull, Acta Met. 7, 83 (1959). 
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TABLE IV. Values for the entropy of formation, S,:’, and energy of 
formation, E,;/, of monovacancies according to different methods 


Method Se//k Em (ev) 


Jsed present high-temperature equilibrium data 2.4 0.76 
only, assuming G,?=0 

Used present high-temperature equilibrium data 2.0 
only, assuming G,2?=0.25 ev. 

Jsed lower temperature quenching data only, 24 
with Ap=3 wohm-cm/at. % vacancies 

‘sed best fit through both high-temperature 3.6 
equilibrium data and low-temperature 
quenching data assuming G,.?=0.15 ev 

ised high-temperature resistance data* only 


0.74 


0.79 


* See reterence 39 


drawn through both the high- and low-temperature 
data without appreciably violating the probable 
ranges of uncertainty of the data. Values of S,/ and 
EE, have been calculated from the curve giving the 
best fit through both the equilibrium data points and 
the quenching data points on the assumption that 
Gy:’=0.15 ev. The results are given in Table IV along 
with a summary of the values obtained by all the other 
methods. As expected, the values obtained by forcing 
a fit through the high- and low-temperature data are 
somewhat larger than the values obtained by the other 
methods. We note, however, that the larger values 
obtained from the over-all fit are not inconsistent with 
the known properties of aluminum, and therefore must 
be considered as possible values. 

The result that the high- and low-temperature data 
show an apparent disagreement which may be as large 
as a factor of two may be due to several reasons. 
Among these are: (1) lattice anharmonicity effects 
may partially invalidate the methods used to derive 
the value of 3 wohm-cm/atomic % of monovacancies. 
In this case the resistivity increment per vacancy 
would be smaller than estimated, and the quenched-in 
concentration would be correspondingly greater; (2) 
the high-temperature divacancy concentrations may be 
greater than expected leading to smaller monovacancy 
concentrations (i.e., Gy’ may be >0.25 ev); (3) all of 
the equilibrium defects may not have been retained in 
the quenching experiments. Further discussion of these 
possibilities is given in the following paper.” 
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Measurements of the High-Temperature Electrical Resistance 
of Aluminum: Resistivit7 of Lattice Vacancies* 
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The electrical resistance of a 99.995% aluminum wire was 
measured at temperatures from 14 to 655°C. Values of temper 
ature coefficient of resistance and of resistivity are derived; 
they differ somewhat from earlier work. The resistivity values 
show a progressive increase above the expected values at high 
temperatures; this is ascribed to scattering by thermally 
generated point defects of the type which add atomic sites 
(vacancy-type defects), whose equilibrium concentrations have 
been measured directly in identical material at identical 
temperatures by Simmons and Balluffi. Three different semi 
empirical methods were used to estimate the expected values 
of the ideal lattice resistivity in the absence of defects; they 
gave similar results. The limitations of extrapolation methods 
are discussed. The resistivity increment ascribed to the vacancy- 
type defects was then obtained by difference and can be 
represented by Ap=(4.4X10~* ohm-cm) exp(—0.77 ev/kT) 


I. INTRODUCTION 


N° that lattice vacancy-type defects have 
been identified as the predominant thermally 
generated defect in aluminum and that their equilibrium 
concentrations at different temperatures have 
determined,’ measurements of other physical properties 
of metals influenced by these lattice defects at these 
temperatures acquire renewed interest. Comparatively 
few well-established high-temperature data of sufh- 


been 


ciently high accuracy have been reported. Moreover, 
the principal difficulty in the interpretation of such 
work lies in obtaining a sound estimate of the values 
the property measured would have in a crystal without 
such defects, since these values must be known in order 
to find the defect contribution by difference. 
Thermodynamic variables such as energy content, 
volume, and compressibility can be considered the 
most fundamental in nature and therefore, in principle, 
the most amenable to interpretation. A number 
of writers have analyzed measurements of energy 
content®~* and volume** from this standpoint. The 
magnitude of the relative contributions by the defects 
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The formation energy is in close 
that obtained by direct concentration me 
that 
increment is nearly twice the v 
of recent quenching work from the 
however. This relatively small 
three factors, whose relative 
evaluated at present. They are (1 
niques to retain all of the equilibrium defect concentrations, 
(2) the presence of appreciable divacancy concentrations at 
the highest temperatures, and (3) a contribution to the high 
temperature 
The increment of 
(660°C) corresponds to a 
monovacancies in agreement with a crude estimate based upon 
known effects of solute atoms of different valence 


with 
usurements and with 
This 
1lue expected from extrapolation 
260° to 320°C, 
discrepancy can be ascribed to 


observed agreement 


obtained in various quenching investigations 


interval 
importance 


cannot be precisely 
failure of quenching tech 


resistivity from lattice anharmonicity. 


melting point 


arising 
about 0.30 wohm-cm at the 


resistivity 3 ywohm-cm/atom % 


to such properties small, however. These relative 
contributions can be 
vacancy concentration near the 
about 107%) as 3.510 

content, about 1.5 to 310° 


(depending on the lattice 


estimated for aluminum (for a 
melting point of 
energy 
volume 
around 


ibout increase in 
increase in 
reiaxation each 
defect ), and about 2 10-* decrease in elastic constants 
(taking the defects to bi While detailed 


theories exist for these variables the high-temperature 


voids 


region has not yet received a proportionate amount of 
attention. Estimates of ideal crystal properties in this 
region have usually made by semiempirical 
extrapolation methods. Such methods may fail to take 
into proper account other possible effects occurring in 
the same temperature interval, such as lattice 
anharmonicity,” and secondary changes in the pro- 
perties of the host crystal, such as localized lattice 
vibrational modes." 

Electrical resistivity, p, is iother 
interest, and in this case, the defect contribution is 
relatively large. For 10-* defects, the 
tribution Ap/p is 3X10 inticipating our results for 
aluminum). This is a favorable case because 
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RESISTIVITY OF LATTICE VACANCIES IN Al 
TaBLe I. Comparison of various measurements of electrical resistance of aluminum 


Resistance ratio 
R(T)/R(20) 
Holborn*.» 


20 1.000 1.000 
100 1.339+0.02% 1.326 
200 R 1.736 
300 é 2.156 2.206 
400 ’ 2.679 
500 . 3.174 
550 3. 3.437 
600 ; 3.710 
625 3. 3.856 

3. 4.008 


Temperature coefficient 
((dR/dT)/R(20) ] K105 deg™ 
This work Taylor et al.4 Pochapskye 


4.2341% 4.29 4.03-42% 
4.26 4.18 
4.28 4.38 
4.39 4.56 
4.54 4.78 
4.83 5.10 
5.06 5.34 
5.40 5.65 
5.59 5.86 
5.84 6.11 


Temp. (°C) This work Pochapsky®.* 
1.000 
1.331+0.05°, 


1.756 


* See reference 1 

> Using R(20)/ Rio) = 1.088 from reference 16. 
© See reference 16 

4 See reference 17. 


resistance of high-purity aluminum versus temperature 
which were taken concurrently with the measurements 
of the concentration of vacancy-type defects' on the 
same specimen material at the same temperature. 
Accurate corrections for thermal expansion were made 
to obtain resistivity changes; strictly comparable 
defect concentrations and resistivity data were, 
therefore, obtained. The observed resistivity, p, was 
extended into the temperature interval where thermally 
generated defects were known to be present by a 
variety of methods, all of which produced similar 
results. The limitations of extrapolation methods are 
discussed. The derived values of (p—p,) are combined 
with the measured vacancy-type defect concentrations 
in order to (1) estimate the resistivity increment per 
atom percent monovacancies, (2) estimate the energy 
of formation of the defects, and (3) evaluate some 
results of various quenching experiments. 


Il. EXPERIMENTAL 


, The aluminum used“ was originally 99.995% pure 
with principal impurities listed as 0.003% Cu, 0.001% 
Si, and 0.001% Fe. It was annealed a few degrees 
below the melting point (660°C) for several days, the 
major portion used as a specimen for simultaneous 


length and lattice expansion measurements,’ the 
remainder swaged and drawn into 0.43-mm diameter 
wire. The resistance ratio, R(273°K)/R(4.2°K), for 
the wire after annealing was 414, essentially the same 
as for the starting material. Therefore, it is believed 
that the present measurements and those on equilibrium 
vacancy concentrations were made on identical material. 

Figure 1 shows the general arrangement of the 
potentiometric specimen in the furnace. The gauge 
length was supported without strain in a homogeneous 
temperature environment as measured by the Pt versus 
Pt=10% Rh thermocouple which could be moved 
parallel to the furnace axis within the high thermal 
conductivity spectrographic purity graphite core. 


“ The material was kindly donated by the Aluminum Company 
of America. 


Temperatures reported here coincide exactly with 
those of reference 1. The specimen gauge length and 
current leads formed a continuous 5 m length of wire; 
the potential leads fabricated of the same high purity 
aluminum were spotwelded in place. The specimen 
configuration was stabilized against changes in dimen- 
sions and oxide skin thickness by heating near the melt- 
ing point for several days prior to the measurements. 
A prepurified nitrogen atmosphere was maintained in 
the electrically heated furnace. 

Both lack of contamination of the specimen and 
condition of thermal equilibrium were verified by the 
reversible nature of the resistance values upon heating 
and cooling within the present experimental error. 


Ill. RESULTS 


Figure 2 shows the measured values of electrical 
resistance at temperatures from 14.2 to 654.6°C 
compared to the resistance at 20°C, These are com- 








Fic. 1. Electrical resistance specimen: graphite core cut away 
to show the wire specimen, a, in relation to the furnace. b= current 
leads, cmpotential leads, d=Vycor specimen support, ¢=hot 
junction of butt-welded Pt versus Pt= 10% Rh thermocouple in 
quartz tube, f=end of length and x-ray lattice expansion speci- 
men, g=cross section of graphite furnace core, h= graphite end 
plug. 
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ase II. Electrical resistivity of aluminum versus temperature. Values are corrected for therma 
upon the standard value for Alcoa 99.995% Al at 20°C.* Values in parer 


Temp 


14.2 
16.2 
19.8 
(20.0 
22.9 
104.2 
114.6 
(160.0) 
165.2 
228.8 


Temp C) 


310.4 
(340.0) 
415.1 
420.0 
455.6 
491.2 
497.7 
(500.0) 
520.9 
558.1 


p(wohm-cm) 


2.586 
2.609 
2.653 
2.6548 
2.687 
3.605 
3.726 
(4.245) 
4.304 
5.041 


* See reference 17 


pared at selected temperatures to other work'*"’ in 
Table I. Also shown is a comparison of derived values 
of the temperature coefficient of electrical resistance. 
The results of Pochapsky,’® obtained by a pulse 
technique, lie definitely above the experimental error 
of the present work. 

Because resistivity ratios are desirable for theoretical 
comparisons, the measured resistance ratios were 
corrected for thermal expansion.! From direct, though 
necessarily crude, dimensional measurements on the 
specimen itself, (20°C) =2.76+0.12 wohm-cm. There- 
fore, the standard value of p(20°C) = 2.6548 pohm-cm 17 
was used to compute p(7T°C), which is tabulated in 


Table II. 
IV. DISCUSSION 


The measured values of electrical resistivity of 
aluminum «i the lower temperatures require extension 
into the temperature interval in which appreciable 
concentrations of thermally generated lattice vacancy- 


type defects are known to be present. The results of 


TEMPERATURE (°C 


Fic. 2. Measured resistance of aluminum versus temperature. 
R(20°C)=0.04156, ohms. The solid curve is a visually estimated 
continuation of the lower temperature values 
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16 T. E. Pochapsky, Acta. Met. 1, 747 (1953) 

1 Taylor, Willey, Smith, and Edwards, Metals and Alloys 9, 
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Physik 59, 145 (1919); Z. Physik 8, 58 
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expansion and are based 
theses are interpolated 
p (wohm-cm) Ter 6 hm-cm) 


, me 570.1 


580.0 


6.006 
(6.362 
7.236 581.1 
7.350 5399 3 
7 302 604.9 
& 264 620.0 
8.355 621.8 
8.380 632.4 
8.663 642 
9.185 654.6 
660.0 


9.345 
9 495 
9.516 
9.774 
9.868 
10.093 
10.117 
10.292 
10.449 
10.644 


10.733 


such an extension, described below, ~ 
that higher 


temperatures between the measured resistivity, p(T), 


ongly suggest 


progressively larger discrepancies at 


and the supposed resistivity of this aluminum without 
thermally generated defects, p;(T), do appear. Evidence 
that the major proportion of this discrepancy must be 
attributed to thermally generated defects and not 
merely to crystal properties such as anharmonicity'® 
is of two kinds. First, the discre pancy appears prec isely 
in the temperature interval in which defect concentra- 
tions have been measured directly,’ the magnitude and 
temperature dependence of the discrepancy being near 
that from measurements on quenched 
aluminum.” Second, kinetic studies near room temper- 
ature on quenched material of high purity® show that 
the defects are indeed mobile point defects, their 
energy of motion being near that expected from 
consideration of the self-diffusion (which 
presumably proceeds by the same defect mechanism) 
and their formation energy. This evidence will now be 
considered in detail. 


expected 


energy of 


A. Estimation of Lattice Resistivity, p, 


Aluminum is one of the most thoroughly investigated 
multivalent metals. It is a face-centered cubic crystal, 
exhibiting no phase trai The electron 
spherically symmetric ions is 
very close to 3 electrons per atom, as determined by 
x-ray methods.” The lattice vibration frequency 
spectrum has been studied in detail both by x-ray? 
and neutron* diffraction techniques. Measurements of 
elastic thermal 
made over a 


sitions mean 


density between the 


constants™ and expansion’ have been 


wide nge. However, the 
5 A. A. Smirnov, Zhur. Ekspt Teoret.- Fiz. 4, 229 
*W. DeSorbo and D. Turnbull, Acta Met. 7 
* W. DeSorbo and D. Turnbull, Phys. R 
2! Brill, Hermann, and Peters, } 
(1944): Bensch, Witte, and Wélfel, Z 
4, 65 (1955); H. Witte and E. Walfel, 
(1958 
2c 


1934) 

83 (1959). 
115, 560 (1959) 
schaften 32, 33 
Physik Chem. 1, 256 (1954); 
Modern Phys. 30, 51 


\aturwisse! 
Revs 


B. Walker, Phys. Rev. 103, 547 (1956 

% Carter, Palevsky, and Hughes, Phys. Rev. 106, 1168 (1957); 
B. N. Brockhouse and A. 7 ewart, Rev Modern Phys. 30, 
236 (1958 


“P.M. Sutton, Phys. R 
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high-temperature specific heat is not well established. 
A detailed analysis of the band structure of aluminum 
has been made by Heine.* It is concluded that the 
first Brillouin zone is nearly full, the third and fourth 
zones essentially empty, and the second zone contains 
almost exactly one electron per atom. A very small 
proportion (about 3 to 6X10-*/atom) of holes is 
present, according to de Haas-van Alphen’®® and 
Haitl-effect®’ studies.** 

No fully unobjectionable theoretical means are 
available for estimating the ideal lattice contribution 
to resistivity, unfortunately, even for the simplest 
metals. It is usually convenient to discuss low- and 
intermediate-temperature behavior and high-temper- 
ature behavior separately. High temperatures are taken 
to be temperatures well above the characteristic tem- 
perature, ©. Discussions of resistivity at low- and 
intermediate-temperatures have been presented.” In 
aluminum the high-temperature interval in which ex- 
perimental measurements of the lattice resistivity can 
be made is relatively limited, since there is less than 
200° between © and the region in which measurable 
point defect contributions appear. The upper limit 
can be estimated as ~600°K from the increment of 
resistance extrapolated from quenching work” and the 
known accuracy of the present measurements. Because 
the theoretical understanding of high-temperature 
resistivity is not fully established we shall resort to a 
variety of semiempirical methods for estimating the 
ideal lattice resistivity, relying to some extent upon 
mere consistency between different approaches in 
forming an estimate of the possible error involved. 
Three methods will be used and are described in the 
following. 

Method I.—Since aluminum appears to have a 
relatively simple electron structure, we assume that its 
resistivity can be meaningfully compared to that of 
the simplest models for a metal, which all give 
pi:« TO. Because of thermal expansion and the con- 
sequent decrease in ©, one expects that® 


d(\np;/T)/dT=dt/dT = —20-"d0/dT=28y, (1) 


where y= —dIn0/dlnV=8V/C,Kr is a measure of 
the dependence of lattice mode vibrational frequencies 
upon volume; 8 is the volume thermal expansion 
coefficient; V is the specific volume; C, is the specific 
heat at constant volume; and Kr is the isothermal 


* VY. Heine, Proc. Roy. Soc. (London) A240, 340, 354, 361 
1957 

*E. M. 
299 (1957). 

27 W. Kapp and F. Stangler, Z. Physik 154, 486 (1959) 

** Note added in proof —A reconsideration of Gunnersen’s data 
has recently been presented by W. A. Harrison, Phys. Rev. 116 
555 (1959). 

2 See, for example, D. K. C. MacDonald, in Handbuch der 
Physik, edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol 
14, p. 137. 

oy. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Oxford University Press, New York, 1936). 


Gunnerson, Phil. Trans. Roy. Soc. (London) A249 
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Fic. 3. Comparison of the temperature dependence of resistivity, 
p, of aluminum to the simple model p « 7@™, allowing for thermal 
expansion. §8=volume coefficient of thermal expansion, 
y = Griineisen’s parameter 


compressibility. In general, all these quantities depend 
upon temperature. 

Figure 3 shows the variation of dt/dT with temper- 
ature as calculated from the present measurements. 
The residual resistance has been subtracted from p(T). 
For comparison, the Griineisen value, 2y, is plotted, 
deduced from Eq. (1) using published measurements,' 
the high-temperature C, being inferred from total heat 
measurements." The computation of —20~'d0/dT 
from variation of the x-ray characteristic temperature™ 
yields values very close to 28y below about 600°K;; at 
higher temperatures there is some disagreement. On 
the other hand, —2@~“d@/dT from variation of the 
elastic characteristic temperature’ lies a factor of 
1.5 to 2.3 times larger in the interval 300 to 750°K. 

The value of dt/dT given by the present measure- 
ments is of the order of magnitude expected on the 
simple model. In the interval immediately below 600°K, 
it decreases with increasing temperature, contrary to 
simple expectation; this behavior probably arises from 
other volume and temperature dependent factors such 
as the Fermi level and the electron-lattice interaction, 


‘ and must be left for future consideration. Near 650°K 


an obvious new factor appears in the measured values, 
viz., the resistivity contribution of the thermally 
generated vacancies. Their appearance changes the 
sign of d*t/dT.* We expect that p,;(T) may be estimated , 
by allowing a continued gradual temperature variation 
of dt/dT above 600°K. A possible way to allow such 
a smooth variation is to extend directly the integrated 
curve of £ versus T. The region below 600°K is concave 
toward the 7 axis, suggesting thet one choose a relation 
of the form 

T= do+a,é+ a2£", (2) 


the constants being determined from p(T) values in the 
interval 430-610°K. We note that the narrowness of 
” J. H. Awbery and E. Griffiths, Proc. Phys. Soc. (London) 38, 
378 (1926). 

# E. A. Owen and R. W. Williams, Proc. Roy. Soc. (London) 
A188, 509 (1947). 

*S. L. Quimby and P. M. Sutton, Phys. Rev. 91, 1122 (1953). 
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TaBLe III. Comparison of the different extrapolation methods discussed in Sec. IV A of the text. Method I uses 
T =ao+<a, In(p/T)+<a2 In*(p/T); Method I] uses p= bo+6,7+52T*; Method ITI uses R(7)/R(20°C) extended by eye 


pi (wohm-cm) 
Method 


Temp. (°C) I II Ill 


693 3, 7.331 
773 3, 8.33; 
853 9.35, 9.35, 
893 9.86; 9.865 
933 10.38, 10.395 


p(wohm-cm) 
Measured 


pohm-cm) 


7.350 
8.380 
9.495 
10.093 
10.733 


7.336 
8.33. 
9.34, 
9.865 
10.38, 


0.01; 
0.04 

0.14, 
0.22; 


0.34 


3 
3 


* pi from Method II 


the temperature interval where the high-temperature 
lattice resistivity is observable for aluminum is em- 
phasized by this method. 

Method II—As another technique, we take the 
commonly used high-temperature representation of the 
direct data 


pi bo t+b,74+ 5.7", (3) 


with the constants determined by p(7) values in the 
region 430-610°K. This has no direct justification, 
except possibly as an expansion at not too high temper- 
ature of the integral of Eq. (1) or of some other 
theoretical analysis based upon anharmonic lattice be- 
havior. In any case, there is at present no straight- 
forward identification of the coefficients b; with other 
physical properties. Equation (3) is a well-behaved 
analytical expression that fits the data within experi- 
mental error in the temperature interval and, in 
addition, varies smoothly at high temperature. The 
values of the coefficients used here are bop= —0.4095 
uohm-cm, b= 1.002810? pohm-cm/deg K, and bz 
= 1.656 10~-* wohm-cm/deg K?’. 

Method III.—Most directly, one may use Fig. 2, 
which shows ratios R(T°C)/R(20°C), and continue 
the apparent curve by eye above ~ 600°K. The relative 
size of the defect contribution to resistance must be 
quite appreciable if this scheme is to have any validity. 
Values of p;(T) are then obtained after correction of 
R(T°C)/R(20°C) for thermal expansion and use of 
p(20°C). 

The results of the different methods employed here 
are collected in Table III. They all fall in the same 
* range. We arbitrarily adopt the convenient Method II 
for purposes of later calculation. 

Other more elaborate methods of extrapolation can 
be envisaged. For example, one might use the Bloch- 
Griineisen relation 

p/T =const(T/@)4J;(0/T) (4) 
in order to use experimental fitting points at temper- 
atures lower than those employed in Methods I and II 
above. For satisfactory agreement with data, however, 
this requires an additional factor of the form (1+a7 
+c,T*). Even aside from this additional empirical 
factor, however, the theoretical relationship itself has 
been criticized.” 


Finally, we obtain a crude estimate of possible 
extrapolation error by considering Fig. 3. A simple 
assumption which should serve to estimate limiting 
values of p;(T) is given by letting dt/dT — constant 
=2.50X10- per degree at temperature. This 
gives p;(993°K)= 10.4; wohm-cm, to be compared with 
the values given in Table III 


high 


B. Defect Contribution to the Resistivity and 
the Resistivity of Monovacancies 


The total resistivity attributed to all of the point 
defects at high temperature may be determined by 
taking the difference between the measured resistivities 
as estimated in the previous section. These values are 
given in Table ITI. 

Each family of defects will make its own contribution 
to the total resistance increment, Ap, and it remains 
to consider the individual contributions. As shown in 
the preceding paper’ the only vacancy-type defects 
present in appreciable concentrations are probably 
monovacancies and divacancies, and therefore 


Ap Agile t 


A »2Ce2, (5) 


where c,; and ¢»y2 are the monovacancy and divacancy 
concentrations and where the coefficients may depend 
upon both the concentration and the temperature. 

A relatively accurate value of A,; may be obtained 
by noting that c,» is appreciably smaller than c,, 
(see Table III of reference 1) and that probably 
Ayo=2A,, within 10% or so.* With these results 


Ap A o1 (Cort 26p2) Aw (AN V) (6) 
where AN/N is the total concentration of thermally 
generated sites. 

In view of the divacancy estimate A,2=2A,,, the 
concentration dependence of A,; should be very small, 
since c,; never exceeds about 10 

We are primarily interested in A,; at low temper- 
ature, because the residual resistivity per monovacancy 
is the quantity measured in recent quenching work.” 
and is the value most easily estimated theoretically. 
Seeger and H. Bross, 
] that the resistivity of a 
than that of two isolated 


* For copper it has been estimated [A 
J. Phys. Chem. Solids. 6, 324 (1958 
divacancy is only about 10% less 
vacancies 
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Measurements on aluminum containing dilute solutions 
of magnesium, zinc, germanium, or silver® give the 
temperature dependence of A,, directly, i.e., the de- 
viations from Matthiessen’s rule, because lattice 
vacancies and chemical impurity atoms are both 
localized defects. Independent of solute it is found that 
at temperatures above 77°K the impurity resistivity 
is increased by a constant factor 1.12 over the residual 
value. Therefore the Ap to be used in Eq. (6) is 
(p— p;) 1.12. 

Additional temperature dependence of A», may 
arise from changes in the form and dimensions of the 
defects with temperature. We note that the experi- 
mental results shown in Fig. 4 of the preceding paper 
and in Fig. 4 of the present paper indicate that Ap and 
AN/N appear to have essentially the same temperature 
dependence. This result is consistent with a relatively 


small temperature dependence of A,; as seen from | 


Eq. (6). 

At the melting point we have Ap=(1.12)"'(p—p, 
=0.30 pohm-cm and AN/N=(9.4+0.4)X10~ from 
the direct length and lattice expansion measurements. 
This gives A,;=3 wohm-cm/atom % monovacancies. 

Because no theoretical estimates of A, for mono- 
vacancies in aluminum have yet been made with which 
to compare the experimental value of 3 wohm-cm/atom 
%, we cite here some circumstantial evidence which 
indicates that this value may be correct. Consider first 
copper, a thoroughly investigated example.** The 
results of Linde,* as explained by Mott® on the 
resistivity of dilute solutions of atoms of different 
valency in copper, give that the incremental resistivity, 
Ap, is given by 


Ap=a+bZ’, (7) 


where Z is the valence difference between solute and 
solvent atoms, and a and bd are constants in each row 
of the periodic table, provided that inner shell com- 
plications do not intervene as for transition metal 
solutes. For nickel in copper, Ap(Ni)=1.2 ywohm- 
cm/atom %.*"** Further, for a vacancy in copper, for 
which Z is presumed to be of the same sign and magni- 
tude, Ap(vac.)~1.2 yohm-cm/atom %.** Now for 
magnesium in aluminum, Ap(Mg)=0.4 pohm-cm/atom 
** from which Eq. (7) gives 6=0.4 wohm-cm on 
the assumption that a=0 because magnesium and 
aluminum are in the same period. A vacancy in 
aluminum may have Z near 3 from which Eq. (7) then 
gives Ap(vac.)~~3.6 wohm-cm/atom %, near the experi- 
mental value of 3. Here inner shell complications may 
not enter. This question requires further detailed 


* P. Alley and B. Serin, Phys. Rev. 116, 334 (1959) 

* For a review see F. J. Blatt, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
Vol. 4, p. 200 

7 J. O. Linde, Ann. Physik 15, 219 (1932) 

* A. P. Gulyaev and E. F. Trusova, Zhur 
20, 66 (1950). 
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Fic. 4. Comparison of the residual resistance values, Ap, 


thermally generated vacancy-type defects in 


consideration, of course, but tentative agreement for 
this very crude model is obtained. 


C. Comparison with Other Measurements 


Values of Ap obtained from the present high- 
temperature measurements are shown in Fig. 4. 
Method II was used in extending p,;(T), and the sup- 
posed difference has been reduced by a factor (1.12) 
for Matthiessen rule deviations.** The data are well 
fitted by the relation 


Ap= (4.410 ohm-cm) exp(—0.77 ev/kT). 


The value of formation energy, E’=0.77 ev, derived 
from the present data is in good agreement with the 
corresponding value of E’=0.76 ev derived in the 
preceding paper’ from the measurements of the total 
concentration of vacancy-type defects. This result 
appears quite consistent with our discussion and use 
of Eq. (6). This value added to the monovacancy 
motion energy of 0.65 ev measured in high purity 
quenched material” yields a value 1.42 ev for the 
energy of self-diffusion by this defect mechanism. This 
is in satisfactory agreement with the value 1.4+0.1 ev 
given by nuclear magnetic resonance techniques” and 
with the value 1.43+0.08 ev obtained from a semi- 
empirical analysis of alloy diffusion data.” 

We note that the entropy of formation cannot be 
obtained from the present data but can be derived 
unambiguously only from direct measurements of 
defect concentration.' 

* J. J. Spokas and C. P. Slichter, Phys. Rev. 113, 1462 (1959) 
* A. S. Nowick, J. Appl. Phys. 22, 1182 (1951) 
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There is considerable interest in comparing the 
present derived values of Ap with values of Ap obtained 
in quenching work under different conditions and for 
prequenching temperatures as low as 530°K. Also 
shown in Fig. 4 are values of the residual resistance 
added by quenching, according to various investiga- 
tors.%".@ Tt is evident that while at the lowest 
temperatures all the quenching investigations appear 
to give nearly the same value of E’, within the respective 
stated probable errors, the values of Ap at a given 
temperature vary over a broad range. Further, the 
present p;(7) values estimated at high temperatures 
from the various extrapolation methods lead to an 
even larger Ap. Some difficulty is therefore encountered 
in comparing the Ap and F values derived from the 
present data with the values from the quenching work. 

Possible contributions to these discrepancies are of 
three types. They are (1) failure of quenching methods 
to retain the entire equilibrium concentrations of 
defects, (2) the presence of an appreciable divacancy 
contribution to the present p(T) values at the highest 
temperatures, and (3) systematic error in the estimation 
of p;(T).t We consider these in turn. 

It is evident that the equilibrium defect concentra- 
tions may not be retained because faster quenching 
rates usually produce a larger Ap from a given pre- 
quenching temperature. Bradshaw and Pearson“ obtain 
an increase in Ap of about 65%, with quenching rates 
near 3X10* deg/sec, over that reported by Panseri 
and Federighi® at lower rates. Coupled with the larger 
Ap is a higher temperature, 7,,, above which apparent 
loss of defects during quenching begins to occur as 
indicated by curvature in the logAp versus T~ relation. 
An analysis of this phenomenon in terms of the energy 
of motion of the defects has been published.“ On the 
other hand, while the 7.,c%320°C of DeSorbo and 
Turnbull” is lower than the 7,,~~470°C of Bradshaw 
and Pearson,“ as expected from their lower initial 
quenching rate of about 8X10* deg/sec,“ their Ap is 
higher by 40%. Variations in sample purity would not 
appear to be responsible because DeSorbo and Turnbull 
obtain similar Ap values for material having residual 


“| F. J. Bradshaw and S. Pearson, Phil. Mag. 2, 570 (1957). 

“C. Panseri and T. Federighi, Phil. Mag. 3, 1223 (1958). 

t An additional contribution which is probably smaller, but 
still worth mentioning, is a decrease in quenched resistivity due 
to non-equilibrium vacancy aggregation occurring during or 
directly after quenching. 

* F. J. Bradshaw and S. Pearson, Phil. Mag. 1, 812 (1956). 

“1D. Turnbull (private communication). 
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resistivity ratios of 800" and 4200. A similar result 
is obtained for high chemical impurity concentrations 
in platinum.” The cause of the apparent agreement in 
F/ values for different quenching rates remains obscure. 
A definite conclusion is that a given quenching tech- 
nique cannot be assumed to retain the equilibrium 
concentration of defects simply because it gives a 
satisfactory EF value. 

Our preceding work’ indicates that at the pre- 
quenching temperatures of the recent quenching work™ 
only monovacancies were present, whereas there may 
be a significant divacancy contribution to the present 
high temperature equilibrium measurements. From 
calculations as in reference 1 we conclude that the 
value E/ for monovacancies derived from the present 
resistivity data may actually be reduced to about 
0.75 ev if the divacancy binding energy, G,2”, is as 
large as 0.25 ev. This E,,/ value is seen to agree within 
expected experimental error with other values. Further, 
the divacancy contribution at the melting point to 
resistivity for G,."=0.25 ev would be 


[ 2cv2 (Coit 2Co2 l(p — pi (1.12)c~0.05 
pwohm-cm or about § of the discrepancy. 

Lattice anharmonicity, or other electron-lattice type 
contribution which is volume or temperature dependent, 
might enter in a progressive way at temperatures 
above about 600°K and thus defy direct experimental 
detection. The values of p;(7) as estimated in Sec. IV A 
might therefore be too small and the derived Ap be too 
large. An upper limit to such effects can be firmly 
established. They are less than about 4 wohm-cm at 
the melting point from the extreme assumptions that 
the divacancy concentration is negligible at high 
temperature and that DeSorbo and Turnbull retain all 
the vacancies present at the prequenching temperature 
The crudely estimated limit on extrapolation error 
obtained at the end of Sec. IV A corresponds to about 
4 of the discrepancy. 

In aluminum the disagreement between equilibrium 
measurements and the more recent quenching work is 
not large, and can probably be ascribed to a combination 
of the above factors. 
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Electron spin-lattice relaxation in phosphorus-doped silicon has 
been investigated over a magnetic field range of 0 to 11000 
oersteds, a temperature range of 1.25°K to 4.2°K, and a concen 
tration range of 10“ P/cc to 3X10" P/cc. Three distinct 
73(Ams=+1, Am;=0) relaxation mechanisms have been identi 
fed, and their functional dependences on magnetic field, tem 
perature, and concentration have been determined. These mecha 
nisms are characterized as follows: (a) (1/rs)(H*,T) is concen 
tration independent, and has an H‘ and T dependence. At 3000 
oersteds and 1.25°K, (1/rs)(H*,T) = (2.634%0.10) K 10-* sec™. (b) 
(1/rs)(7") is independent of concentration and magnetic field, 
and has a 7” dependence. At 2.00°K, 1/rs(77) = (1.65+0.15) 
X10 sec. (c) (1/rs)(conc.) depends linearly on concentration 
for concentrations below 10'* P/cc, and has approximately an 
H~ and T dependence. At 3000 oersteds and 1.25°K, 1/rs(conc.) 
for a 4X10" P/cc sample is 3.30.4 10~ sec. In addition to 
these three rs mechanisms, the horizontal relaxation modes 
(Am; = +1, Ams =0, +1, ¥1) were investigated. 1/rx(Am;=+1, 
Ams = #1) at 2.16°K is independent of concentration and mag 
netic field, and between 2.16°K and 4.2°K, has a 7** temperature 
dependence; all of which strongly suggests a dominant Raman 
process in this temperature region. At 2.16°K, rx=3.0+04 


I. INTRODUCTION 


HE spins of the paramagnetic electrons associated 

with phosphorus impurities in silicon' can relax 
from a nonequilibrium distribution by many mecha- 
nisms. In this paper, the various spin-lattice relaxation 
mechanisms are separated out, the properties of each 
of the mechanisms are determined, and the theoretical! 
origins of the mechanisms are discussed. The results 
shed light on the general magnetic moment-phonon 
interaction problem, and elucidate some important 
properties of the silicon host crystal as well. 

The experiments consist mostly of measurements of 
the electron spin-lattice relaxation times at various 
magnetic fields and temperatures.? From an experi- 
mental point of view, impurity-doped silicon lends 
itself to a thorough study of electron paramagnetic 
relaxation at low temperatures (liquid helium) because 
of the very long relaxation times encountered. This 
feature enables one to measure magnetic field 
dependence over a very large range of magnetic fields 
with a single frequency paramagnetic resonance 
equipment. As it turns out, X-band (about 9000 
megacycles/sec) is very suitable and has been used 

es any in part by the Air Force Office of Scientific 
Research. 

t Now at International Business Machines Research Labora 
tories, Poughkeepsie, New York. 

: _ resonance of group V donors in silicon was first observed 
by Fletcher, Yager, Pearson, Holden, Read, and Merritt, Phys 
Rev. 94, 1392 (1954). 

? Preliminary accounts of some aspects of the present work were 
reported in: (a) A. Honig and E. Stupp, Phys. Rev. Letters 


1, 275, (1958); (b) E. Stupp and A. Honig, Bull. Am. Phys. Soc. 4, 
261 (1958). 


hours. At 1.25°K, the magnetic field dependence of the horizontal 
modes was measured. The large errors (associated with the very 
long times involved) make it difficult to ascertain the dominant 
mechanism here. However, our results are not consistent with a 
quadratic magnetic field dependence of 1/rx. At low magnetic 
fields, concentration dependent ry(Am;= +1, Amg=0) and rx 
mechanisms arise, due to an admixture of states which allows 
1/rg(conc.) also to induce 1/ry and 1/ryx transitions. When all 
the preceding mechanisms are properly superposed, their resultant 
agrees well with the experimental relaxation probabilities, except 
for a small discrepancy which shows up for dilute samples at 
1.25°K. This discrepancy (~210~* sec at 1.25°K) can be 
accounted for by introducing another mechanism. There is some 
indication that this mechanism is associated with the amount of 
compensation. 

The theoretical origins of the mechanisms are discussed. A 
theory is proposed to explain the concentration dependent rs 
mechanism, according to which rapidly relaxing close pairs of 
phosphorus atoms, which are few in number, relax the spins of the 
large number of isolated phosphorus atoms via a spin diffusion 
process. Experiments supporting this hypothesis are presented. 


throughout this study. The magnetic field range we 
have investigated is from 0 to 11 000 oersteds, and the 
temperature range is from 1.2°K to 4.2°K. Phosphorus 
concentrations ranged from 10" P/cc to 3X10'* P/cc. 
Minority impurity concentration (compensation) was 
also varied. The choice of phosphorus as the donor 
impurity eliminates the possibility of nuclear quad- 
rupole relaxation effects, since the nuclear spin of 
phosphorus is 4. 
Modes of spin relaxation involving solely spin-spin 
(no phonon) interactions, and those involving electron 
, exchange between bound and conduction electrons are 
not treated in this paper, but are reserved for two 
subsequent reports dealing, respectively, with each of 
these aspects. In point of fact, the electron exchange 
mechanism investigation was in good part responsible 
for the success of the present studies. For a long time, 
it was not possible to clarify the relaxation picture, or 
to get any kind of agreement with theoretical expec- 
tations for thermal relaxation processes.’ Then it was 
shown that a background photon flux arising from the 
room temperature black body radiation of the wave- 
guide components was incident on the sample.‘ This 
infrared radiation photoionized the phosphorus im- 
purities, and the resulting electrons in the conduction 
band gave rise to the dominant relaxation mechanism 
at the low temperatures. It was only after this source 
of relaxation was removed that the thermal relaxation 


* Pines, Bardeen, and Slichter, Phys. Rev. 106, 489 (1957). 


*A. Honig, Proceedings of the Kamerlingh-Onnes Memorial 
Conference on Low-Temperature Physics, Leidin, Holland, 1958 
[Physica 24, 1635 (1958)] 
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processes became accessible to direct measurement and 
interpretation 


Il. ENERGY LEVELS AND EIGENFUNCTIONS OF A 
PHOSPHORUS ATOM IN A MAGNETIC FIELD 


The Hamiltonian representing magnetic interactions 
for an isolated atom in an external magnetic field Hy 
is given by 


HK gsuod -Ho+gruol-Ho+Al-J, (1) 


where #1, #J are, respectively, the total angular mo- 
menta of the nucleus and electrons; gy, gy are, respec- 
tively, the nuclear and electronic g factors in terms of 
the Bohr magneton yo (g positive for a negative mag- 
netic moment according to molecular beam usage), and 
A is the hyperfine interaction constant. 

For an atom whose electronic ground state is 2S), as 
is approximately the case for a phosphorus atom in 
silicon, the hyperfine interaction constant A is given 
by the well known Fermi formula 


16 
Tuy 


; 


5 


¥(0) 7, (2) 


where |y¥(0) |* is the probability of finding the s electron 
at the center of the nucleus. 

The energy levels associated with this Hamiltonian 
are given by the Breit-Rabi formula. In the case of 
phosphorus, whose nuclear spin J 
reduce to 


4, the energy levels 


Mir -t My )X 


(2mrms;+m s—m,+}) 


, 


States labelled with high-field 


x [1+ 2(m:+ms)x+2° 


ier Bs oll y A 
quantum numbers 


In Fig. 1, Eq. (3) is plotted for the case of a phosphorus 
atom in silicon. The magnetic moment of phosphorus 
is positive (gy negative). 

The true eigenstates @(m;,m,) are linear cornbina- 
tions of the eigenstates ¥(m;,m,) of the strong field 
Hamiltonian, i.e., Eq. (1) without the AI-J term. Thus 


d(m,,mz) = Amz .my(mr,my 


mo=iy(mre1,my#F1), (4) 


where the restriction that different (m;+m,) states 
cannot be mixed follows from the fact that AI-J is 


diagonal in mr=(m;+m,). The a and b coefficients® 


5 See, for example, H Phys. Rev. 101, 623 (1956). 
He obtains a and 6 in the F, mp representation, from which it is 
simple to get our Eq. (5 
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are given by 


(my .my 


bmy + 1m 
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where x has the definition given in Eq. (3). The only 


two states that are mixed in our case are the (m;=}4, 

m s= —4) and the (m, bm, 
The Hamiltonian in Eq. (1 

phorus atom in an external laboratory magnetic field 


states 


is for an isolated phos- 


Hy. However, the presence of magnetic neighboring 
atoms and nuclei contributes to the total Hamiltonian. 
This contribution can be taken into account by adding 
to the Hamiltonian of the ith phosphorus atom [Eq 
(1) ] the following terms 


neighboring atoms 
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and the second and third terms give the dipolar inter- 
actions with the Si* nuclei and with the other electrons 
associated with neighboring impurity The 
averaging in the brackets in the summations is 
performed over 7,;. The inhomogeneous broadening of 
the resonances and the energy level widths are described 
by this Hamiltonian. 


sites. 


III. RELAXATION MODES, TIMES, 
AND PROBABILITIES 


If we choose a particular external magnetic field, the 
four energy levels given in Eq. (3) can be conveniently 
represented by the arrangement at the right in Fig. 1. 
The various modes of relaxation possible for this system 
are shown in Fig. 2. We follow the notation of Pines, 
Bardeen, and Slichter*® (hereafter referred to as PBS) 
in designating 7x and rs. In high fields the subscript X 
stands for “cross relaxation” (simultaneous electron 
and nuclear spin flips in opposite senses), and the 
subscript S refers to “direct or vertical relaxation” 
(electron spin flip only). In weak fields, the significance 
of the parenthetic description no longer remains; 
nevertheless, relaxation between the levels at low fields 
will be denoted with the same subscripts as for the 
corresponding high-field levels. The ry and rx, desig- 
nations are, for the high-field case, associated with a 
nuclear spin flip only and with simultaneous electron 
and nuclear spin flips in the same sense, respectively. 
Again, in low fields, we keep the notation even though 
the descriptive terminology is no longer meaningful. 
We will also use the term “horizontal relaxation modes”’ 
in referring to rx, rx, and ry (in each, Am;=+1). 
We summarize the selection rules associated with the 
various modes of relaxation in terms of high-field 
quantum numbers: 


ts: Ams=+1, 
tx: Ams=+1, 


Am;=0, 

Am,;=¥ 1, 
Am;= +1, 

Am,;= +1. 


tx: Ams=0, 
tx:: Ams=+1, 


For certain experiments, it is necessary to make a 
further distinction for horizontal relaxation modes 
associated with the Si” hyperfine interaction, but for 
our present purposes, these may be neglected. It should 
be noted that there may be several concurrently acting 
mechanisms for each of the modes of relaxation distin- 
guished above, and that the subscripts do not refer to 
specific mechanisms but rather to any mechanism(s) 
with the selection rules denoted above. 

rhe relaxation time 7 is the time constant which 
appears in the expression for the simple exponential 
approach to Boltzmann equilibrium of the population 
differences between levels. We wish now to relate the 
r’s to relaxation probabilities, which we denote by 
2W s, 2Wx, 2Wx-, 2Ww. Consider two levels, a and 3, 
of energy E, and E;. Then for a given spin-lattice 
coupling mechanism, one can calculate the transition 


RELAXATION IN 
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F1G. 2. Spin-lattice 
relaxation modes for Ts 
a phosphorus atom 
in silicon. 
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probabilities W.., and Wy. induced by the lattice. 
When these transition probabilities arise from inter- 
action with a reservoir which remains always in thermal 
equilibrium, the relation 

W ce/Weos=erF/'t (7) 


holds, where AE= E,— E,. It is convenient to define a 
quantity W as the geometric mean of W,,, and 
Wao» Then Wiie=W exp(4k/2kT), and Ws 
=W exp(—AE/2kT). In terms of the transition 
probabilities, the familiar dynamic equations 
ha= — Wasttat W veats 

We SE /2kT 
tie= W ostta— Wr.atr 

W eB l2et Ne We' SE/2kT) 


Nat Wek itty, 
(8) 


result, where m, and m», represent the populations of 
levels a and 0, respectively. Defining n=n,—m,, and 
V=n,+n», one readily obtains the equation 

n= 2WN sinh(AE/2kT) —2Wn cosh(AE/2kT), 


whose solution is 


(8a) 


nit)—n\ & ) 
eh(Sk/2kT jt) (9) 


n(O 


n(x) 


The relaxation to equilibrium is seen to be governed by 
the relaxation lime r, which from Eq. (9) is given by 

r=[2W cosh(AE/2kT) }". (10) 
The equilibrium value of m(/), denoted by n(), is 
given by 


Now ) 


N tanh(AE/2kT). (11) 
r is the quantity we measure experimentally, whereas 
the relaxation probability 2W is the quantity in terms 
of which our results are interpreted. We note that if 
several mechanisms simu!taneously contribute to the 
relaxation between two given levels, the 2W’s are 
additive. When more than two levels are involved, a 
simple exponential does not in general describe the 
approach to equilibrium. A convenient way to represent 
the differential equations when many levels are involved 
is in matrix form.* For example, in phosphorus-doped 


*J. W. Culvahouse and F. M. Pipkin, Phys. Rev. 109, 319 
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AND E. 


STUPP 


silicon, where the levels indicated in Fig. 1 approach equilibrium via the modes listed above, we get: 


tie Ny _ (W sa'+W xa'+ Ww) 


vn| -- (W sai+W x-a'+W wy) Ww 
| 


e W sai 
| 


rhs W xa! 


| 





J 


where a=el®r 2a /kTwemoHlkT) = and (£,;—E2) and 
(E;— E,) are taken ~0, which is a good approximation 
in all of our applications. When the various modes of 
relaxation are of comparable magnitudes, the solution 
of Eq. (12) requires the extensive use of a computer. 
However, when one mode is predominant, a near 
exponential relaxation occurs, and the equations can be 
solved approximately in a simple manner. In the case of 
phosphorus-doped silicon, it will be seen that we can 
separately deduce from the experiments the times 
associated with the horizontal relaxation modes, and 
that in all but a few cases, Whoriz. modes < 4W s. Thus, we 
can utilize an approximately exponential solution of 
the relaxation equations to determine Ws without 
resorting to machine computation, and small corrections 
due to Whoriz. modes Can be added. Also, in determining 
the constituents of the horizontal modes, quantitative 
conclusions can be made without machine computation. 


IV. EXPERIMENTAL TECHNIQUES FOR MEASURING 
RELAXATION TIMES 


A. Generalities 


To observe the resonances of inhomogeneously 
broadened lines when the spin-lattice and spin-spin 
relaxation times are long, it is usually convenient to 
observe adiabatic rapid passage on the dispersion mode. 
One can in this way obtain large signals at ordinary 
microwave powers, and a field modulation and narrow 
band detection scheme can be profitably employed. 
Under these conditions, the signal amplitude will 
depend upon experimental parameters such as micro- 
wave power, dc magnetic field sweep rate, and modu- 
lating magnetic field frequency and amplitude in a 
fairly complicated manner. However, if these factors 
are held constant, reproducible signal amplitudes, 
which are proportional to the population differences 
between the energy levels under consideration, can be 
obtained over fairly long time periods (order of hours) 
to within about 3%. The dispersion mode can be 
observed either by unbalancing the phase in the 
bucking arm of a microwave bridge, or by tuning the 


Wx: 


(-" +W x 
a! 


(12) 


klystron to the side of the resonant cavity mode. This 
latter technique was generally used since better con- 
sistency of the signal amplitude could be maintained. 
A modulation frequency of about 850 cps was used, 
and the amplitude of the modulating field was kept 
below 0.5 oersted. The microwave power used was 
such that the adiabatic condition was approximately 
satisfied. 


B. <5 Measurements 


For the high-field measurements (greater than 1500 
oersteds), the method used to measure rs was straight- 
forward. The populations of the levels under considera- 
tion were equalized by traversing the resonance many 
times, using high-modulation field amplitude, until the 
fast passage signal had disappeared. The growth of the 
population difference was then observed for various 
values of elapsed time, /. rs results immediately from 
the semilog plot of (n(t)—ni 2) ] 
[n(0)—n(«)] vs t, as is evident from Eq. (9). The 
fact that all resonances are measured at 3000 aersteds 
introduces negligible, or at least 
because the relaxation time 
long compared to the time needed to take a measure- 
ment. (0) and n(t) are of course easily measured, but 
the equilibrium value of ”, n(x), which appears in the 
quantity to be plotted, can be a problem for very long 
relaxation times such as are encountered in our experi- 


slope on a 


a correctable, error 
3000 oersteds, 73000, is 


ments (sometimes exceeding 10° seconds). To be sure, 
the relaxation time 7 can be obtained without direct 
knowledge of n(~), but the accuracy is severely 
limited, and with an amplitude reproducibility of 
~3% of which our equipment is capable, it would be 
necessary to wait a time of the order of 7/2 to obtain 
sufficient departure from linear growth in order to 
measure 7 to a precision of about 15%. Naturally, the 
longer one waits, the better would be the accuracy. On 
the other hand, if () is known, a fair value of the 
relaxation time for very short elapsed times can be 
obtained ; the limit on how small a time can be used is 





ELECTRON SPIN-LATTICE 
imposed principally’ by signal to noise considerations. 
We have measured some of the relaxation times to 10% 
accuracy in elapsed times of ~7/10. To obtain n(@), 
advantage is taken of the relatively short relaxation 
times encountered at high fields. In all samples, at 
10 000 oersteds, 710 00 is less than 7 minutes. Thus 
n(«) at 10000 oersteds and 119 990 can be measured 
carefully once. This done, m(~) at any field can be 
calibrated using Eq. (11). As an example of the pro- 
cedure, suppose one requires the full amplitude n(@ ) 
at 1000 oersteds which we denote by ( ),000. The 
signal amplitude after a 180 second wait at 10 000 
oersteds is first measured. Call this signal 2(180);0 oo», 
where a proportionality factor between signal amplitude 
and » is understood. (This proportionality factor 
cancels in the final result.) The full amplitude signal 
at 10000 oersteds is given by 


n( © )10 000 = #(180)10 o00( 1 — 71/710 900)—1, 
Then from Eq. (11), we get 


n( © )1990= 2#(180) 10 oo0(1 — ¢ 180/710 000)! 


tanh[ (u/&T) X 1000 } 


tanh[ (u kT) 10 000) 


The validity of this procedure was checked experi- 
mentally. 

The low-field +s measurements are made in es- 
sentially the same way, except that decay of a known 
amount of magnetization accumulated at high field is 
measured as a function of time spent at the low fields. 
In this way, good signal to noise ratios are always 
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Fic. 3. Semilogarithmic plot illustrating the equivalence of 
the signal growth and the signal decay techniques for measur- 
ing relaxation time. 


7In some samples, a few percent of the total number of spins 
relax faster than the main body of spins, and short time relaxation 
determinations can lead to large errors in r. 
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Fic. 4. Determination of the dominant mode of relaxation: (a) 
If rs, after waiting a given time after equalization of all levels, 
both signals are proportional to 24. (b) After waiting same time 
and then saturating forbidden transition, signal is reduced by a 
factor of 2. If rx were dominant, signal would be zero in (b). 


obtained, even at the lowest fields. Between 1500 and 
3500 oersteds, the two methods (growth and decay) 
were checked against each other and agreed well. In 
Fig. 3, we plot on the same semilog graph the growth 
and decay functions against time for one of the samples. 

In a four level system such as we have here, the 
procedure just described could yield misleading results 
if rx, rather than 7s, were the dominant relaxation 
mechanism. There are several ways to be certain that 
we are dealing with rs and not rx. One way is to carry 
out measurements for times t~7r. If n( )ao is calcu- 
lated as indicated above, a straight line on a semilog 
plot will be obtained only if rs is dominant. Under a 
pure rx, a straight line would be obtained only if n( ) 
were set equal to one-half the value calculated according 
to the above prescription. Another method would be to 
measure tx separately (see next paragraph). A third 
method, and one we have frequently employed, is 
described in the following. One waits a certain time 
after saturation to build up a difference of population 
between the upper and lower states. Then the guide is 
rotated approximately 45° so that the microwave H 
field has a component along the direction of the static 
magnetic field Hy and the (m;= 4, my = —4)«>(m;= —}, 
m,=-+-4) transition is saturated. This is the so-called 
forbidden transition, for which Jeffries* had demon- 
strated that a sufficiently large microwave magnetic 
field along Hy» could induce transitions. The transitions 
result because of the admixture of (m;,m,) and (m;+1, 
m,*1) states due to hyperfine interaction, as indicated 
in Eqs. (4) and (5). Subsequent to this saturation of the 
forbidden transition the guide is rotated back to its 
normal position and the signal intensities are measured. 
Figure 4 illustrates the consequences of the above 
operations when rs is the only relaxation mode present. 
The resonances are seen to be equal in size, and have 
half the amplitude they would normally have if the 


*C. D. Jeffries, Phys. Rev. 106, 164 (1957). 
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had not been saturated. It is 
readily apparent that if rx rather than rs were the 
only relaxation mode, the above operations would 
result in signals of zero amplitude. Intermediate cases 
(mixed rs and rx 


forbidden transition 


can also be analyzed in this manner. 
In the early experiments, double resonance was em- 
ployed to analyze the relaxation modes, but infrared 
leakage through the slit in the 
additional relaxation mechanism,‘ and subsequently, 


] 


cavity’ caused an 


the procedure utilizing the forbidden transitions was 
employed with unslit cavities on all samples. , 
\ 
C. tx, tx, and ty Measurements 


and Tn are treated together in this 
section because the experiments of necessity involve 


The TX, TX’, 


combinations of these modes. Two methods were used 
to determine these horizontal relaxation (Am;=+1, 
Ams=0, +1, *1) modes. Each method yields a 
characteristic time and a steady state population 
situation which depend differently on rx, 7x, and ry. 
Thus, the two methods complement each other, and 
enable one to obtain information on the relative im- 
portances of rx, Tx, and ry. 

The first 
applied to discrete hyperfine lines. 


Overhauser effect 
It has previously 
been employed by Pipkin®: and Feher" to measure ry. 
A brief description of our version follows. Levels 1 «> 4 
and 2+ 3 (see Fig. 1) are saturated quasi-continuously 
by sweeping through both lines at a rate such that the 
sweep period is short compared to both TX and rs. For 
the moment, let us assume rx is the only horizontal 
relaxation mode present. At /=0, m= n.=n3= y= N/4. 
At t= ©, m4/n2=exp| (E,.—E,)/kT ), where this differ- 
ence in population is brought about by the 7x relaxation 


method utilizes the 


mode. The approach to equilibrium is exponential with 
a characteristic time (27x).!* Observation of (24—2) is 
made by turning off the saturating power for the vertical 
levels, rotating the guide and saturating levels 2 <> 4, 
and finally rotating the guide back to its normal position 
and measuring the resonance signals. The signals are 
equal in magnitude, and both are inverted. Each signal 
is proportional to 4(4— 2), and 7x is obtained from the 
formula (m4—m2)= (NV /2) tanh(uH/kT)(1—e~'*x). The 
method differs from that used by Feher in that he used 
double resonance rather than the “forbidden transition”’ 
to make (#4—m2) observable. The experimental limi- 
tation of the method is that the rx determination is 
restricted to the magnetic field value corresponding to 
which is determined by the operating 
frequency of the spectrometer. This is so because of the 


resonance, 


* The slit in the cavity is required to permit the radio-frequency 
magnetic field to penetrate to the sample 

® Francis M. Pipkin, Phys. Rev. 112, 935 (1958) 

1G. Feher, Proceedings of the Kamerlingh-Onnes Memorial 
Conference on Low-Temperature Physics, Leiden, Holland, 1958 
[Physica 24, 805 (1958) ] 

2 The characteristic time is 2rx, rather than rx, because the 
number of spins transferred via rx has to be shared between the 
vertical levels 
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dy 


requirement of keeping levels 1«>4 and 2<+3 
urated.'* Also, to use the method, 7 
the order of a minute so tha 


Sal- 
must be at least of 
t the populations do not 
change much while saturating the forbidden transitions. 


The double resonance method is somewhat faster in 


this respect, but still requires a rs of at least 10 seconds. 


have illustrat i 
assumed to be the only horizontal 
importance. If we now introduc« 
that Eq. (12) governs the dynami 
provided Ws/a' and W sa! 
equation are replaced by W,,, W.+ is the transi- 
tion rate produced by the saturating microwave field. 
If W.5>W x, Wx, and Wy, Eq. (12 
solution 


So far, we method when ry is 
relaxation mode of 
and ry, we find 
of the relaxation 
which appear in that 


W } ere 


has the simple 


(N4— M2) (t)- 


(N4— M2) (0) 


where 
(M4— Neo) 


sinh 


pl k] 
cosh(wH/kT)+2V 


In the usual « 
and 


(M4 - te 


Thus, from Eq. (15), it is seen that if one could wait 
long enough and determine (my—m.)(~), all the W’s 
could be separated out. As 1.25°K this 
is not feasibl the times involved are of the order 
of days. On the other hand, if one waits times 
compared to | (Wx+H osh(wH/kT)+2W y | 
if cosh (uH/kT)™1 as is approximately the case 
Overhauser data, the: 


happens, at 
since 
short 
and 


tor our 


(t4— M2) (t)—~(N/2 


nh(wH/kT)(V W x 


+-2W w)(t/2 (16 


Since the values of Wx, "xy, and Wy are 
unknown, the easiest interpret the 
mental results is to express Eq. (16 


mostly 


exper! 
n the form 


(ng— ne) (t)™~(.N/2) sinh(uH/k7 é ss 


where “2W” is the relaxation probability 
deduced taken of the reduced 
steady state population difference exhibited in Eq. (15 

It is still 


understood that ¢ is short 


apparent 
when no a 
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8 It is possible, when rs is very long, to maintain the quasi 


continuous saturation at fields other than the 
by field cycling techni 
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((Wx+Wx-) cosh(uH/kT)+2Ww}". From (16) and 
(17), 


“2W” (Overhauser)~‘1/7” (Overhauser) 


~(Wx-W» )[1—-(Wx+Wy)t}, (18) 


and (Wx—Wyx-) can be obtained directly from the 
experiments when ¢ is small. An indication of the 
magnitude of (Wyx-4+-Wy) can also be obtained when 
the measurements are of sufficient accuracy. It should 
be mentioned here that care must be exercised in 
saturating the vertical transitions in order to assure a 
sufficiently small accompanying transition rate for the 
forbidden transition. Otherwise, inducing the forbidden 
transition contributes the same effect as a Wy. The 
microwave H field used to saturate the vertical transi- 
tions should be just large enough to maintain the near 
equality of the populations of the vertical levels and 
the waveguide should be carefully oriented. so as to 
minimize the component of the microwave H field in 
the direction of the static field H». Taking these pre- 
cautions, we estimate that an artificial ry of this type 
of about 500 hours is still present at 1.25°K. If it were 
shorter than this by a factor of 10, it would have been 
necessary to take considerable trouble to avoid com- 
pletely the forbidden transition. 

The second method for determining horizontal re- 
laxation modes consists simply of polarizing the nuclei 
into a given mr, state," and then waiting at various 
values of the magnetic field and temperature. The 
depolarization due to the rx, rx’, and ry relaxation is 
obtained by measuring the ratio of the amplitudes of 
the two resonance lines. This method has the advantage 
that for sufficiently long horizontal relaxation times 
(order of at least several minutes at 3000 oersteds), the 
relaxation times can be measured throughout the 
entire magnetic field range using a single frequency spec- 
trometer, since all measurements are made at 3000 oer- 
steds. The waiting and attendant depolarizing can, of 
course, occur at any magnetic field. 

The analysis of this situation is again simple provided 
Ws>Wx, Wx and Wy. The quantity of interest is 
[(m2+m3)— (m:+,) }(1), for which the following ex- 
pression is derived : 


[ (m2+-ms) — (y+) } (2) 


[ (n2+m3) — (+14) }(0) 


WxtWy 


~exp| | alo 
cosh(uH/kT) 


Thus, the experimentally observed quantity 
[ (me-+n3)— (my+m,) }(t) f [ (nm2+n3)— (my+4) }(0) 


“ The method of polarization is that of Jeffries (see reference 8) 
In Sec. IVB of this paper, the description of the technique used 
for determining the dominant relaxation mode is identical to the 
polarizing technique. Nuclear polarization exceeding 30% is easily 
obtained by two successive applications of the method at 1.25°K 
and 10000 oersteds 
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F'1G. 5. Logarithmic plot of the relaxation probability 2W asa 
function of magnetic field for a few samples. 


decays exponentially to zero with a characteristic time 
Wxt+Wy ‘fn 
r(dec ay)= : +2Wy . 


coshuH /kT 
From Eqs. (18) and (20), it can be seen that at moderate 
magnetic fields where coshuH/kT™1, the horizontal 
relaxation associated with decay always appears faster 
than the horizontal relaxation associated with the 
Overhauser method. The difference between them is 
~2(Wx+Wwy). 

The method of decay can also be extended to high 
temperatures where the Boltzmann factor is small. 
For a horizontal relaxation time measurement at 
4.2°K, the nuclei were polarized at 1.25°K, and then 
the helium bath was quickly raised to 4.2° by means of 
a heating coil placed at the bottom of the helium bath. 
The depolarization at 4.2° was observed by monitoring 


(20) 


the ratio of the amplitudes of the two resonances as in 


the lower temperature measurements. 
V. EXPERIMENTAL RESULTS 


In Figs. 5 and 6, the magnetic field and temperature 
dependences of the relaxation probability are plotted 
on a log-log scale, for several samples. For most of the 
points, Wy<4Ws, and the growth or decay is closely 
exponential in time. For those few points where this is 
not true, the 2’ are calculated as if a simple ex 
ponential governed the relaxation, using experimental 
relaxing times much shorter than 7. From inspection 
of the data, three distinct mechanisms are immediately 
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Fic. 6. (a) Logarithmic plot of the relaxation probability 2W 
as a function of temperature. The magnetic field is 3400 oersteds. 
(b) Same plot for sample F after subtracting 2Ws(conc.), 
2Ws(H*,T) and contributions from the horizontal modes. 


evident, since one of the three clearly dominates in a 
unique field-temperature region. At high-magnetic 
fields, and at temperatures below about 2.5°K, we see 
a concentration independent mechanism whose re- 
laxation probability goes as H*, and approximately as T 
(Fig. 5). The small deviations for samples of different 
concentrations are due to the small contribution of a 
concentration dependent mechanism which persists even 
at strong magnetic fields. At temperatures above about 
2.5°K for the more concentrated samples, and through- 
out almost the entire temperature range for the dilute 
samples, we see another concentration independent 
mechanism (Fig. 6) whose principal identifying feature 
is that the relaxation probability depends very strongly 
on temperature.'® The actual dependence is slightly 
greater than the seventh power of temperature, but 
we will refer to this mechanism as the 77 mechanism. 
For this mechanism, no field dependence is evident 
within experimental error, as can be seen from the 
2.16°K curve of the low concentration samples (Fig. 5). 
The third mechanism dominates at low-magnetic fields 
and low temperatures (Fig. 5). Its principal feature is 
concentration dependence, and it is also characterized 
by a relaxation probability which depends approxi- 
mately on H-* and T. In addition to these three 
obviously discernible mechanisms, the horizontal re- 
laxation modes make a contribution to the resultant 
(experimental) relaxation probability. These are of 


1¢ G. Feher and E. A. Gere, Bull. Am. Phys. Soc. 3, 415 (1958), 
have independently reported on this mechanism. 
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small magnitude throughout the 
magnetic field range, i.e., they never dominate the 
relaxation picture. Since they can be determined 
separately, as was discussed in Sec. IVC, their contri- 
bution to the resultant relaxation probability can be 
taken into account. Indeed when these four mecha- 
nisms and modes are added together, they account for 
almost all the experimental points. However, in the 
region between 2000 and 3000 oersteds for the dilute 
samples at 1.25°K, a fifth mechanism is required. The 
1/7 associated with it is very long, about 2 10~- sec". 
It is not possible to determine this mechanism’s 
properties accurately since the errors associated with 
it are large. Nevertheless, it appears to be field in- 
dependent over a limited range (or at most have an H' 
dependence). Temperature dependence was not deter- 
mined because the 7’ mechanism so rapidly dominates 
as the temperature is raised above 1.25°K.'* There is 
some evidence which suggests that this mechanism may 


temperature and 


be associated with minority impurity concentration. 
An infrared photon leak‘ was ruled out as the cause 
of this small relaxation effect. 

We now examine more detailed features of each of 
the mechanisms. We first consider the temperature 
dependence of the H* mechanism. Measurements of 
relaxation taken at a high magnetic field value where 
the H* mechanism dominates are selected. The small 
contributions to the relaxation made by the concen- 
tration dependent mechanism and 77 mechanism are 
extrapolated to the high field and subtracted from the 
measured relaxation probability. (The horizontal modes 
produce less than a 1% effect and can be neglected 
here.) This leaves the relaxation probability associated 
solely with the H* mechanism, which we denote by 
2W s(H‘,T). It is well known that in a single phonon 
process, W emission = €*” /*7 (e%*#/#T—1)—-! and Wabeorption 
a (e*#/kT_1)—. Thus, from our definition of W given 
in Sec. I, Wae®/*?(eonitT-1), In Fig. 7, 
2W s(H',T) Xcosh(uH/kT)(=1/rs) is plotted against 
eH kT (ee /kT__1)—1>% coshuH/kT(=cothuH/kT). The 
reason for the factor coshuH/kT in the abscissa and 
ordinate is that Ws, being a geometric mean between 
the emission and absorption probabilities, vanishes at 
0°K, whereas 2Ws cosh(uH/kT), or 1/rs, does not 
vanish, and thus, we are able to illustrate the relaxation 
induced by the zero point vibrations in the type plot 
we have chosen. It is seen that a straight line is obtained, 
whose intercept at 0°K is a positive value. The value of 
the intercept should be numericaily equal to the slope 
if the first order phonon process indeed describes the 
temperature dependence, and this is seen to be the case. 

Varying the orientation of the samples with respect 
to the magnetic field direction produced no change 
outside of the experimental error (about 5%) in the 


16 At temperatures below 1.25°K, we should be able to obtain 
the temperature dependence of this mechanism. A liquid He? 
cooled paramagnetic resonance apparatus which is presently 
under construction will make this possible in the future 





ELECTRON SPIN-LATTICE RELAXATION IN P-DOPED Si 


TABLE I. List of samples used in this investigation and their type of crystal growth. 


Concentration of uncom 
Room temp pensated phosphorus 
Sample resistivity atoms* Crystal growth Remarks 


A 0.27 ohm-cm 3.5K 10'*/cx Czochralski DuPont silicon starting material 
(about 100 ohm-cm p-type) 
B 0.47 ohm-cm 1.710" Czochralski DuPont silicon starting material 
(about 100 ohm-cm p-type) 
( 0.65 ohm-cm 1.110" Czochralski DuPont silicon starting material 
(about 100 ohm-cm p-type) 
1.4 ohm-cm 4.2* 10" ' Floating zone High resistivity (about 1500 ohm-cm) 


Merck silicon starting material 
4.1 ohm-cm 1.3 10" Floating zone DuPont silicon starting material 
One premelt before crystal growth 
5.5 ohm-cm 1.0% 10" Floating zone High resistivity (about 1500 ohm-cm) 
Merck silicon starting material 
45-55 ohm-cm ~1x 10" Floating zone High resistivity (about 1500 ohm-cm) 
Merck silicon starting material 


* See reference 1° 


relaxation probability associated with the H* mecha- among the methods. The actual concentrations were 
nism. Thus we conciude that the H‘ first order phonon obtained from the resistivities, using the curve given 
relaxation mechanism is isotropic within the limits by Prince.” In Table I, we list some of the properties 
stated. of the samples we have used. Returning now to Fig. 8, 
The 7’ mechanism, which is concentration in- for concentrations above about 10'* P/cc, we see the 
dependent and field independent, suggests a Raman, onset of the rapid increase of 2W s(conc.) with concen- 
i.e., two phonon, type process. From the curve of tration.” Below 10'* P/cc, 2W s(conc.) falls off approxi- 
Fig. 6(a), it is clear that the Raman relaxation domi- mately linearly with concentration, sample EZ providing 
nates at 3000 oersteds for the dilute samples down to an exception. Sample Z, however, was grown from 
about 2.0°K. When the H* mechanism and horizontal about 100 ohm-cm Dupont silicon (Table I) and was 
modes are subtracted off for one of the dilute samples, premelted in a crucible. It is therefore quite likely to 
as in Fig. 6(b), the 77 Raman mechanism can be have a high-percentage compensation. It is this sample 
followed throughout the temperature range. The which leads us to suspect that minority impurity 
exponent of the temperature is 7.5+0.3 near 4.2°K, concentration is responsible for a separate relaxation 
and about 7 at 2.0°K. At 1.25°K, the deviation from mechanism. A relaxation measurement on sample EZ 
the 77 curve is due to the “fifth mechanism” described at 3000 oersteds supports this contention. The field 
above. The field dependence, or rather independence, dependence for this mechanism in sample £ is very 
of the Raman mechanism is seen in Fig. 5 for the dilute much like that encountered with the “fifth mechanism” 
samples, and has been demonstrated at higher tem- on the less compensated dilute samples. Since the 
peratures for more concentrated samples. The Raman : 
relaxation mechanism has been found to be independent 7 
of sample orientation within the experimental error. (mn 
The concentration dependent mechanism was seen 
in Fig. 5 to be predominant at high concentrations, 
low temperature, and low magnetic field. We denote the 
relaxation probability associated solely with the 
concentration dependent mechanism by 2Ws(conc.). 
2W s(conc.) is equal to the observed relaxation proba- 
bility minus the sum of the 2W’s connected with the 
H* and 7’ mechanisms, and the horizontal modes. 
In Fig. 8, 2W's(conc.) is plotted against concentration 
of neutral donors. The concentration of neutral (un- 
compensated) phosphorus donors was obtained from . , es 
four types of information : room temperature resistivity, Fv) 25 30 35 
signal strength in the paramagnetic resonance spec- coth (*%T) 
trometer, resonance amplitude associated with the FiG. 7. Single phonon process temperature dependence: Re- 
exchange line,’ and spin-spin relaxation rate.’* Good  ciprocal relaxation time of the H* mechanism [=2W,s(H‘+,T) 


4 - cae comcemtiations was ill XcoshuH/kT} plotted against coth(uH/kT){ =exp(uH/kT) 
agreement of relative concentrations was obtained [exp (ul /kT)—-1T*Xcosh (ul /kT)). 





17 Charles P. Slichter, Phys. Rev. 99, 479 (1955). — 
* A. Honig and E. Stupp, Bull. Am. Phys. Soc. 3, 9 (1958). ' M. B. Prince, Phys. Rev. 93, 1204 (1954). 
The concentration dependence has since been investigated * Feher, Fletcher, and Gere, Phys. Rev. 100, 1784 (1955). 
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Fic. 8. Logarithmic plot of the concentration 
dependence of 2Ws(conc.) at 200 oersteds. 


dilute samples come from similar starting material 
(Table I), an interpretation of the fifth mechanism 
as associated with minority impurity concentration is 
not inconsistent with our data. 

Figure 9 gives the temperature dependence of the 
concentration dependent relaxation probability for 
several samples at two values of the magnetic field. 
The relaxation probability depends nearly linearly on 
T, which suggests that a first order phonon process may 
be involved. In Fig. 10, we plot relaxation probability 
vs energy difference between levels rather than against 
magnetic field, and note that the parameter upon which 
the relaxation probability depends is not the value of 
the external magnetic field but rather the energy level 
separation. This is seen most strikingly at the low 
values of magnetic field, where, for a given value of the 
magnetic field, the energy differences between levels 
corresponding to the low field (1+«> 4) and high field 
(2«+3) resonance lines differ considerably, and as a 
consequence, the low-field and high-field lines relax at 
different rates. (In Fig. 5, to avoid confusion, the 
average relaxation rate of the high- and low-field lines 
was plotted against the magnetic field.) The relaxation 
probability was found to be isotropic for this 
mechanism. 

The 7horiz. modes Gata are summarized in Table II. 
We recall from Eq. (18) that the time of measurement 
enters into the interpretation of “r” (Overhauser). 
Hence, the waiting time ¢ for the measurement is also 
given in the table for the Overhauser measurements. 
It should be stressed at this point that both ‘“‘r”’ (Over- 


hauser) and +r (decay) are not themselves the hori- 
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‘ 
zontal relaxation times, but are just characteristic 
times for particular experimental procedures. Even in 
the simple case where Wx, and Wy are both zero, the 
conventional! cross relaxation time tx(~3Wy) 
be given by 3 ‘“‘r” (Overhauser) and by ~} 
from Eqs. (18) and (20). The physical reason for the 
one-half factor is given in footnote 12. 

The errors associated with these measurements are 
large due to the long times involved, the signal to 
noise ratio, and some small nuclear polarization effects 
probably associated with close pairs. Nevertheless, 


significant conclusions can be extracted from the data. 


would 
r (decay), 


1. The close agreement at 2.15°K between ‘“‘r” (Over- 
hauser) and r (decay) indicates that Wy is consider- 
ably greater than Wx or Wy. Using the results of Sec. 
IVC, we can state that at 2.16°K, 0<Wy-<~0.2Wx, 
0<Wy<~0.1W x. If Wx and Wy were equal to zero, 
rx(™~3W yx) would be equal io 3.0+0.4 hours. 


2. At 4.2°K, where we have only a 7 (decay) measure- 
ment, it is not immediately evident that Wy is the 
dominant mode. However, it would be very surprising 
if Wx, had a different temperature dependence from 
Wx, since Wx presumably arises from modulation of 
an anisotropic hyperfine interaction,” and Wy from 
modulation of the closely related isotropic hyperfine 
interaction. Since W x: is much less than Wy at 2.16°K, 
we therefore expect this will also be true at 4.2°K. 
As for Wy, if we use the result that it is less than 
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Fic. 9. Temperature dependence of the concentration 
dependent mechanism, plotted logarithmically 
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TaBLe II. Horizontal relaxation time r (decay) at various values of temperature and magnetic field. In one of the 3400 


“oy 


oersteds columns, ‘rt 


H 


Sample 


B (1.710) 


10 800 


C (1.1% 10%*) 


F (1X 10") 


Wx/10 at 2.16°K, it would require at least a tenth 
power dependence on temperature to dominate at 
4.2°K. This is highly unlikely. Thus it seems reasonable 
to assume that at 4.2°K, Wx dominates. In this case, 
T®* (the exponent is 6.5_9.6*°*) gives the temperature 
dependence of Wy between 4.2°K and 2.16°K. This 
temperature dependence suggests a Raman process. 
The magnetic field independence at 2.16°K 
further support. 


3. At 1.25°K, the ‘‘r”’ (Overhauser) and + (decay) on 
samples C and F at 3000 oersteds indicate that Wy is 
considerably greater than Wy. or Wy, since 7 (decay) 
is not very different from ‘‘r’’ (Overhauser). Using the 
analysis in Sec. IVC, we can say that O<Wy, 
<~0.2W x, and 0< Wy<~0.2W x. It also follows that 
rx exceeds ~16 hours, rx: is greater than ~ 80 hours, 
and ry exceeds ~ 80 hours. 


lends 


4. The rest of the 1.25° data at the various magnetic 
fields does not support a quadratic magnetic field 
dependence of the relaxation probability, as is predicted 
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Fic. 10. Logarithmic plot of the dependence of 2Ws(conc.) on 
the energy separation between states 1 and 4 (low-field line) and 
2 and 3 (high-field line). Pairs of points originate at the same 
magnetic field. For example, the low-field point at 222 Mc/sec 
and the high-field point at 104 Mc/sec both were obtained at 50 
oersteds. 


(Overhauser) is given; ¢ is the elapsed time for the measurement. 


oersteds) 


3400 (Overhauser) 55 


10+4 min 
5.7+1.3hr (¢=3 hr) 
38_<*” hr (¢=5 hr) 
6.0+0.8 hr (t= 5 hr) 


30.7" hr 10.5..%hr 2946 min 


40 10° ™ hr 


- 16.545 hr 
6.6+1.6 hr (f 


5 hr) 
=3 hr) 


by PBS* for a first order phonon rx mechanism. Our 
high field results appear incompatible with a rx of 
~5 hours at 1.2°K and 8000 oersteds, reported by 
Feher and Gere." 


5. At the fields (200 oersteds and below), a 
definitely concentration dependent mechanism enters 
into 7 (dec ay). The explanation of this mechanism is 
given in the next section. 


low 


VI. THEORETICAL MECHANISMS 


The discussion in this section deals with a few of the 
mechanisms have observed experimentally. We 
attempt to identify the theoretical origin of some of the 
mechanisms by comparing temperature, field, and 
concentration dependence and order of magnitude of 
the relaxation probability predicted by theory, with 
the experimental results. Exact calculations will not be 
made. 

The first relaxation mechanism about which we 
inquire is the first order phonon mechanism with the 
H* dependence. PBS* have made a calculation based 
on spin-orbit coupling, and employing the deformation 
potential method. They find that two terms contribute 
to the relaxation probability: 


we 


a (Wo boy, Ao, I, 


(21) 
(b) (EFa—Es (Wo ov.), 


where Yo, and Yo are the wave functions for a spin up 
and spin down electron, respectively, and £,,4 and 
by, are the change in total energy and wave function 
for a spin up electron, due to a dilation 4. Term (a) in 
Eq. (21) yields the relaxation probability given by PBS 


Ey wothkT 
Cg) im 
2rh’ps? 


2W *(r.0)°+(Ag)ai%9a?}, (22) 


where Agi..,. is the shift from the free electron g value 
associated with the impurity center, and Agg; is the 
shift in g associated with the silicon atoms. do is the 
Bohr radius, and 7, is the dipole matrix element for a 
transition from an mth excited state to the ground 
state. Actually, a high-temperature approximation was 
given in (22). The exact expression for 2W at low 
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temperature is: 


. + (Ag)s 79a¢" Keo” 


K ehwol2kT ( ghiwo/kT -1 23) 


This is seen to have close to an Hg (or wot) and T 
dependence.” However, when allowance is made for 
“Van Vleck cancellation,” ™ as was pointed out by 
Abrahams,” another H? dependence enters. Thus, the 
first term has an H* dependence, and its order of 
magnitude at a field of 3000 oersteds and 1°K is about 
10° seconds. Even at the highest fields we have explored 
(11 000 oersteds), it is still three orders of magnitude 
longer than the experimental times we have observed. 
It is that at fields of hundred 
thousand this mechanism become 
observable. 

Term (b) in (21) arises from the modulation of the 
admixture of higher states in the wave function, due 
to the lattice distortions. This term has an H? and T 
dependence, but on correcting for ‘Van Vleck cancel- 
lation,” an extra H® factor appears, thus giving this 
term a field dependence in agreement with experiment. 
The order of magnitude estimate made by PBS consists 
of determining the relaxation time for unbound conduc- 
tion electrons and multiplying by a factor representing 
the ratio of bound to unbound matrix element. This 
latter reducing factor arises because the bound electron 
responds approximately adiabatically to the variations 
in potential caused by the lattice vibrations. Subsequent 
reduction factors due to density of states and to Van 
Vleck cancellation yield the figure of 10° seconds 
quoted by Abrahams.” However, it may be that the 
PBS estimate of the reduction, factor in relaxation 
probability due to adiabaticity is too large. PBS used 


several 
( ould 


conceivable 


oersteds, 


hwo/ev for the estimate, but since the electron is bound 
only with energies of the order of a few hundredths of 
ev, the reduction factor may have been overestimated 
by about three orders of magnitude, since the factor 
enters a matrix element and gets squared. This mecha- 
nism could thus lead to an estimation of relaxation time 
at 3000 oersteds and 1.2°K of about 310° seconds. 
The observed time is 3.9X 10* seconds. While one order 
of magnitude discrepancy still remains, the nature of 
the estimate is such as to prevent discounting this term 
as the origin of the first order phonon process. 

A Raman process has been calculated by Abrahams,” 
who obtains a 7" dependence of relaxation probability 
on temperature, and approximate field independence. 
His result disagrees with experiment with regard to 
order of magnitude and temperature dependence. 
Abrahams calculated a second order perturbation 

} 


* Between 3000 and 10 000 gauss, at 1.25°K, the exact formula 
yields an H,** dependence. The exact H and T dependences were 
used in the experimental analysis 

= J. H. Van Vleck, Phys. Rev. 57, 426 

** FE. Abrahams, Phys. Rev. 107, 491 


1940 


1957) 
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process linear in the deformation. There are, of course, 
several other types of calculation that lead to a two 
phonon Raman process. For example, the two phonons 
can be introduced via first order perturbation theory 
through terms quadratic in the deformation. This type 
of calculation has been considered in previous theo- 
retical studies of Raman relaxation processes.™ In these 
calculations, at low temperatures, there frequently 
results a 7’ temperature dependence and magnetic 
field independence. The field independence comes about 
from neglect of the spin energy in comparison with the 
energies of the effective phonons involved in the relaxa- 
tion. For nuclear spin relaxation, this approximation is 
excellent. For electronic spin however, at 
very low temperatures, it is of interest to estimate the 


relaxation, 


amount of field dependence to be expected when the 


spin energy is not neglected. An integral of the form 


24 


where (=hw/kT, S9=hwo/kT, and 6p=Debye tem- 
perature, always appears in a Raman process having a 
T’ dependence. By assuming @p/T=«, which 
very good approximation for silicon in the liquid 
helium temperature region, the following expression is 
obtained 


is a 


This yields at 1.25°K a decrease 
magnetic field of less than 0.1% 


oersteds, and of about 2.2% 


of W with ine reasing 
between O and 3000 
3000 and 10 000 
oersteds. The experimental data in the region where 
the Raman process is dominant are not of sufficient 
accuracy to test this slight field dependence. Besides, 


between 


slight magnetic field dependence is also expected to 


arise change of excited state wave 
id 


functions with magnetic field 


because of the 


s one for 


The concentration dependent mechanism 


suggested appears to be 
in the 
int for concentrations of less 


which no theory previously 
applicable. It is an unusu 
sense that it can be domi: 
than 10'*/cc, the relaxation proba- 
bility increases with decreasing field. A 
possible theoretical mechanism will be outlined here. 
The essential idea is that relaxation of the main body 


relaxation process, 


and also bec LUS¢ 


magnetic 


of spins is brought about by spin diffusion from rapidly 


*% For the first such calculation, see I. Waller, Z. Physik 79, 
370 (1932 





ELECTRON SPIN-LATTICE 
relaxing centers. These centers are composed of close 
pairs of impurities, which are present by virtue of the 
random distribution of impurities. The pairs can 
consist of ionized phosphorus-neutral phosphorus or 
neutral phosphorus-neutral phosphorus. It is the latter 
which we believe produce what has been called the 
2W s(conc.) mechanism, and the immediate discussion 
will be concerned primarily with them. The electrons 
associated with close pairs have wave functions different 
from those of isolated phosphorus atoms, because the 
electrons are in large orbits which encompass both 
phosphorus nuclei. Thus, the wave function of a close 
pair is governed by the Coulomb interaction with two 
phosphorus nuclei, and by an electron exchange inter- 
action denoted by JS,-S., where J is the exchange 
energy constant and is a function of the separation 
between pairs. (For an ion-neutral pair, the exchange 
interaction is naturally absent.) PBS* calculated the 
relaxation time associated with modulation of J by the 
lattice vibrations, and obtained very long times. Even 
by choosing very close pairs,” it does not seem possible 
to get sufficiently short times from this mechanism. 
However, due to the nonspherically symmetric Coulomb 
potential and also to electron correlation effects, we 
expect a modified spin-orbit coupling to cause a very 
rapid relaxation of the electrons associated with a close 
pair. If this is so, then distributed essentially randomly 
in space are a given concentration of “relaxation 
centers.” From these centers, we assert the main body 
of electron spins associated with isolated phosphorus 
atoms relax via a spin diffusion process. We may note 
that this mechanism is very similar in principle to one 
proposed by Bloembergen to account for nuclear spin 
relaxation in ionic crystals.”® 

Let us now consider in more detail the behavior of 
this mechanism and inquire as to its validity by com- 
paring some predictions of the theory with experiment. 
We consider neutral-neutral pairs and assume for 
illustrative purposes only that those pairs which are 
separated by between 15 and 20 angstrom units make 
up the effective relaxation centers. We wish to find the 
concentration of these pairs as a function of total 
phosphorus concentration. For a random distribution 
of atoms, the distribution law of the nearest neighbor 
is given by”? 


w(r)= (26) 


exp —42r*n/3 Aar’n, 


where w(r)dr gives the probability that a neighbor to a 
given atom is between r and r+dr, and n is the average 
number of atoms per unit volume. From Eq. (26), it is 
readily seen that the relative concentration of pairs 
separated by 15 to 20 angstroms increases linearly with 

7° For very close pairs, due to the Pauli exclusion principle, 
probably only the lower lying singlet electron spin state is ap- 
preciably occupied. This state cannot contribute to the relaxation 
process. 

26 N. Bloembergen, Physica 15, 386 (1949). 


7 See, e.g., S. Chandrasekhar, Revs. Modern Phys. 15, 1 
(1943) 
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total phosphorus concentration, up to total phosphorus 
concentrations of about 10'* P/cc. Thus, if the bottle- 
neck to the whole sample relaxation js the relaxation 
rate of the pair centers themselves and not the diffusion 
rate, we should expect a relaxation probability going 
directly as the concentration. This was experimentally 
observed in a limited region. We next consider the mag- 
netic field dependence. If the spin to lattice relaxation of 
the close pair centers is the bottleneck to the whole 
sample relaxation, then the linear dependence on tem- 
perature would indicate a single phonon process. This 
would mean that 2W s(conc.) should go as H? or H‘, and 
not as the observed H~!. Hence, to explain the field de- 
pendence there must be a process in the total relaxation 
picture which becomes more efficient with decreasing Ho. 
One possibility for such a process is the spin coupling of 
the close pair center to the first neighboring phosphorus 
atom. If the g factor associated with an effective pair 
is changed a few parts in a thousand by the modified 
spin-orbit coupling characteristic of a close pair, then 
at high fields the spin energy of the pair center will 
deviate from the spin energy of an isolated phosphorus 
atom by amounts comparable to the inhomogeneous 
line width, thus impeding energy exchange between 
the relaxation center and the isolated atom. At the 
low fields, the energy difference due to the g factor 
deviation becomes less, while the inhomogeneous line 
width remains the same. Spin energy exchange between 
relaxation center and isolated atom should thus occur 
more freely at the low-magnetic fields. With a bottle- 
neck such as this, it is not clear how the linear tempera- 
ture dependence arises. It would seem as if the spin 
energy exchange between the pair and an isolated atom 
should be linked to the spin-lattice relaxation of the 
pair center, rather than merely sequential to it. 

The fact that sample & (Fig. 8) exhibits an extra 
relaxation mechanism, plus the fact that this sample 
is suspected of having a large percentage compensation 
compared to the other samples, leads us to consider 
compensation dependent mechanisms. One such mecha- 
nism related to the above discussion involves ion- 
neutral pairs as relaxation. centers. The question arises 
why the ion-neutral pair relaxation does not exhibit 
the same field dependence attributed to the neutral- 
neutral pair. A possible answer is that the effective 
ion-neutral pairs are very close neighbors which could 
have smaller g factor deviations than do more distantly 
separated pairs. (For neutral-neutral pairs, it was seen*® 
that these very close neighbors are ineffective relaxation 
centers because the triplet state is not populated.) 
Further experimental work and theoretical work on the 
two nuclei centers (solid state “hydrogen molecules and 
molecule ions’’) is clearly in order to test the validity 
of these last speculations. 

The order of magnitude of the relaxation time of the 
centers needed to provide agreement with experiment 
would be about 1 second or less, if 15-20 angstrom 
spacing actually corresponded to the relevant centers. 
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This pair relaxation time does not seem at all un- 
reasonable. With the 10" P/cc sample, a few percent 
of the spins exhibit the exchange resonance.'"" Of 
these few percent, most have a rapid passage line shape 
indicating long relaxation time, but a detectable 
fraction show a line shape corresponding to quite short 
relaxation times (much less than a second). 

We now consider the second part of the relaxation 
process, namely the diffusion of spin. If we start out 
with the level populations equal (resonances saturated), 
the electron spins are at a high temperature. The 
relaxation centers (pairs), rapidly equilibrating with 
the cold lattice, act as heat sinks, and are the agency 
whereby the rest of the spins get cooled via a diffusion 
This is the hypothesis for the 2Ws(conc.) 
mechanism. Conversely, we can start with the spins 
all cooled to the lattice temperature, and then heat up 
a given fraction of the spins. This can be done if thermal 
equilibrium of the spin system with the lattice is 
established and then a small part of the magnetic 
spectrum of the inhomogeneously broadened ‘line is 
saturated. 
heal source for the rest of the spins, just as in the 
relaxation case the 


process. 


The electrons being resonated act as a 


pair centers acted as heat sinks. 
Since the electrons at a given value of the magnetic 
spectrum are randomly spacially separated, just as the 
randomly spacially separated, the 
situations are quite parallel, and the diffusion rate 
can be investigated in this reverse way. We found the 
time needed for diffusion to be a function of sample 
concentration, but independent of temperature in the 
region investigated, 1.25°K to 2.16°K. For 10'* P/cc, 
roughly a minute and a half was required for the 


pair centers ar 


resonance signal to be diminished to one half its initial 
value when about 1% of the total number of spins at 
the center of the resonance envelope was continually 
saturated. For the 4X10" sample, this time was about 
5 minutes, and for the 10 P/cc sample, about 50 
minutes were required. These times are consistent 
with the hypothesis that diffusion is not the bottleneck 
in the relaxation. If the microwave not 
continually on, very much less diffusion took place. A 
principal against diffusion 
processes for inhomogeneously broadened resonances 
is that energy is not conserved in a macroscopic 
diffusion. Momentarily “burning a hole’’ in a resonance 
line and then waiting is exactly a situation where no 
energy can enter the spin system, and energy changes 
have to come from the dipolar energy of the spin 


power Was 


argument raised spin 


system.”* Since the hyperfine width is large compared to 


** We are not considering here the case discussed by G. Feher 
and E. A. Gere, Phys. Rev. 114, 1245 (1959) where the Si®* system 
is also presumed to change its energy. Our functional dependence 
of diffusion on microwave power is not consistent with either a 
rx(Si®) process, or the inducing of forbidden transitions via an 
anisotropic Si® hyperfine coupling, though this latter possibility 
requires further investigation. The cross relaxation scheme of 
Bloembergen ef al. seems too slow to account for the observed 
diffusion in our case, and ought not to depend on the microwave 
power 


AND E. 


gy 


the dipolar width in our case, macroscopic diffusion of 
spin energy is forbidden, as is observed. However, when 
the microwave power remains on, « source of energy 
is continually present. Consider a slightly non- 
monochromatic microwave energy source. A given spin 
can absorb a microwave photon in one local field and 
emit a photon in a different local field, because of the 
change of the electron’s own local field between absorp- 
tion and emission, brought about by spin diffusicn. 
In this way, if the microwave power is constantly on, 
net energy can be transferred continually in small 
bits, the microwave source steadily returning to the 
dipolar system the energy lent by the dipolar system 
to neighboring packets for microscopic spin diffusion. 
In this way, it appears possible for ma roscopic spin 
diffusion to occur. The the relaxation 
centers is parallel, in that the phonon source is non- 
monochromatic and is continually on.” 

To summarize: the 
2W s(conc.) as 
ments are in with the theory we propose 
for the dependent mechanism. The 
understanding of the field and temperature dependence 


situation for 


concentration dependence of 
well as ind pe ndent diffusion experi- 
agreement 


concentration 


requires further theoretical analysis. It is possible that 


the mechanism outlined here also contributes to the 
very rapid rise of relaxation probability with concen- 
trations above 10'* P/cc. if clusters of 
three phosphorus atoms 
centers, and diffusion 
relaxation, clusters of three could contribute a mecha- 


square 


For ¢ xample 


form efficient relaxation 


is fast enough to spread the 
nism whose relaxation probability goes as the 
of the concentration. 

For the rx mechanisms, the theoretical calcu- 
lations that are those of PBS.’ They 
considered a first order phonon process in which the 
hyperfine interaction was modulated by the lattice 
vibrations. An H? and T dependence of the relaxation 


only 


have bee nm ide 


probability was predicted. Our results in the region 
where a first order process could be important (1.25°K) 
do not yield a quadratic field dependence. At present, 
we do not understand the dominant mechanism at 
1.25°K. The Raman process which dominates above 
2.0°K perhaps may be accounted for by 
PBS 


in the deformation A 


a simple 


extension of the interaction to terms quadratic 


The low field increase of W is actually a 


manifestation of the concentration dependent rs 


mechanism. What we normally refer to as a rs mecha- 
nism at high fields is a mechanism with matrix elements 
ms+1). At 


and (m,;+1, 


connecting states (m;,ms) and (mr, low 


fields, because levels (my;,ms m<--1) are 


mixed, as can be seen from Eq. (4), the same matrix 


transitions. The relation of Wy to 


elements produce ry 

Tf the anisotropic Si® hyperfine coupling is responsible for 
the observed “‘spin diffusion’”’ with the microwaves on, we would 
also expect diffusion from relaxation centers to take place 
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W s should be given simply by 

Ww bm t1, my#1\*7Ws, (27) 
where | bm;+1, my¥1|* is given as a function of magnetic 
field in Eq. (5). Since W s(conc.) depends on the energy 
difference between relaxing levels (see Fig. 10), it is 
different for the two possible Wy transitions, and the 
average (Ws) should be used. In Table ITI, the 2Wy 
calculated according to Eq. (27), and the experimental 
values of the horizontal relaxation probability 2W 
(decay), are listed. The 200 oersteds result is fairly 
close to the calculated value of 2Wy. The 55 and 75 
oersteds experimental results are somewhat larger than 
the 2W wy predicted by theory. Moreover, at 55 and 75 
oersteds, there is clear evidence for a concentration 
dependent Wx mechanism, in addition to the Wy 
mechanism. This evidence consists of the observation 
that in the process of nuclear depolarization at the low 
fields, a population difference builds up between both 
pairs of vertical levels (1-4 and 2-3) in excess of that 
associated with the Boltzmann factor at the respective 
low fields. The explanation of this concentration 
dependent Wx mechanism is similar to that given for 
the Ww mechanism above. The Ws mechanism kas 
matrix elements connecting not only (m;,ms) and 
(mr, ms+1), but also (m;,ms) and (m;,ms). At high 
fields, these latter Am;=0, Ams=O transitions have 
very little effect, but at low fields, because of the 
appreciable admixture of states, they give rise to W, 
relaxation of the observed magnitude. As the magneti: 
field increases, the Wy is favored over the Wx because 
the energy level separation involved in the Wx transi 
tion increases faster than the energy level separations 
in the Wy transitions. A small centribution to 
Whoriz. modes at 55 oersteds can also come from an 
energy conserving three body spin-spin process in which 
two phosphorus atoms flip from state 1 to 2, and one 
phosphorus atom flips from state 4 to 3 (see Fig. 1). 
Taking into account these last three processes accounts 
fairly well for the low-field horizontal relaxation data. 


VII. CONCLUSION 


From a thorough analysis of the spin-lattice relaxa 
tion in phosphorus-doped silicon, various magnetic 
moment-phonon interactions have been identified. Both 
single phonon and two phonon (Raman) processes 
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Taste IIT. Comparison of low field horizontal relaxation proba- 
bility 2W (decay) with calculated value of 2Wy. 


2Ww 
(min™) 
calculated 


2W (decay) 
(min~') 
experimental 


2(Ws8) mw 

Sample agnetic field (min™ 

1.7 x10" P oersteds 0.34 3u 0+0.4) X10" 
5 +0.5) X10" 
1.1 K10"* P /cc) oersteds 0.10 5 +0.7) X10 
oersteds 0.10 2 
oersteds 0.10 . 


0.0025 


1+0.2) X10 
6 +0.5) X10 
0+0.3) X10" 


B 

B 75 oersteds 0.33 
( 

{ 

( 

I 


1 X10'* P/cc) 55 oersteds 


were found to be important in the liquid helium tem- 
perature region. A concentration dependent mechanism, 
believed to be associated with close pairs, gives in- 
formation on the properties of closely spaced impurity 
sites. 

The relaxation measurements provide a means of 
determining impurity concentration in silicon without 
recourse to transport phenomena. It might also be 
remarked that the 7’ temperature dependence may 
make it possible to use the system as an accurate 
thermometer in the liquid helium temperature range. 
The H* relaxation mechanism may limit the application 
of this system as a microwave frequency multiply- 
ing maser device. 

It should be highly desirable to investigate the more 
complicated (due to possible quadrupole effects) cases 
of antimony and arsenic-doped silicon throughout the 
magnetic 
here. 


field and temperature region as was done 
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Note added in proof.—In view of the recent theoretical work of 
Hasegawa (to be published) and Roth [ Bull. Am. Phys. Soc. Ser 
IT, 5, 60 (1960)), in which a first order phonon mechanism was 
calculated which yields an anisotropic relaxation probability, we 
reexamined the angular dependence of the //* scbaniion proba 
bility, orienting the [100] and [111] directions along the external 
magnetic field to bring out the maximum anisotropy. An aniso 
tropic contribution equal to about 50% of the isotropic contribu 
tion was indeed found, giving a value for the anisotropic relaxation 
probability with [111] parallel to the external field of 1.1 10~* 
sec at 3000 oe and 1.25°K. The //‘ mechanism relaxation proba 
bilities given in this paper are close to the sum of the isotropic 
probability plus one-half the anisotropic probability, on account of 
the essentially random orientations generally used 
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The electron-capture cross section of the deep trap due to a lattice vacancy in Si is calculated by taking 


into account the distortion of the lattice vibrations by the lattice vacancy 


It is assumed that the trap is a 


neutral center for electron capture. The results show that although the distortion effect enlarges the calcu 
lated cross section by three orders of magnitude at 300°K, it is not enough to explain the magnitudes of 


observed cross sections 


1. INTRODUCTION 


HE appearance of some deep levels, as well as 

shallow levels, in Si and Ge bombarded by high- 
energy particles has been reported by many authors. 
These deep levels have been attributed to the presence 
of lattice vacancies, interstitial atoms, and clusters of 
these produced by bombardment. James and Lark- 
Horovitz' have proposed that an interstitial atom pro- 
duces two donor levels and a lattice vacancy produces 
two acceptor levels, and have explained bombardment 
effects on Si Ge. Coulson and Kearsley’? have 
studied the electronic structure of an isolated vacancy 
in diamond crystals and have shown that color centers 
in irradiated diamonds are probably neutral isolated 
vacancies. Their result suggests that in Si and Ge a 
neutral isolated vacancy (V°) may be more stable than 
a negatively ionized vacancy (V~) plus a positive hole 


and 


at the top of the valence band. Figure 1 shows this 
situation schematically. In the figure we have assumed 


y 


a is less 


that the energy difference between V° and 
than the energy gap. 

The deep traps produced by bombardment are re- 
sponsible for recombination processes in bombarded Si 
and Ge. Wertheim* has measured the lifetime of mi- 
nority carriers in electron-bombarded Si, and has shown 
that for the trap level located at 0.16 ev below the con- 


duction band, the capture cross sections at 300°K are 


-cm? and o,=1.9X10~" cm’, 


o»= 1.8 10 


and for the trap level located at 0.27 ev above the 


CONDUCTION BAND 
SAAAAAAS AAS. 


Fic. 1. Energy level of an isolated 
vacancy. The energy difference be- 
tween the bottom of the conduction 
band and V~ gives the electron-ioniza- 
tion energy of a negatively ionized iso- 
lated vacancy. The energy difference 
between V~ and the top of the valence 
band gives the hole-ionization energy 
of a neutral isolated vacancy 


oe 


MOSS 
VALENCE BAND 
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valence band, 


8.0X10-" cm? and 9.5 10-" cm’. 


Tp 


Curtis* lifetime measurement on 
n-type Ge samples bombarded by 14-Mev neutrons and 
has shown that for the trap level located at 0.32 ev 
above the valence band, the capture cross sections at 
room temperature are 


has performed the 


] ) 


and o ) 


7,=6X10 5 cm? <10-"" cm’. 


These recombination processes are expected to consist 
of captures by Coulomb attractive potential (probably 
with the larger cross sections) and by a neutral center. 
Because of the rather large cross sections of these traps, 
the possibility of Coulomb repulsive centers may be 
excluded. 

The following tentative model is proposed for re- 
combination mechanism in bombarded n-type Si and 
Ge; that is 


V-+h+e— V°+e— V 


where / and e stand for a free electron and a free hole 
This is the simplest model compatible with considera- 
tions mentioned above. Now the following must be 
noted: The primary defects produced by bombardment 
may be vacancies, interstitial atoms and/or very close 
vacancy-interstitial pairs. It is not unlikely, however, 
that secondary annealing processes, the mechanisms of 
which have not yet been understood completely, have 
transformed these primary defects into more com- 
plicated ones. Even so, it seems desirable to obtain as 
much information as possible from the isolated vacancy 
model. One can then know how it could be improved. 
The aim of the present paper is to investigate the 
capture cross section by such an isolated neutral va- 
cancy in Si. Lax and Gummel® have developed a general 
theory of thermal capture of electrons in nonpolar 
crystals and have applied it to calculate the capture 
cross section of deep levels in Si. They have found that 
the capture cross sections strongly depend on the 
effective mass of trapped electrons through the trapped 
state wave functions. The 
of order 10-* for 
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calculated cross sections are 
10-% 


cm mi” 0.38m, to cm? for 


1959 


1957 
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m*=m,. These values are too small to explain the ex- 
perimental results. Observed cross sections of deep 
traps in Si and Ge involving binding energies many 
times the Debye energy are in the range of 10-'* cm* 
to 10-" cm? and those of neutral centers in the range 
of 10- cm? to 10~'* cm*. The reason that they have 
obtained such small cross sections is as follows. As is 
mentioned by Lax,* direct transition to the ground states 
of these traps requires simultaneous emission of many 
phonons. Such a probability is very small in these ma- 
terials, where the interaction of electrons with lattice 
vibration is rather weak. Thus the calculated cross sec- 
tions are smaller by five to ten orders of magnitude than 
the geometrical ones which are determined by the 
average radius of their ground-state wave functions and 
are of order 10~* cm. 

In order to explain such large observed cross section, 
Lax has introduced the idea of “giant traps.” In his 
new model of giant traps he assumes the existence of 
many excited states of large orbit. Capturing to one of 
these excited states occurs initially and then a cascade 


A 


a 


process involving successive emission and absorption of , 


single phonons follows until the electron enters the 
ground state or escapes. By taking into account this 
 vocess, he has computed cross section comparable with 
the observed ones. 

The existence of many excited states depends on the 
behavior of the potential associated with the trap. It is 
to be expected for traps with Coulomb attractive 
potential. However, we cannot always expect it for 
neutral traps. For such cases we must look for another 
kind of trapping mechanism. 

_ As is shown by several authors,’~” the introduction 
of a lattice defect such as a lattice vacancy, an inter- 
stitial atom, or a substitutional foreign atom into an 
otherwise perfect crystal distorts the normal modes of 
lattice vibrations. The lattice defects can also produce 
localized lattice vibrational modes under certain condi- 
tions. An electron trapped at a defect will have rather 
strong interaction with such distorted normal modes 
and localized modes, because these distortions are con- 
centrated around the defect. Thus we can expect that 
the distortions produced by 2 lattice defect will have 
rather large influences on carrier capture by the defect. 
In the present paper we investigate such an effect for 
electron-capture by a lattice vacancy in Si. 

In the next section we discuss the distortion of 
lattice vibrations produced by a lattice vacancy, by 
taking the rock-salt type crystal as an example. In 
Sec. 3 we calculate the electron capture cross section 
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of a lattice vacancy in Si by using the results obtained 


in Sec. 2. 


2. LATTICE VIBRATION IN A CRYSTAL 
WITH A LATTICE VACANCY 


Generally the equation of a lattice vibration in a 


perfect crystal is expressed by 


) Leet x3(r’') —w*x'(r) =0, 
i 


(1) 


i, j=, y, &, 


or, in the matrix form, by 


(L—w’*)x=9, (1’) 
where x‘(r) means the i-component of the displacement 
of the atom relative to its equilibrium position r and 
w is the circular frequency of the normal lattice vibra- 
tion, which is the eigenvalue of Eq. (1). As is well 
known, the eigenfunction (the normal lattice vibration) 
of (1) or (1) is given by 


x=q.(2)U.-(0) = N~'g,(2)e,(2) expiz-r, 


s=1,-+-,3n, (2) 


and its eigenvalue by 
w,"( ) 


=> = U(r) {Un} " (3) 


ye 
where g,(t) and e,(+) are the complex amplitude and 
the unit polarization vector, respectively, of the sth 
normal mode of wave vector «, which extends over the 
N values in the first Brillouin zone, and n the number of 
atoms in unit cell. 

Now, let us consider an imperfect crystal which con- 
tains a single lattice vacancy and let us express the 
perturbing part to the equation of lattice vibration due 
to the lattice defect by A. Then we have, instead of (1’), 

(L+A—Z)x=0, (4) 
where we put w= Z. A solution of (4) in the continuous 
spectrum regions of (1) is given as the solution of the 
equation 

1 
Rass 


oc=QGe(e)U,,.(8)+ AX,.+ 
Z—L+ite 
P 
g.(2)U, -(r)+1978(Z— L)AX, -+ 
Z—-L 


(5) 


where 6(x) is Dirac’s 6-function, ¢ is a infinitesimally 
smal] positive quantity, and P means that the principal 
value must be taken in each integration containing the 
operator P(Z—L)". 

Sometimes a lattice defect may produce localized 
modes of lattice vibration with new discrete frequencies 
outside the continuous spectrum regions. Such a local- 
ized mode, if any, is given as the solution of the equation 


x =[1/(Z—L) JAx, (6) 


where Z is outside the continuous spectrum regions. 
We show two kinds of lattice defect in a two-dimen- 
sional rock-salt type crystal in Fig. 2, where the springs 
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em - say the ae acoustical longitudinal mode. We put 
© € X./de=Xe+X,', 
“ep ; ‘ ! 
: = and substitute it into (5). Then we obtain 


HH ee = 


ind = t9b(w,’- 
‘al 

Fic. 2. Simplified models of lattice defects in a two dimen 
sional rock-salt type crystal: (a) a lattice vacancy, (b) a substi- 
tutional impurity atom. Springs stand for central forces binding 
the nearest neighbors. In (a) all springs have the same force con 
stant uw. In (b) springs binding the impurity atom with its nearest 
neighbors have the force constant 4— Aw and the rest have the 
force constant yu = : ‘ 
By neglecting higher order terms with respect to A in 
‘ 4 (ies (13), we have 

stand for the central forces binding nearest neighbors 


lattice vacancy and Fig. 2(b)- the case in which the 
force constant between the atom under consideration 
and its nearest neighbors is reduced by Ay. We may 
consider that the behavior of lattice vibration around 
a lattice vacancy [Fig. 2(a)] is the same as that of Bat’ = (Wa(r)| V- U(r) | vo(4)), 
Fig. 2(b) in which Au=y. To be more exact, we must > 

. - Bas= Wa(t)|V-X,(4)/ge\¥o(4)), 
take into account the influences of binding forces be . 
tween the atom under consideration and its more dis- Bav' = a(t) | V-(1+A)U, \Yo(4)), 


and yw for their force constant. Figure 2(a) shows a 
X, qr fi T,T )é 


Now let us introduce the quantit 


tant neighboring atoms. In a nonpolar crystal, however, Baw’ = (Wa(t)| V-X-/gr\Yo(r)), 
such long range binding forces usually are weak. In. ; 

what follows, therefore, we neglect them. Thus we may for convenience in the following calculations. When 
write down the matrix elements of A in a crystal with these B's are independent of the direction of the vector 
a lattice vacancy as T,"' we get 


Aoo'=—2y/M, Aoew=n/M, a | f 
{ Yab\T) at T) }\ 7,7 
Aati). ati — pL Vi, Ae). o' v4 M, for i=, Y, Z, 


and otherwise 


A 0) g(r) is determined as follows. From 
etn), 


where the lattice vacancy is located at the origin and | . i 
a(t) means the coordinate of the nearest neighbor site Bav'(r f rs 
of the vacancy in the i-direction. 
According to the investigations by Montroll and Ba’(r) >; 
others, we may conclude that in the case of Fig. 2(b) 
localized modes do not appear, at least from acoustical If we put 
modes. We are interested in thermal capture of a slow 
electron in a nonpolar crystal such as Si in which the 
interaction of a slow electron with acoustical longi- with a real quantity a(7 
tudinal modes is most important. In such a case we 
need consider only the Eq. (5) for acoustical longi- 
tudinal modes 


Now le fine , Bios 
ow let us define X, by Substituting (19) int 


U .--ini(w*— L)AX,, 


es \s [3 ~ ) 
namely fi T,T )d(u ; 20) 
ta\T) 


ay. f(r.7')6(w?—w")U »d*r, (9) 1 This is not the case Strictly speaking, B’s depend on the 

: crystallographic direction of 7, because A has the crystallographic 

symmetry of the crystal. However, the following calculation may 

; a ; be a good approximation for the averaged value of B(r) with 
where, as hereafter, we suppress the suffix s for the _ respect to the direction of + 


1—1trd(w?— L)A 
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B,»' (7) is expressed, with the term of B,.°, by 


Bay’ (7) = Bas®(1) 


\ (U,,AU,) Bas’(1’) 
«(1+ f wr), (21) 

(29r)?F wP?—w,? Bar (7) 
where the integration extends over the first Brillouin 
zone. Thus we can express B,s(r) with the term of 
Ba°’(r) by using (16), (18), (20), and (21). The in- 
tegral in the right-hand side of (20) may seem to be- 
come infinity at w=0 and @,,” which is the maximum 
circular frequency of the acoustical longitudinal modes. 
This is not the case, as shown in the following. If we 

define 


jas(w*,7) F(w*) 


Bu(7’) 
- frau —$(w*—w, 
B,r®(r) 


where F(w*)dw? is the number of normal modes in the 
range between w* and w?+d(w*). Then we can rewrite 
(21) as 


*\dr’, (22) 


Ban’ (7) = Bav?(r) 


: ind 
x{14 jav(w,?,7’ )F (w,?) in ) 
Wm? —W," 


wm” Jab(w,T) E(w") — Jan(we’, 7) F (w,’) 
t d(w*)}. (23) 


“Ur aw 
We know that for a small value of u 
F(a”) < w. 


From the general property of the equation of lattice 
vibration, we can expect that 
Wm —w & (T,—T)*, 
near w*=w,,. This means that 
F (w?) & (Gn? —w*)!, 
Therefore, (23) does not contain 


near w*=w,,”. any 
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. 3. Matrix element, By’, and ratio, Bio/Byw®, are 
plotted against the reduced frequency 
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Fic. 4. Matrix element, B,;’, and ratio, By/ By’, are 
plotted against the reduced frequency. 


difficulty of divergence at w*=0 and w,,”?. However, it 
is usually very difficult to calculate the exact form of 
F(a) from the equation of lattice vibration. In what 
follows, therefore, we use the Debye approximation to 
the lattice vibration except with the second term in 
the right-hand side of (23). In that term we use 


F (w*)= ) for w?<w,_,?/2 


F (au? 2—w*)t, for 


(2r)* 2 


(24) 


w* > we’ /2, 


where v is the sound velocity. Although this approxi- 
mation is not so good for w>w,,/2, the error introduced 
by it is expected to be small. This is because, as will 
be shown in Figs. 3 and 4, the magnitude of Ba,"(r) 
is small in a region near w= w,,. This means the contribu- 
tions for electron capture from this region are small. 

In Figs. 3 and 4, we show the matrix elements B,," 
and B,» as a function of x=w/w, when yw, is the elec- 
tronic wave function of the trapped ground state or of 
the bottom of the conduction band and y, that of the 
trapped ground state.” 


3. CALCULATION OF CROSS SECTION 


In this section we calculate the cross section of elec- 
tron capture by a neutral lattice vacancy in Si according 
to the model mentioned in the preceding sections. Now 
we make the following assumptions to simplify the 
calculation without losing our physical picture. 


a) An unperturbed conduction electron is described 
by a plane wave with effective mass m”*: 
Vu(r)=Vote**, E(k) = (h?/2m*)k: (25) 


that is, we assume the simple structure of the conduc- 
tion band. 


(b) We take a hydrogenic wave function as the un- 
perturbed trapped state wave function. 
vi(r) = (c/w) he”. (26) 


2 For these electronic wave functions, see the next section. 
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As is shown by Lax and Gummel, the cross section 
of a deep trap strongly depends on the trapped state 
wave function. However, it is a very difficult problem 
to know the exact form of the potential associated with 
deep traps.” Alsu we cannot expect that the effective 
mass approximation is good for deep traps. We are 
rather interested in knowing the relative change of the 
cross section by taking into account the distortion of 
the lattice vibration produced by a lattice vacancy. 

c) We assume that the distortion of the acoustical 
longitudinal modes produced around a lattice vacancy 
in Si is described by the results obtained in the pre- 
ceding section, although a silicon is not a rock-salt type 
crystal 


(d) We assume that an electron interacts only with 
the longitudinal acoustic mode, and also that the de- 
formation potential approximation is applicable to such 
an interaction. 


In the following we consider two cases. In one of 
them, (I), we neglect the distortion of the normal modes 
of lattice vibration due to the lattice vacancy, but 
assume the same binding energy for the trapped elec- 
tron as that in the case (II). In the other case, (II), 
we take into account the influence of the distortion 
of the normal modes on both the lattice relaxation 
energy and the capture process. 

The Hamiltonian corresponding to the case (IT) is 


H= H+ Aeint Hint, 
i> #& 


z( - +1Mara?), (27) 
r 2M dq/ ‘ 


Hint E, div), X,(r), 


Aviv 


and 


H,= the electronic Hamiltonian. 


Now according to Lax and Gummel, we can define 
and \, and also f(w), h(w), and g(w) by using B,»(r) 
defined by (15). Then we define Sy: by 


wo= fone exp(Srrw’)dw’ = dn (Si), (28) 


where fw» is the thermal ionization energy of the trapped 
state, fiw;, plus the energy of the conduction electron, 


E(k). 


Now let us put 


Sil 
Fx, (wo) =WoSTI— f on (S’)dS’, (29) 


8 Strictly speaking, one should treat a neutral isolated vacancy 
as a four-electron system and a negatively ionized isolated vacancy 
as a five-electron system according to Coulson and Kearsley. 

“In the present paper we use the same notations as the Lax 
and Gummel paper as far as possible. We do not repeat the details 
of the calculation which are given in their paper 
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and define 


fea" (wo) = [2edor1(S)/dS |g sy, exp[— En(wo)]. (30) 


Then according to Lax and Gummel, the transition 
probability from a state & in the conduction band to the 
trapped state is given by 


W .” (2x h*) foal" (wr (J H\w@) exp(Strw)dw 


f g(w)Lexp(Stw) —1 |dw| ) (31) 


replacing B,, with B,»° and using the 
31 


W, A I dr hh) f a2! (ar ( f hy? Ww) ¢ xp(Syw)dw 
f gu [exp Sa 1 ldw ), 


where /°(w) and g*(w) represent the quantities defined 
by replacing B,, with B,,° in t 
and g(w), and S; is defined by 


w fer w’) ¢ xp Sw’ )dos’ 


by 


In case (I), by 
same wo, we have, instead of 


he expressions of h(w) 


o1(S1) (28’) 


The capture cross sec tion is given 


fen a’™ expl — E(k)/RoT |d*k 


fim m*) exp[ — E(k)/RoT \d*k 


a I or II. 32) 


In order to perform the integration in (32), we have to 
know the k-dependency of W,,,. A k-dependency comes 
through the k-dependencies of — and \ which are rather 
weak and may be neglected. Another dependency comes 
from wo=wit+ (1/A)E(R 


Thus we get 


2koT )'(1+SakoT/h 


m” 


4. NUMERICAL RESULTS AND DISCUSSION 


The numerical constants of Si used in our calculation 
are as follows. The sound velocity in Si is »=8.3X 105 
cm/sec. The constant measuring the strength of the 
interaction is E,;=15 ev. The mean effective mass of a 
conduction electron is m* =0.25m, 

Usually it is difficult to know the detailed behavior 
of the potential associated with deep traps. Also the 
effective mass approximation is not expected to be 
good approximation for the deep traps. This is the 
reason that we assume the hydrogenic wave function 
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for the trapped state. For the present, therefore, we do the distortion of the lattice vibration due to a lattice 
not have a reasonable way to determine the constant a. vacancy can enlarge the cross section by three orders of 
We tentatively take 1/a=7 a.u. and the thermal magnitude. Although the influence of the distortion of 
ionization energy fw;=0.85 ev.'* 4 appearing in the lattice vibration for the capture cross section is rather 
expression of A is determined as follows. If one neglects strong, it is not enough to explain the magnitudes of 
long range forces, the relation between the compressi- observed cross sections, which are of order 10- cm? 
bility @ and the energy change produced by a volume to 10™” cm®. It thus appears that it may be possible to 
change gives'*® explain observed capture cross sections only by at- 
: tributing to the deep traps a more complex structure 
w/o= 3B=Cut2Crs, than an wohaeed woo A r 
where @ is the nearest neighbor distance and C,, and 
Ci, the elastic constants, the observed values of which 
are 1.674X10" dyne/cm* and 0.652310" dyne/cm? The present author wishes to express his cordial 
respectively. thanks to the late Professor K. Lark-Horovitz and 
Using these numerical values, we got ¢ ~10-* cm? Professor H. M. James for their hospitality at the 
and ¢@)) ~10-*° cm?* at 300°K. This result shows that Department of Physics, Purdue University. Thanks are 
eae eee also due to Professor James for many stimulating dis- 
6 This value is equal to the energy ga ; between the bottom of Cussions and te Dr. B. V. Paranjape for his reading of 
eve 


the conduction band and the trap jocated at 0.27 ev above the original manuscript. He also gratefully acknowl- 
the valence band. : eee : ‘ AE ; 

18 See, for example, F. Seitz, Modern Theory of Solids (McGraw- edges the assistance of the Fulbright Commission during 
Hill Book Company, Inc., New York, 1940). 1958-1959, 
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Low-Temperature Magnetic Remanence, Molecular Field, and Approach 


to Saturation of Holmium Metal 


Warren E. Henry 
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Magnetization approaching absolute magnetic saturation has been achieved for polycrystalline holmium 
metal. At 1.3°K and 70000 gauss, the magnetic moment is approaching 4.0 Bohr magnetons per atom of 
holmium in contrast to the 10 Bohr magnetons per atom expected on the basis of the spectroscopically 
determined quantum numbers. The actual results are explained on the basis of crystalline electric field 
splitting of the ground term of holmium and application of the Pauli exclusion principle. In the liquid 
helium range, there is a pronounced hysteresis; i.e., the moment at 10 000 gauss is 50% higher in decreasing 
fields than in increasing fields. The remanence is 0.22 Bohr magneton per atom of holmium at 4.2°K and 
0.42 Bohr magneton per atom at 1.3°K. A sample motion technique was used to measure the magnetic 
moment of the 5-gram sample. The equipment was calibrated with iron and nickel 


INTRODUCTION the formula 
REVIOUS magnetic studies on holmium meta! 6= 16WS*(J-+1)/kJ, (2) 
have been carried out by Bommer' and by Rhodes, 


Legvold, and Spedding.2 Bommer found that if he 
used the Curie-Weiss law 


where W is an interaction energy term, characteristic of 
rare earths, S the spin, J the total magnetic quantum 
number, and & the Boltzmann constant. This predicted 
x=C/(T—A), (1) Value of @ is 86°K for holmium. Bommer found that if 
’ he took the Néel value for @ [A in Eq. (1) ], he could fit 
with two adjustable parameters, C and A, he could fit his 5 points with a Curie constant, C=14.3. When 
his susceptibility data for 5 points (195°K, 294°K, Bommer used the formula 
364°K, 428°K, and 515°K), but his 90°K point did m 
not fit. Néel® had been able to calculate the predicted w= A[x(T—A) }', (3) 
Curie temperatures of the rare-earth elements from where A is (3k)!, he calculated a moment of 10.6 Bohr 


magnetons. Rhodes, Legvold, and Spedding, applyin 
'H. Bommer, Z. anorg. u. allgem. Chem. 242, 277 (1939) 6 - ev +4 ons ne PPly 6 
? Rhodes, Legvold, and Spedding, Phys. Rev. 109. 1547 (1988), ©4- (3) to low field susceptibility data in the high- 
+L. Néel, Compt. rend. 206, 49 (1938 temperature range, got per of 10.9 Bohr magnetons 
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per atom for a sample 1 mmX1 mm X1 cm using the 
technique of Elliott, Legvold, and Spedding.‘ It must 
be pointed out that by using Eq. (3) there is danger 
in estimating the saturation magnetization, especially 
if there are exchange interaction and crystalline 
electric field effects. The true magnetic atomic con- 
stants should be determined by the direct measurement 
of the saturation magnetization, if possible. Rhodes, 
Legvold, and Spedding? have measured the magnetiza- 
tion of a wire of holmium 1 mmX1 mm X1 cm in 
fields up to 16 000 gauss at 4.2°K. Their graphs indicate 
that although saturation was not reached, they obtained 
a very high magnetization—8.6 Bohr magnetons per 
atom if the recorded results are the direct measurements 
and 6.7 Bohr magnetons per atom if the 4/z factor is 
used as by Behrendt e/ a/.* for dysprosium. In the 
formation of the holmium wire, it is possible to have a 
preferential crystalline orientation, such that the easy 
direction of magnetization in an anisotropic crystal is 
measured. 

The experimentally determined atomic 
constants are related to the positions (order) and relative 
spacing of the lower energy levels,® which be 
checked by means of application of the quantum 


magneti 
can 


theory to spectra, including hyperfine spectra data. 
Although some work has been done on the spectra of 
holmium metal,’ very little has been done on the exact 
splitting of the ground term of holmium. Recently, 
Belianin® has calculated the energy spacing of the four 
energy from the accurate hyperfine 
structure spectral lines of solid metallic holmium.’ From 
it is not to be expected that the 
full 10 Bohr magnetons which would characterize a 
fully degenerate ground term, °Js, nor the 9 Bohr 
magnetons for a fully degenerate ‘*/,5;. ground term, 
for holmium, would be observed. 

In this magnetization near 
possible to absolute magnetic saturation was measured 


lowest levels 


these large spacings, 


investigation, as as 


and an attempt is made here to explain the measured 
saturation magnetization on the basis of the crystalline 


electric field splitting of the ground state of holmium 
metal. 


EXPERIMENTAL METHOD 


The average magnetization of holium metal has been 
measured by moving a 5-gram sample with respect to a 
coil system previously described.” A balistic galvanom- 
eter, in series with the oppositely wound coils, yields a 


‘ Elliott, Legvold, and Spedding, Phys. Rev. 91, 28 (1953 

* Behrendt, Legvold, and Spedding, Phys. Rev. 109, 
1958) 

§ J. H. Van Vleck 
communication 

7M. H. L. Pryce (private communication 

*V. B. Belianin, Optika i Spectroskopiya 5, 236 (1958); See 
also references in Belianin’s article including P. F. A. Klinkenberg, 
Physica 13, 1 (1947) 

*V. B. Belianin, Optika 1 Spec troskopiya 3, 322 (1957) 

” W. E. Henry, Phys. Rev. 88, 559 (1952); U. S. Bureau of 
Standards Circular No. 519 (U. S. Government Printing Office, 
Washington, D. C., 1952), p. 237. 
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J. Chem. Phys. 3, 807 (1935); and private 
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deflection which is proportional to the magnetization of 
the sample. The constant of proportionality for the 
moment measuring determined with iron 
and nickel. 

The fixed magneti 
produced by a modified Bitter 
temperatures are maintained in a metal Dewar" for 
liquid helium. The holmium metal! was obtained from 
City Chemical Company, the stated purity being 
better than 99.8%. A spectroscopic analysis by Mr. 
S. H. Kress of the Metallurgy Division of the Naval 
Research Laboratory, showed a favorable comparison 
with a 99.9% sample from Spex. The method of 
casting the holmium metal made a compact, poly- 


system is 


fields, up to 70000 gauss, are 
type solenoid. The low 


crystalline (randomly oriented) sample highly probable. 


DISCUSSION OF RESULTS 
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LOW-TEMPERATURE 
and k& the Boltzmann constant. The effective field, H, 
is compounded from the applied field and the projection 
of the molecular field on the Z axis. If this were a 
simple case, the Néel® formula for the molecular field 
of the rare earth could be applied and the magnetization 
could be calculated as a function of the temperature 
and the applied field. 

The simplicity vanishes with the combined effect of 
spin-orbit coupling and the crystalline electric field 
splitting of the ground state. This splitting forces the 
application of the Pauli exclusion principle. That is, it 
has been shown* by solid-state spectroscopic studies 
that the lowest 4 levels in the split holmium ground 
state are: Ji5/2=0 cm™'; J13/2= 4664 cm™; J4);2= 8758 
cm; and Jg2=12 541 cm™. Use of the interval rule 
of the quantum theory predicts that the next two energy 
level spacings should be of the order of 2800 cm~' and 
2200 cm™', respectively. Thus, even if we use 11 
electrons instead of 3 holes, the pertinent energy level 
separations are all large compared with k7, even at 
room temperatures. It follows that the Boltzmann 
factors for occupation ratios will tend to exclude high- 
level o¢ cupation, except through limitation of low-level 
occupation by the Pauli principle. Now, if a series of 
(n+1) low-lying levels are separated energy-wise by 
AE,, SEs, --+ AE», SEn, and if each level retains 
only a Kramers-type magnetic twofold degeneracy and 
if the AZ’s are large compared with &T, then as long 
as the number of electrons is less than 2”, an odd 
number of electrons at magnetic saturation will yield 
only one Bohr magneton per atom. This has been 
experimentally illustrated by a comparison of the 
saturation magnetization of iron ammonium alum" 
with that of potassium ferricyanide,” in which the 
saturation magnetization is one Bohr magneton per 
atom of iron instead of 5 Bohr magnetons per atom of 
iron as in iron ammonium alum. 

Magnetic anisotropy has been demonstrated for the 
rare earth element, dysprosium.’ Hexagonal close- 
packed structures'* can induce structure dependent 
ferromagnetic anisotropy and are usually characterized 
by three cyrstalline axes, two of which are equivalent. 
Holmium is hexagonal close-packed. If it is assumed 
that in some “easy” direction of magnetization in 
space, such as along the hexagonal axis, the crystalline 
electric field splits the ground state such that the AE’s 
are small, the magnetization would proceed in accord- 
ance with a Brillouin function [Eq. (4)] in which 
J=8 and g=1.25. On the other hand, if it is assumed 
that in directions perpendicular to the above axis, the 
splitting takes place as shown from spectral analysis, as 
carried out by Belianin,® then it follows that J’=} 
and g’= 2. The average magnetization for a polycrystal- 


'“ W.E. Henry, Phys. Rev. 106, 465 (1957) 
‘K. D. Bowers and J. Owens, Reports of Progress in Physics 
lhe Physical Society, London, 1955), Vol. 18, p. 304; J. H. Van 
Vleck, Phys. Rev. 52, 1178 (1937); F. Bloch and G. Gentile, Z 
Physik 70, 395 (1931 
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Fic. 2. Plot of average magnetization against H/T. The heavy 
curve is for magnetization as calculated from Eq. (6). The 
experimental points are for 4.2°K 


line sample is 
i (ui + 21), 


17 X0.625y2H 
17 coth( ) 
kT 


0.6254 pH well 
coth( ) +2 tanne |, (6) 
kT kT 


which, for high values of H/T, approaches 4.0 Bohr 
magnetons per atom, as shown in the heavy curve of 
Fig. 2. It is seen from Fig. 1 that there is agreement 
between the measured magnetization which approaches 
saturation and the calculated saturation magnetization. 
In Fig. 2, some experimental points for T=4.2°K are 
given for @ versus H/T where H is taken as the applied 
field. It is seen that the points occur above the theoret- 
ical curve, suggesting an internal field characteristic of 
positive exchange or ferromagnetic interaction. 

Using the agreement between the calculated and 
measured saturation magnetization as an indication 
of the plausibility of the proposed picture, we now 
attempt to calculate an apparent molecular field from 
the high-temperature magnetization of holmium. Figure 
3 is an expanded plot of magnetization against H/T. 
The heavy curve represents Eq. (6). The experimental 
points (squares) are for 295°K. These experimental 
points are above the theoretical curve and suggest 
ferromagnetic interaction. The apparent molecular 
field is obtained by means of a technique previously 
used.'* A constant, +, is determined in the equation, 


Hus=Hot+yM, (7) 
Phys. Rev. 94, 1146 (1954) 


or 


1 
a= {0.62540 
3 


*W. E. Henry, 
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Fic. 3. Plot of average magnetization against 7/T in expanded 
scale for small values of ///7. The heavy curve is calculated from 
Eq. (6). The squares are for 295°K and the triangles are for 100°K. 


in which Ho is the applied field and M the magnetiza- 
tion. In Fig. 3, an experimental point B (as an example) 
is chosen, corresponding to an actual applied field, 
T (H/T), at point A. From point B, a constant moment 
line is followed to point C where the effective field is 
read off from point D. This is repeated for other points 
like B. Then from the value of y thus determined, and 
the saturation magnetization, Mo, the apparent 
molecular field is determined from 


H»=yMo; (8) 


for holmium this amounts to about 550000 gauss. 
Now, if we say that the magnetic energy is approxi- 
mately equal to the thermal energy at the ferromagnetic 
Curie temperature; i.e 


wl ,=kT¢, (9) 


then T¢=37°K. This value is closer to the experimental 
ferromagnetic Curie temperature of 20°K indicated 
from a specific heat maximum" than the 86°K predicted 
by the Néel formula and implied by the use of Eq. (1), 
with high temperature susceptibillty measurements.'* 
A substantial remanence (magnetization measured 
at H=0) in the liquid helium range is consistent with 
a ferromagnetic exchange interaction, with crystalline 
electric field anisotropy and with spin-orbit interaction. 
At 4.2°K the remanence is 0.22 Bohr magneton per 
atom of holmium and at 1.3°K it is 0.42 Bohr magneton 
per atom. This amounts, respectively, to 5% and 10% 
of the saturation magnetization. There is a pronounced 


* Gerstein, Griffel, Jennings, Miller, Skochdopole, and Sped 
ding, J. Chem. Phys. 27, 394 (1957) 
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hysteresis in the helium range. For example, at 4.2°K, 
the magnetization in decreasing field (shown by arrows 
pointing down in the figures) is 50% higher than in 
increasing fields at 10000 gauss, and 100% higher at 
5000 gauss. 


SUMMARY 


The magnetization experiments on holmium metal 
have shown an asymptotic approach to absolute 
saturation. The measured magnetization of a poly- 
crystalline sample is 3.95 Bohr magnetons per atom of 
holmium at 1.3°K and 70000 gauss. The absolute 
saturation magnetization experimentally approached 
seems to be 4.0 Bohr magnetons per atom of holmium 
instead of 10 Bohr magnetons per atom on the basis 
of a *Js ground state or instead of 9 Bohr magnetons 
per atom on the basis of a ‘/;5/2 ground state. This 
experimental! value can be explained on the basis of the 
directional dependence of the gJ product suggested in 
this paper. That is, if g/ is 10 Bohr magnetons per atom 
in a direction parallel to an axis of “easy” magnetization 
and one Bohr magneton per atom in a plane perpendic- 
ular to the direction of “‘easy” magnetization, the limit- 
ing magnetization expected is 4.0 Bohr magnetons per 
atom of holmium. On the other hand, the value would 
be 3.7 Bohr magnetons per atom if the value of 9 is 
taken for the axis of easy magnetization, in which case 
a 5% preferential orientation would lead to the experi- 
mental results of this investigation. 

The remanence goes from a barely perceptible value 
at 100°K to 10% of the saturation magnetization at 
1.3°K. From the high-temperature magnetization 
measurements and an anisotropic Brillouin function, an 
apparent molecular field is calculated which leads to an 
estimated ferromagnetic Curie temperature of 37°K 
(the experimental Curie point, based on specific heats, 
is 20°K). The apparent molecular field of 550 000 gauss 
can also be calculated on the basis of a modified Néel 
ferromagnetic interaction energy, provided we put in 
linearly the anisotropy conditions which respect to the 
Pauli restriction. This restriction, which leads to an 
explanation of a saturation magnetization of 4.0 Bohr 
magnetons per atom of holmium, results from the 
energy level spacing induced by the combined effect 
of the spin-orbit coupling and the crystalline electric 
field which lifts the orbital degeneracy of the ground 
state of holmium. While there may be other ways of 
explaining the experimental results of this investigation 
of the magnetization of holmium, the 
explanation here given is simple and fits the facts. 


saturation 
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Experimental Investigation of Conduction Band of GaSbt 


A. SAGAR 
Westinghouse Research Laboratories, Pitisburgh, Pennsyluania, and University of Pittsburgh, Pittsburgh, Pennsyloania 
(Received July 24, 1959) 


The conduction band of GaSb was investigated by making the following measurements on a number of 
n-type samples with different carrier concentrations: (1) Hall effect and conductivity between 1.5°K and 
370°K ; (2) the change of resistance and Hall effect of the samples under hydrostatic pressure (up to 14X10" 
dynes/cm*) at room temperature; and (3) the change of resistance due to uniaxial stress between 77°K 
and 370°K. Our data can be explained on the basis of a double conduction band for this material with the 
lowest band-minimum in the center of the Brillouin Zone characterized by spherical constant-energy 
surfaces and the next minima along [111] directions in k-space characterized by ellipsoidal constant-erergy 
surfaces. Our data can be further interpreted by assuming that the deformation potentials for the two 
bands in GaSb are similar to those of the corresponding bands in n-type germanium. The energy separation 
of the two bands at room temperature is estimated to be about 0.08 ev. The observed temperature depend- 
ence of the piezoresistance could be explained by assuming that the energy separation AZ changes with 
temperature at a rate (dAE/dT) ~ —3X10~ ev/°C. Throughout the analysis, the relaxation times for the 


electrons in the two bands were assumed to be independent of energy 


I. INTRODUCTION 


HE band structure of GaSb has been investigated 

by optical methods by Roberts and Quarrington,' 
Ramdas and Fan,? and Zwerdling ef al.’ The magneto- 
absorption measurements at liquid helium temperature 
by Zwerdling e/ al.’ revealed an oscillatory spectrum, 
attributable to direct transitions. Assuming the valence 
band of GaSb to be similar to that of Ge and Si, they 
conclude that the conduction band minimum in GaSb 
is in the center of the Brillouin Zone. They find the 
energy gap £,=(0.813+-0.001) ev and the electron 
effective mass m*= (0.047+0.003)m,. Leifer and Dun- 
lap* have measured the resistivity and Hall coefficient 
for p-type GaSb in the intrinsic range of temperatures. 
Assuming deformation-potential scattering and a 
spherical energy band, they find the electron effective 
mass m*=0.20m, and E, (at T=0)=0.8 ev. The effec- 
tive mass values derived from these two experiments 
differ by a factor of about five. This inconsistency can 
be understood qualitatively if one assumes the existence 
of two conduction bands characterized by different 
effective masses and close to one another in energy. 
On the basis of such a model, the electrical experiments 
at high temperatures would measure the properties of 
electrons in both bands so that the effective-mass value 
derived from such an experiment would be some kind 
of an average of the effective masses in the two bands. 
The magnetoabsorption experiments by Zwerdling e/ 
al.* involve transitions to the lower band only and 
would measure the properties of carriers only in that 


t This work is part of a thesis submitted to the Department of 
Physics, University of Pittsburgh, Pittsburgh, Pennsylvania, in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. 

*V. Roberts and J. E. Quarrington, J. Electronics 1, 152 
(1955-56). 

* A. K. Ramdas and H. Y. Fan, Bull. Am. Phys. Soc. Ser. II, 
3, 121 (1958). 

* Zwerdling, Lax, Button, and Roth, J. Phys. Chem. Solids 9, 
320 (1959). 

*H. N. Leifer and W. C. Dunlap, Jr., Phys. Rev. 95, 51 (1954). 
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band. The absorption edge studies in GaSb by Ramdas 
and Fan? indicate a temperature-dependent tail below 
a=100 cm~'. They attribute this tail to indirect 
transitions. Their results on magnetoresistance® in 
GaSb do not show any anisotropy or longitudinal 
effects, which indicates a spherical band. It is not 
possible however, to critically analyze their results for 
lack of data on their experiments. 

We have made the following measurements on n-type 
GaSb in order to understand the band-structure of this 
material: (a) Hall effect and conductivity measure- 
ments between 1.5°K and 370°K on samples of different 
carrier concentrations; (b) the effect of hydrostatic 
pressure on resistivity and Hall coefficient at room 
temperature; and (c) piezoresistance effect between 
77°K and 370°K. 


Il. EXPERIMENTAL 
1. Material Preparation 


The compound was prepared from 99.999% pure Ga 
and Sb. The undoped GaSb was always p-type and 
zone refining did not prove useful for purifying the 
compound. The p-type GaSb had acceptor impurities 
= 10'7/cm*. The origin of these impurities is not known. 
The n-type GaSb was prepared by doping the compound 
with tellurium. Single crystals were grown by controlling 
the growth of a single seed from a melt of GaSb in a 
hydrogen atmosphere. Single crystals of about 1 in. 
<1 in. x4 in. size were obtained by this method. 


2. Sample Preparation 


The crystals were oriented to within +2°. The 
samples were lapped and etched after cutting. Electrical 
contacts were made with an ultrasonic soldering iron, 
using tin or indium as the soldering material. The 
dimensions of the sample were about 1 mmX2 mm 
X12 mm. 
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3. Measurements 
a. Hall and Conductivity Measurements 
Hall measurements were made at different 
sections of each sample, to check the homogeneity of 
the carrier concentration. Samples with carrier concen- 
tration variations of more than 10% along their lengths 
were discarded. The magnetic fields used were between 
500 and 6000 gauss. The apparatus used for measure- 
ments between 77°K and 370°K was similar to that 
used by Ure.® The temperature was maintained constant 
to within +0.5°K. Measurements in the liquid helium 
temperature range made using conventional 
equipment. The temperature was maintained constant 
to within +0.05°K. The temperatures below 4.2°K 
were determined from helium vapor pressure measure- 


two 


were 


ments.* The accuracy of all Hall measurements was 
within 5%. 


b. Piezoresistance Measurements 


The piezoresistance phenomenon deals with the effect 
of stress (or strain) on the resistivity of the material 
and is described mathematically by a 4th rank tensor. 
The properties of this tensor for various crystal sym- 
metries have been discussed in detail by Smith.’* For 
a cubic crystal the piezoresistance tensor 7 is defined by 
=F 5 wisX;, 
where pp is the resistivity of the material without stress 
and X is the stress tensor. The indices i and j run from 
1 to 6, as in the elasticity theory. For a cubic crystal 
there are three independent coefficients m1, m12, and m44. 

We have made longitudinal piezoresistance measure- 


bp, Po 


ments (with current and stress in the same direction) 
along various crystallographic directions. No transverse 
piezoresistance measurements (with stress direction 
perpendicular to current direction) were made because 
of the difficulty of making large-area low-electrical- 
resistance contacts. 

The fractional change of resistance per unit stress 
(with current and stress in the same direction) in terms 
of the m’s is given by the expression® 
16R 

= KK! +9) —2(Pm? + mn? +P) (9. — 12 — a4), (1) 


X R 


where /, m, n are the direction cosines of the specimen 
axis along which the stress is applied and K’ is the 
correction term due to the dimensional changes of the 
sample. 


The method used for piezoresistance measurements 
was similar to that used by Pollak."° The samples were 
subjected to an alternating stress (27 cps) of the order 


5R. W. Ure, Jr., Rev. Sci. Instr. 28, 836 (1957) 

°C, T. Linder, Westinghouse Research Report R-94433-2-A, 
1950 (unpublished 

7C. S. Smith, Phys. Rev. 94, 42 (1954 

*C. S. Smith, Solid State Physics, edited by F 
Turnbull 

*R. F 

wo M 


Seitz and D. 
Academic Press, Inc., New York, 1959), Vol. 6, p. 175 
Potter, Phys. Rev. 108, 652 (1957) 
Pollak, Rev. S« 29. 639 (1958 
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of 5X 10’ dynes/cm*. The accuracy of all measurements 
was within 5%. The measurements by this method 
give adiabatic constants. A correction has to be made 
for converting these to isothermal values. This correc- 
tion term is estimated to be ~110~" cm?/dyne. We 
have neglected this correction term in the calculation 
of our results, as it 
final conclusions. 
Measurements between 77°K and 300°K were made 
in cooled methylbutane and the temperature 
measured with a copper-constantan thermocouple 


is small and does not affect our 


was 


c. Measurements under Hydrostatic Pressure 


It is evident from Eq. (1) that all the three piezo- 
resistance coefficients cannot be determined from the 
longitudinal! measurements only. We have measured 
the effect of hydrostatic pressure on 
these samples at room temperature 
information on the three coefficients 

The effect of hydrostatic pressure on 


the resistance of 
to complete the 


the resistance 
of the material in terms of the z’s is given by 
d \nR/dP=K"+ (91; +29), 

where K” is the correction term. The 
dimensional correction terms have been calculated by 
Smith’ for different 
constants of the 
correction 


dimensional 


situations in terms of the elastic 
material. We have neglec ted these 
calculations for both the 
longitudinal and hydrostatic measurements, as they 
are small (~210~-" cm? 
our final conclusions. 

The maximum pressure used was 14X 10° dynes/cm*. 
Pressure was measured to within +210’ dynes/cm’. 
The value of 0 was derived by 
differentiating the R vs P curves and extrapolating the 
value of (dInR/dP) to P=0 

Hall effect measurements under hydrostatic pressure 
were made in a beryllium-copper chamber. The maxi- 
mum pressure used for these measurements was 8X 10° 
dynes/cm’. 


terms in our 


dyne) and would not affect 


(wit 2712 at P 


Ill. EXPERIMENTAL RESULTS 
1. Hall Coefficient vs Temperature 


Results of Hall coefficient measurements between 
1.5°K to 370°K are shown in Fig. 1. The Hall coefficient 


} 
| 


oo) 


Fic. 1. Hall coefficient as a functi 


f temperature for n-type 
GaSb samples of « 


iffere yncentrations. 
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was found to be independent of the magnetic field 
strength, in the range of the fields used. The Hall 
coefficient increases steadily with increasing tempera- 
ture for samples of highest purity. For samples with 
intermediate carrier concentrations, the Hall coefficient 
passes through a maximum. This maximum moves 
towards lower temperature and becomes less pro- 
nounced for samples with higher carrier concentrations 
Finally for samples with very high carrier concentra- 
tions, the maximum disappears and the Hall effect 
remains constant with temperature. 


2. Conductivity vs Temperature 


Results of conductivity measurements between 1.5°K 
and 370°K are shown in Fig. 2. The values of o and 
Ry at 4.2°K, 77°K, and 300°K for various samples are 
given in Table I. The conductivity increases uniformly 


with increasing carrier concentrations, except in 


samples 9-D and 10-A, where the conductivity values 


¥ 


Fic. 2. 
GaSb samples with different carrier concentrations 


are anomalously low. These samples exhibit anomalous 
behavior (¢€.g., nonohmic resistivity and negative 
magnetoresistance) in the liquid helium temperature 
range. We have not attempted to interpret the data on 
these two samples. 


3. Resistance vs Pressure Measurements 


The effect of hydrostatic pressure on the resistance 
of various samples is shown in Fig. 3. The ordinate of 
the curves is the resistance at pressure P, normalized 
by division by the resistance at atmospheric pressure. 
Figure 4 gives the curves (dInR/dP) ws P, derived by 
differentiating the smooth curves R vs P drawn from 
the data of Fig. 3 for various samples. The value of 
the coefficient (d InR/dP) at P=0 is higher for purer 
samples. The coefficient (dInR/dP) decreases with 
increasing pressure and tends to approach a small 
constant value (~ 10 10-" cm?*/dyne) for all samples 


Conductivity as a function of temperature for n-type 
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Taste I. Conductivity and hall coefficient values at 300°K, 
77°K, and 4.2°K for difierent samples. Ry is in cm* coulomb 


@ is in ohm™ cm™. 


” Ra o 
(77°K) (4.2°K) (4.2°K) 


Ra a Ra 
Sample (300°K) (300°K) (77°K) 





38 

51 

x 
260 
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B (single crystal) 
A (polycrystalline) 
P (single crystal) 
A (single crystal) 
A (polycrystalline) 
A (polycrystalline) 
B (polycrystalline) 
-D (polycrystalline) 
A (single crystal) 
0-A (polycrystalline) 
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nonohmic 


at high pressures; it seems to approach this 
value at lower pressures for purer samples than for 
impure samples. Furthermore, resistance ts pressure 
data for sample 9-D (which has anomalously low 
conductivity and shows anomalous behavior at low 
temperatures) seems to fall into a consistent pattern 
with the data on other samples. 


constant 


4. Hall Effect vs Pressure 


The Hall coefficients of samples 1-B, 4-A, and 9-A 
were measured as a function of pressure. The results 
are shown in Fig. 5. The Hall coefficient for sample 9-A 
decreases steadily with pressure. For samples 1-B and 
4-A, it passes through a maximum and then decreases 
steadily with pressure. The maximum is more pro- 
nounced and occurs at higher pressure in sample 1-B 
than in sample 4-A. 
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Fic. 3. Resistance os pressure for m-type GaSb samples with 
different carrier concentrations at room temperatures. 
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Fic. 4. (dInR/dP) vs pressure. These curves were drawn by 
differentiating the smooth curves R vs P taken from the data of 
Fig 


5. Piezoresistance Measurements 


The results of longitudinal measurements along with 
the results of pressure experiments at 300°K are shown 
in Table II. The piezoresistance effect was found to be 
sensitive to the carrier concentration of the samples. 
We need to make piezoresistance measurements on at 
least two samples with the same carrier concentrations, 
to determine the three piezoresistance coefficients m1), 
m2, and 44. The Hall coefficient values for the samples 
4-A-B-C were the same within 5%. These samples were 
considered identical for the analysis of the piezo- 
resistance data. The small differences in the carrier 
concentrations of the samples 4-A-B-C, would introduce 
an error in the values of 1, r12, and w44 derived from 
the measurements on these three samples. This error 
will be small in the temperature range where the values 
of x’s are big, and will not affect our final conclusions. 
In the low-temperature range, however, where the 
values of w’s are small, this error may be quite im- 
portant. Any quantitative analysis of the data in this 
range should be viewed in the light of the above 
remarks. The Hall values for samples 9-A-B were the 
same within 10%. These samples were also considered 
identical for the analysis of the piezoresistance data. 
The principal shear coefficients for the two sets of 


Fic. 5. Hall coefficient vs pressure data for three n-type GaSt 
samples. The curves are calculated by assuming b= }, AE (0,300°K) 
=().074 ev and |dAE/dP| =1X10~5 ev/atmos. 


samples are given in Table IIT. It may be noticed that 
12 and r44>>(411—712) for both the samples. 

The results of longitudinal piezoresistance measure- 
ments between 77°K and 300°K for samples 4 and 9 
are given in Figs. 6 and 7, respectively. A plot of ru 
vs T is also shown in these figures. The value of wa, at 
any temperature is calculated by assuming that #1,;~ 712 
at all temperatures. It may be noticed that a4, decreases 
as the temperature is lowered and decreases more 
sharply for samples of higher purity (Samples 4-A-B-C) 
than for less pure samples (Samples 9-A-B 


IV. DISCUSSION OF RESULTS 


The increase in the value of Ry with increasing 
temperature as observed in Sec. III.1, Fig. 1, can be 
explained qualitatively by assuming the existence of 
two bands separated by the energy AE, and character- 
ized by different mobility values. The distribution of 
carriers in the two bands would depend on the temper- 
ature, more carriers going to 
temperature is raised. This 


the upper band as the 


would in effect increase 


rasLe If. Piezoresistance 300° K sign convention for 


n’s is the same by Smith* 


Rua 2 - 

(at S \ R 
300°K) Stres ‘ > 2wit) Poo 
cm* and 12 cm*/dyne) 
cou current y hydrostatic 

lomb lirectior pressure) 

10.5 100) 168 

< = 

10.1 110] 4 + + 4 173 

110} 4 4 ar c 168 


111] j + 29124 2 107 
110 } } 


) 
2.85 


® See reference 7 


the value of Ry with increasing temperature, until the 
carriers in the two bands contribute equally to the 
conductivity, after which Ry 
increasing temperaturé The IIl.1 
exhibits such a behavior. The exact shape of the Ry 
vs T curve would depend on 


decrease with 


would 


data of Sec 


(a) the value of the energy 
separation AE; (b) scattering mechanisms and mobili- 
ties in the two bands; the densities of states in 
the two The results of the 
experiment of Sec. III.5, provide 
about the characteristics of the 


and \¢ 
bands. piezoresistance 
information 


two bands. 


some 

The room 
temperature values of the shear coefficients [4ryg>(#1 
— 2) | in Table III, indicate that one of the bands is 
germanium like, with ellipsoidal constant-energy sur- 
faces and minima along [111] directions in k-space. 
The temperature dependence of 6 and 7) 
suggests that below this (111) band there is another 
band, the electrons in which do not contribute to this 


x. (Figs 
ws, (Figs. 


shear coefficient. As the temperature is lowered, more 


'C. S. Hung, Phys. Rev. 79, 727 


RK. J. Sladek, J 
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and more electrons occupy this lower band, decreasing 
the value of r4,. We recognize this lower band as the 
one observed by Zwerdling ef al.* in their magneto- 
absorption experiment. They report that the edge of 
the conduction band in GaSb is in the center of the 
Brillouin Zone. 

The study by Taylor," of the optical gap under 
hydrostatic pressure (up to 2000 atmospheres) indicates 
that the conduction band of GaSb moves away from 
the valence band at a rate of 1.57 10~° ev per atmos- 
phere. On the basis of our discussion in the preceding 
paragraph, this would be the rate at which the (000) 
minimum of the conduction band moves away from 
the valence band. It may be further observed that this 
is about the rate at which the (000) minimum of 
germanium™ moves away from the valence band. If we 
assume that the (111) minima in GaSb also move 
away from the valence band at about the same rate as 
do the (111) minima in germanium (0.5X10~° ev/ 
atmos), we find that the two bands in GaSb approach 
each other at a rate of about 1.1% 10~-* ev/atmos. This 
would mean an increase in the relative population in 
the (111) band compared to that in the (000) band on 
applying hydrostatic pressure. Our data of Sec. IIL.3 


lasie III. Shear and dilation coefficients at 300°K 
and atmospheric pressure. 


Ru 
cm? 
coulomb™ 
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9-A-B 2 
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3+0.5 
7+0.3 


—2.8 
41 


in the resistance of GaSb with 
pressure, indicating that the electrons in the (111) 
band have lower mobility than those in the (000) band. 
This is also expected from theoretical considerations 
and by comparison with mobility data on other ma- 
terials." The coefficient (d InR/dP) tends to approach 
a small constant value (~10X10-" cm?/dyne) at high 
pressures. The value of the pressure at which (d InR/d?P) 
approaches this constant value is higher for samples 
with higher carrier concentrations than for purer 
samples. This can be qualitatively understood on the 
basis of the above model as follows: The coefficient 
(d \nR/dP) approaches zero (neglecting minor effects) 
when the (000) band is raised high enough (by applying 
hydrostatic pressure) so that all the carriers in the 
(000) band are transferred to the (111) band. This 
condition will be achieved at a higher pressure for a 
sample with higher carrier concentration (its Fermi 
level being higher) than for a purer sample. Further- 
more, the conductivity ts pressure data on sample 9-D 
are consistent with the data on other samples, in spite 


show a big increase 


8 J. H. Taylor, Bull. Am. Phys. Soc. 3, 121 (1958 
“W. Paul, J. Phys. Chem. Solids 8, 196 (1959 
*R. W. Keyes, J. Appl. Phys. 30, 454 (1959 
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lic. 6. Piezoresistance vs temperature for n-type GaSb, De 
tailed information about the sample is given in Table II. The 
curve rq vs T was calculated from the piezoresistance data shown 
in this figure and by assuming +,;= 29 in the entire temperature 
range 


of its anomalous properties mentioned in Sec. III.2. 
The effects for which this sample shows anomalous 
behavior are primarily dependent on the scattering 
processes. This suggests that the anomalous behavior 
of this sample is probably due to the complicated 
scattering processes. The pressure effect, being mainly 
due to the inter-band transfer of carriers, does not show 
anomalous behavior for this sample. 

The shift in the position of Ry(max) towards lower 
pressures for samples with higher carrier concentrations, 
and the final disappearance of Ry (max) for sample 9-A 
with the highest carrier concentration (Fig. 5), can be 
qualitatively understood on the basis of the above 
model as follows: The Fermi level is higher for samples 
with higher carrier concentrations, and there are 
proportionately more carriers in the (111) band. Thus 


—_+—__—_____— 


+ o-4 [ 
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Fic. 7. Piezoresistance vs temperature for n-type GaSb. De- 
tailed information about the samples is given in Table II. The 
curve ru 0s T was calculated from the piezoresistance data on 
these samples shown in this figure and by assuring +;;= 712 for 
the entire temperature range. 
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the condition of equal conductivity in the two bands 
[i.e., condition for Ry(max)] will be achieved at a 
much lower pressure for a sample with higher carrier 
concentration than for the with lower carrier 
concentration. For sample 9-A the Fermi level is high 
enough to make o,;>o» even at normal pressure, and 
the condition for Ryw(max) cannot be achieved by 
applying hydrostatic pressure. Thus the data of Sec. 
III.4 on the change of the Hall effect with pressure are 
also in qualitative agreement with the above picture of 
the conduction band. The shape of the curves o vs P 
and Ry vs P would depend strongly on the value of 
(dAE/dP). 
Furthermore, this 
discrepancy 


one 


model explains qualitatively the 
the effective-mass value (m* 
0.047m,) derived from the magnetoabsorption experi- 

ment® and the 0.20m,) derived 

conductivity measurements‘ at high temperatures. 


between 


value (m* from 

On the basis of the above discussion, the following 
model is proposed for the conduction band of GaSb: 
a) The lowest minimum is in the center of the Brillouin 
Zone. It is characterized by spherical constant-energy 
surfaces with m*=0.047m,. (b) The next minima are 
along (111) directions in k-space and are separated by 
an energy AE from the (000) minimum. These minima 
are characterized by ellipsoidal constant-energy sur- 
faces. 


V. ANALYSIS OF THE DATA 


1. Theory and Assumptions 


will see how well our data of Sec. 
III agree quantitatively with our calculations based on 


In this section we 


the model proposed in the preceding section. The 
expression for conductivity and Hall coefficient for 
our model is given by 


o =e (Hoot ny), 


1 


Rn (Moomon +N yisin)/ (Moot ny)’, 
ec 


where wo and y; are the drift mobilities in the (000) and 
(111) bands, respectively;,uoz and wiy are the Hall 
mobilities'® in the (000) and (111) bands, respectively. 
V =n, +no= [49 (2kT)1/h? imo Fy (0 
tvymy my Fi(n—A)], (4) 
mm Fi(n—A 
Vi 
mo! F y(n) 
Er/kT; A=AE/kT, 


xdx 
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number of 
longitudinal mass in 


where .V=total number of carriers, », 
minima in the (111) band, my, 
the (111) transverse mass in the (111) 
band, my= effective the (000) band, and 
Er= Fermi energy measured from the edge of the (000) 
band. The subscript ‘‘0”’ 
of the (000) band and 
band. 

We will make the 
of the parameters involved in the above expressions for 
o and Ry 


band, mm, 
mass in 


is used to denote the properties 
. e properties of the (111) 


following assumptions about some 


(a) The (000) band 
mass m*=0.047m,. This 


haracterized by an effective 
result taken from the 
magnetogbsorption measurements by Zwerdling et al.’ 

(b) The characteristics of the (111) band in GaSb are 
similar to those of the (111) band in germanium, i.e., 
(m,/m,,)>>1, and the value of the density of states is 
similar to that in to the ratio 
between the density of states in the band and 
the (000) band ~ 40 

(c) The rate of chang 
pressure |dAE/dP| ~1> 
this number 


leads 


(111 


german This 


eparation with 
We have taken 
from our discu n in the preceding 
section 

bands: In 
anding of the scatter 
ing mechanisms involved, we are unable to determins 
the energy dependence of the rel 
two bands. We will assum: 
be independent of energy 


(d) About the relaxa mes é 


the absence of any sound underst 


ixation times in the 

these relaxation times to 

Chis is a very crude assump- 

tion and is made only for the sake of mathematical 

simplicity and becau f any better assumption. 

2. Analysis of Conductivity and Hall Data for 
Samples 1-B, 4-A, and 9-A 


a. Hall vs Pressure 


First we will analyze the data on sample 1-B. We 
will in our analysis for this 
sample. This is justified becau temperature 
range of interest (77°K to 300°K) the sample is non- 
degenerate. The data for Ry as a function of tempera- 
ture suggest a value for Ry(max)/Ry(min)~2 where 
Ry(min) is the value of Ry extrapolated to T=0. This 
leads to a value of b=y1/uo~?. Using the value of b=? 
and the previously determined dAE/dP| ~1 
xX 10-° ev/atmos, we determine the value of A which 
gives the best fit to Ry(P,T)/Ryz(0,T) vs P. The results 
are shown in Fig. 5 for A(0,300°K)=2.85. This value 
of A corresponds to AEZ(0,300°K) ~0.074 ev. The total 
number of carriers calculated by using the above values 
for the parameters is found to be V=2.1X10'"/cm’. 
Next we examine the Hall data for samples 4-A and 


use classical statistics 


s¢ n the 


value of 


9-A, using the values of parameters derived from Hail 


data of sample 1-B. The effect of degenerac y has to be 


taken into account for these samples. The values of 


n(0,300°K) and NV were determined for each sample by 
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Fic. 8. Hall coefficient vs (AT) between 370°K to 77°K, for 
sample 1-B. The dashed curve is obtained by drawing a smooth 
curve through the experimental points in Fig. 1. The solid curve 
is calculated for b=} and AE=0.074 ev, and by assuming that 
AE is temperature independent E 


forcing the Eqs. (3), (4), and (5) to give the experi- 
mentally observed value of Ry(0,300°K). We find 
n(0,300°K) = 0.7; V=1.4X 10'*/cm! for sample 4-A and 
n(0,300°K) = 2.1; V=4.6X10"'*/cm* for sample 9-A. 
The Ry vs P curves calculated for these two samples 
are also shown in Fig. 5. The agreement seems to be 
quite good for all the three samples. 


b. Hall Effect vs Temperature 


The Ry vs T curve was calculated for sample 1-B, 
assuming the energy separation AE to be independent 
of temperature. The results are shown in Fig. 8. Again 
the agreement seems quite good. Similar agreement 
was obtained in case of other samples. 


c. Conductivity vs Pressure 


The results of similar calculations of o vs P for these 
three samples are shown in Fig. 9. The agreement does 
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Fic. 9. Conductivity »s pressure for n-type GaSb samples 
The dashed curves are obtained by drawing smooth curves 
through the experimental points of Fig. 3. The solid curves are 
calculated by assuming 6=}, AE=0.074 ev and |dAE/dP|=1 
X10~* ev/atmos. The points are calculated for sample 1-B using 
b=1/8.6. 
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not seem as good as for the Hall data. The conductivity 
data seem to agree better for b~1/8.6 (the points 
shown in Fig. 9 were calculated for sample 1-B using 
the value of 6~1/8.6). This is not surprising, in view 
of the fact that the quantity 6 derived from Hall 
measurements is the ratio of Hall mobilities whereas 5 
derived from conductivity data represents the ratio of 
drift mobilities. We have assumed throughout our 
calculations that the relaxation times are independent 
of energy. The difference in the values of 5 derived 
from Hall and conductivity data indicates that this 
assumption about the relaxation times is probably not 
quite true. As the expression for conductivity involves 
an additional unknown parameter (i.e., energy depend- 
ence of the relaxation times individually), the values 
of the parameters derived from the Hall data would be 
considered more reliable. 


3. Room Temperature Mobility Calculation 
for Samples 1-B, 4-A, and 9-A 


We calculate the mobility wu; in the (111) band for 
these samples, using the experimental values of o at 
300°K (Table I), and the results of calculations in Sec. 


TaBLE IV. Room temperature mobility in the (111) band 
calculated from experimental value of o in Table I. 


n/N 
85% 
78% 
70% 


o1/o* 
47.8% 
36.6% 
27.8% 


Sample 


9-A 
4A 
1-B 


f 
em? volt“ sec™ 


6AS 
574 
430 


*o: =conductivity due to carriers in the (111) band and ¢ =total con- 
ductivity 


V.2. The mobility in the (000) band is given by po= 6y. 
The results are shown in Table IV. It may be noticed 
that these values for 4; are of the same order of magni- 
tude as those for germanium" with similar carrier 
concentrations. No significance should be attached to 
the variation of yu; for different doping, as our calcu- 
lations are very crude. 


4. Analysis of the Piezoresistance Data 


The piezoresistance coefficiént 4 for the case of 
band minima along [111] directions is given by"* 
(assuming that the relaxation time is independent of 
energy) : 


u Mim Bu 1 F_4(n’) 
— re 


— —, 6) 
3C yhkT 2ui +p 2 F,(n’) 

where 9'= (Ep’/kT), Ep’ is measured from the edge of 
the (111) band, Z, is the deformation potential con- 
stant, Cy is the elastic constant, uw, and yw, are the 
transverse and longitudinal mobilities with respect to 
the axis of the ellipsoid. In our case, only a fraction of 


‘TR. Bowers, Phys. Rev. 108, 683 (1957) 
‘8M. Pollak, Phys. Rev. 111, 798 (1958 
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TABLE V. Shear coefficient m4, for n-type GaSb at room temperature with corresponding values f 


Samples NV (cm) 


4 1.37 1018 
9 46 X10 


* Values used for elastic constants at room temperature [see R. F. Potter, J 


Cu(Ge) ~0.671 X10" dynes/cm?* 
> Values taken from results « 


the total number of carriers contributes to m4, so that 


‘ a} Eon Mim Bu 1 F_;(n’) ” 
1 44(€xperimental) x -, (7) 


, (7) 
& BC yRT 2ust+uy, 2 Fy(n’) 
where o;=conductivity due to carriers in the (111) 
band and o= total conductivity. 

Our data on the temperature dependence of m4 
(Figs. 6 and 7) do not agree with Eq. (7), if we assume 
that AE is temperature independent. However the 
theoretical results can be brought into agreement with 
our data by assuming that the energy separation 
between the two bands changes with temperature at a 
rate (dAE/dT) 3x10 ev/°C. This assumption 
does not seem unreasonable in view of the experimental 
evidence” which indicates similar temperature depend- 
ence of the energy gaps in other materials. Furthermore, 
this assumption is not inconsistent with our Hall data 
on GaSb. 

The shear coefficient m,, for the case when all the 
carriers are in the (111) band is given by 


mss= (0/0 ,)C sama, (experimental). 


The value of m4, at room temperature is calculated for 
samples 4 and 9 using the values of wy, and ¢/o;, from 
Tables III and IV, respectively. The results are shown 
in Table V. The corresponding numbers for n-type 
germanium'® with similar carrier concentrations are 
also shown. The shear coefficient m4, in GaSb seems to 
be of the same order of magnitude as in germanium, 
indicating that the deformation potential &,, is probably 
not very different in the two materials. 


VI. SUMMARY AND COMMENTS 


Our experiments indicate a double conduction band 
for GaSb with the lowest band-minimum in the center 


Fan, Shepherd, and Spitzer, Proceedings of the Conference on 
Photoconductivity, Atlantic City, 1954, edited by R. G. Brecken 
ridge e¢ al. (John Wiley and Sons, New York, 1955 


oi/e 


36.6% 78 
47.89, 


for n-type germanium 
mu for Ge> 


with similar carrier 
concentration 


roa (experimental)* 

10-8 cm?/dyne 
d — 100 
RO 3 5 - 93 


Phys. Chem. Solids 3 195 ‘ iSb) = 0.432 K10" dynes/cm?; 


f Pollak (see reference 18). Pollak’s results are about 10% higher thar 


of the Brillouin zone and the next 
(111) directions in k-space. Our data 
by assuming that the deformat 
two bands in GaSb are similar 


minima along the 
an be interpreted 
for the 
corre 
energy 


potentials 
of th 
sponding bands in m-type germanium.” The 
separation AE between the two band s estimated to 
be about 0.074 ev at room temperatu | 
for AE is based on the as 
states for the (111 
the corresponding band in » 


Lnose 


his estimate 
sumpt that the den ity of 
to that of 
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do not have the experimentally 
effective mass of el 
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observed values for the 
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sumption troduce some uncer- 
yf AE. However, 
111 


inge in the 
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by a factor of two, would bring I 
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estimated value y 0.03 ev, without appreci 
ably changing the Figs. 5 and 9 
The data on the ire dependence of piezo 
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that the energy separation AE between the two bands 
changes with dAE/dT)=—3 
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Piezoresistance measurements were made on n-type InP at 77°K and 300°K. The results suggest a 


spherical energy band for this material. 


I. INTRODUCTION 


HE band structure of n-type InP has recently 

been investigated by galvanomagnetic, optical 
and thermoelectric power measurements by Glicksman' 
and Newman.’ These measurements point towards a 
complex band structure in this material. It seems to 
possess an isotropic small effective mass m*=0.07m, at 
low carrier densities and an anisotropic large effective 
mass m*=0.2m, at higher carrier concentrations.? The 
magnetoresistance measurements by Glicksman' indi- 
cata a small anisotropy of (100) type for crystals with 
n> 10'*/cm*. We have made piezoresistance measure- 
ments to further investigate the band structure of this 
material. 


Il. MEASUREMENTS AND RESULTS 


A single crystal of n-type InP was obtained from 
Siemens Schuckertwerke, Germany. The electron con- 
centration calculated from Hall measurements at room 
temperature was 2.5 10'*/cm*. The resistivity at room 
temperature was 0.08 ohm-cm. A sample was cut with 
its long dimensions along the [110] direction. The 
error in orientation was +1°. The dimensions of the 
sample were about 1 mm X2 mm X12 mm. The sample 
was etched in concentrated hydrochloric acid after 
lapping. Electrical contacts to the sample were made 
with an ultrasonic soldering iron using tin as a solder. 

The resistance of this sample was measured as a 
function of hydrostatic pressure at 300°K. The maxi- 
mum pressure used was 7X10 dynes/cm*. The re- 
sistance increased linearly with pressure throughout 
the range of applied pressure. The relative change of 
resistance per unit pressure was found to be: 

1 6R 
> = (911+ 2912) = — (8.240.3) K 10-" cm*/dyne, 


where the x’s are the components of the piezoresistance 
tensor and the sign convention for the z’s is the same 
as that used by Smith.’ 

Longitudinal piezoresistance measurements (with 
current and stress along [110] direction) were made on 

Tt This work is part of a thesis submitted to the Department of 
Physics, University of Pittsburgh, Pittsburgh, Pennsylvania, in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. 

1M. Glicksman, J. Phys. Chem. Solids 8, 511 (1959). 

?R. Newman, Phys. Rev. 1)1, 1518 (1958). 

*C. S. Smith, Phys. Rev. 94, 42 (1954). 


the same sample at 77°K and 300°K. The apparatus 
used for these measurements was similar to that used 
by Pollak.‘ The stresses applied were of the order of 
5X10’ dynes/cm*. The measurements gave the follow- 
ing results; 
1 6R 
—=} (ru tmit1) 

XR 

= — (1,340.5) XK 10-" cm*/dyne, 
where X is applied stress. The values of (6R/XR) at 
77°K and 300°K were the same within the experimental 
error. 

No corrections due to dimensional changes of the 
sample were made for either measurement, as these 
corrections are estimated to be small (=2x10~" 
cm?*/dyne) and do not affect our final conclusions. 


Ill. DISCUSSION 


Because of lack of more material, we could not make 
the third measurement necessary to evaluate the two 
shear coefficients (#;;—12) and 44. However, from the 
above data we find that (#1,.—212)+39ru4=8.6X10-" 
cm*/dyne. This result excludes the possibility of one 
of the shear coefficients being large (~100X10-" 
cm*/dyne) and the other coefficient small (<1010-" 
cm?*/dyne), as is the case for n-type germanium and 
silicon* in which the band minima are along [111] and 
[100] directions, respectively. Thus the band minima 
for this material do not seem to be along [111] or 
[100] directions. It is also very improbable that both 
the shear coefficients are large in such a way as to 
give a small value for the above combination of the 
coefficients. 

IV. CONCLUSIONS 


The shear coefficients seem to be small for this 
material. This is indicative of a spherical energy band 
for this material. This result is consistent with Glicks- 
man’s results for low carrier concentration material. 
We are unable to conclude anything from our data 
about the existence of another higher band, as reported 
by Glicksman.' 
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Spin resonance measurements are reported for various charge states of four transition metals in silicon, 
namely for V**; Cr*, Mn~, Mn**, and Fe’. In each case the g tensor and the hyperfine inter 
impurity nucleus are isotropic. Thus each element exists in an isolated form in silicon and undergoes no 
distortion from the site of maximum symmetry. The site may be either the substitutional position or the 
interstitial position of maximum symmetry in the silicon lattice. For (V° , S=§, A=—42.10; for (Cr®)*, 
S =}, a= +30.16, A = +10.67; for (Mn), S=1, A =—71.28; for (Mn®)**, S=§, a= +19.88, A =—53.47; 
for (Fe*’)®, S=1, A =6.98, where a is the cubic field splitting parameter, A is the teraction of 
the isotope noted, and both are expressed in units of 10~ cm™. Electron-nuclear 
for accurate measurement of A and for the determination of S. In the case of Fe®, the electron spin was 
checked by noting that the iron line splits into two fine structure components under uniaxial stress. Associ 
ation of Cr, Mn, and Fe with acceptors in silicon has been observed, as well as another charge state of 


action with the 


hypertine in 


double resonance was used 


isolated Fe 


I, INTRODUCTION 


HE earliest reported spin resonance measurements 

in silicon were on free electrons' and on electrons 
bound at shallow donor impurity sites.? The investiga- 
tion of shallow donor impurities in silicon, namely 
phosphorus, arsenic, and antimony, has continued, until 
these are among the best understood of all dilute para- 
magnetic systems. The hyperfine interaction with the 
donor nucleus is well resolved and lines are narrow. 
Relaxation processes have been studied both theoreti- 
cally’ and experimentally‘; one finds concentration- 
dependent relaxation times which can be as long as 
hours at helium temperatures. Feher® has used the 
electron-nuclear double resonance technique to study 
the hyperfine interaction of the donor electron with Si”. 
By comparing the wave function amplitude with theo- 
retical calculations of Kohn and Luttinger,’ he has 
determined the position of the conduction band mini- 
mum. The spectra have also been utilized for studying 
nuclear properties such as magnetic moments,’ the 
hyperfine structure anomaly,® and for producing nuclear 
orientation.’ 

The shallow acceptors, boron, aluminum, gallium, 
and indium, are also quite soluble in silicon. It is not 
clear why spin resonance due to these has not been 
observed. 

Recently, resonant absorption due to a wide variety 
of other, less soluble, impurity systems has been de- 
tected in silicon. The isolated impurities which have 


' Portis, Kip, Kittel, and Brattain, Phys. Rev. 90, 988 (1953). 

* Fletcher, Yager, Pearson, Holden, Read, and Merritt, Phys. 
Rev. 94, 1392 (1954); Fletcher, Yager, Pearson, and Merritt, 
Phys. Rev. 95, 844 (1954). 

* Pines, Bardeen, and Slichter, Phys. Rev. 106, 489 (1957); G. 
Feher and E. A. Gere, Phys. Rev. 114, 1245 (1959) 

‘H. Honig and E. Stupp, Phys. Rev. Letters 1, 275 (1958 

5G. Feher, Phys. Rev. 114, 1219 (1959) 

®*W. Kohn and J. M. Luttinger, Phys. Rev. 98, 915 (1955 

7 Feher, Fuller, and Gere, Phys. Rev. 107, 1462 (1957) 

* J. Eisinger and G. Feher, Phys. Rev. 109, 1172 (1958). 

*F. M. Pipkin and J. W. Culvahouse, Phys. Rev. 109, 1423 
(1958 


been detected include the transition metals V, Cr, Mn,” 
Fe,"' Ni, Pd, and Pt. Two species of sulfur’ also have 
been detected. 

Crystals containing associated impurity pairs have 
also been prepared. The pairs consist of one atom of 
chromium, manganese” or and an atom of a 
substitutional boron, aluminum, 
gallium, indium, or gold. Pairs have been studied both 
by resonance and by electron-nuclear double resonance 
techniques. Clusters of four manganese atoms have 
also been observed. In the present paper the 
spectra of V++, Cr+, Mn-, Mn**, Fe® and the man- 
ganese clusters will be discussed; other systems will 
be treated in separate publications 


iron!! 


acceptor such as 


only 


Il. EXPERIMENTAL TECHNIQUE 


V, Cr, Mn, and Fe can exist as isolated entities in 
silicon in more than one charge state. Control over the 
charge state is possible through the introduction of 
donor impurities, such as phosphorus, which can furnish 
electrons, or acceptor impurities, such as boron, which 
can take up electrons. In some cases, however, the use 
of an acceptor may lead to partial or complete chemical 
pairing rather than a simple electrical compensation. 
It is evident that careful sample control is requisite to 
the study of a particular spectrum. 

The procedure we have used is to pull silicon crystals 
doped with a controlled amount of a shallow donor or 
acceptor. A bar of convenient size (~3X3X10 mm‘) 
and crystal orientation is cut, a small amount of the 
transition metal is alloyed to it and then diffused in at 
about 1250°C. Generally, the bar is encapsulated in an 
evacuated quartz tube during the diffusion and the 
sample is quenched (comparatively slowly) by dropping 
the tube into water. If a more rapid quench is desired, 


” Ludwig, Woodbury, and Carlson, J. Phys. Chem. Solids 8, 


490 (1959): Woodbur 
Soc. 4, 22 (1959 
" Ludwig, Carlson, and Woodbury, Bull. Am 
(1959); Bull. Am. Phys. Soc. 4, 144 (1959) 
# Carlson, Hall, and Pell, J. Phys. Chem 


, Carlson, and Ludwig, Bull. Am 


Phys 
Phys Soc 4, 22 


Solids 8, 81 (1959) 
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the bar is placed in an open tube under an argon atmos- 
phere during the diffusion, and is blown directly from 
the furnace into ethylene glycol. 

The diffusion temperature is about 1250°C, which is 
close to the temperature at which the solubilities of 
these transition metals pass through a maximum. Thus 
at room temperature the transition metal is in highly 
supersaturated solution. The association of chromium 
with (immobile) acceptors has been followed in samples 
allowed to stand at room temperature for several days. 
Resonance signals from samples containing iron or 
manganese have decayed upon aging at room tempera- 
ture:for weeks or months. Such experiments show that 
chromium, manganese and iron diffuse even at room 
temperature, and that samples containing them are 
comparatively unstable over time intervals of days to 
months. 

The spectrometer used for the resonance studies has 
already been described.“ A cavity of novel design, 
however, was used for electron-nuclear double resonance 
measurements. To do electron-nuclear double resonance 
one places the sample in a microwave resonant cavity 
and exposes it to a microwave magnetic field suffi- 
ciently large to saturate a given spin resonance line. The 
sample is then simultaneously exposed to a second, 
variable-frequency rf magnetic field which induces 
transitions between the nuclear sub-levels. We have 
used a cylindrical cavity whose side walls are in the 
form of a helix to introduce both the microwave and 
the rf magnetic fields. The cavity is constructed by 
coating the inside of a ground quartz cylinder with a 
layer of silver at least several mils thick. A helix of 
about 10 turns/inch is cut through the coating using a 
diamond tool. Contact to the resulting coil is made by 
drilling holes through the quartz cylinder and soldering 
wires to the coating. The rf field obtained by driving 
the helix with a suitable generator is comparable to 
that obtained from a copper coil of similar dimensions. 
The cylinder is mounted inside a brass shield which 
excludes refrigerant, thus avoiding microphonics con- 
nected with bubbling. The resulting cavity is operated 
in the TE»; mode. Since the side wall currents for this 
mode are circular, the helical design perturbs these very 
little, while other modes are effectively suppressed. The 
microwave Q obtained is higher than that of the brass 
cavities employed for ordinary resonance measure- 
ments. Using such a cavity we have detected double 
resonance transitions from about 1 to 230 Mc/sec. 


Ill. RESULTS 


Silicon crystallizes in the diamond lattice. Each 
substitutional atom has four nearest neighbors which 
are in [111 ] directions from it. Thus each substitutional 
atom sees a crystalline field of tetrahedral symmetry. 

The position of maximum symmetry for an interstitial 


3G. W. Ludwig and H. H. Woodbury, Phys. Rev. 113, 1014 
1959). 
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atom is in a [111 direction from a substitutional site 
opposite one of the four nearest neighbors. In such a 
site an interstitial atom also is surrounded by four 
nearest neighbors in [111] directions. Thus, from the 
symmetry of the crystalline field interactions, no evi- 
dence is deducible as to the substitutional or interstitial 
nature of the resonant sites. 

We believe that chromium and iron are interstitial 
impurities in silicon; their donor action and rapid 
diffusion support this view. It is not clear whether the 
resonant forms of vanadium and manganese are inter- 
stitial or not. In either case, if we neglect the hyperfine 
interaction with the 4.579% abundant Si® isotope and 
any distortion of the sites from the position of maximum 
symmetry (no distortion has been observed for the 
impurities in question), the spectrum of an isolated 
impurity in silicon must be describable in terms of the 
following spin Hamiltonian: 


K=gBH-S$+AS-1+}elS/4+5S/+S, 
—15(S+1)(38°+3S—1)]—grBwH-I. (1) 


Because of the tetrahedral symmetry of the sites, 
A (which describes the hyperfine interaction with the 
transition metal nucleus) and g are constants rather 
than tensor quantities. The hyperfine interaction terms 
are necessary, of course, only when dealing with isotopes 
having nonzero nuclear spin. The term containing the 
cubic field splitting parameter, a, vanishes if the total 
electron spin S< 4. The term g;8vH-I, which describes 
the direct interaction of the transition metal nucleus 
with the external field, has negligible effect on the 
ordinary resonance spectrum, but is required for inter- 
pretation of the double resonance results. 

To second order in the hyperfine interaction, the 
energy levels Wy,, of the unpaired electrons are 
given by 


W m= Mg8H + AMm— giByHm+{ MUI +1)—m*) 
—m{S(S+-1)—M*]}A*/2g8Ho. (2) 


In Eq. (2), M and m are the quantum numbers specify- 
ing the orientation of the electron spin S and the nuclear 
spin J, respectively. For convenience the cubic field 
splitting term has been dropped.” 

In the ordinary resonance experiment the selection 
rules are AM=+1, Am=0. If we consider the M to 
M-—1 transitions, the magnetic field positions of the 
lines are given by 


gBH =hy— Am—(I(1+1)—m* 

+m(2M—\)]A?/2hv, (3) 
where y is the kylstron frequency. Even in the absence 
of a cubic field term the hyperfine lines are split, but 


only by the small term m(2M—1)A*/2hy. If the 
splitting is resolved the total electron spin S can be 


“For the efiects of the cubic field splitting term see, ¢.g., 
W. Low, Phys. Rev. 105, 793 (1957) 
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TABLE I. Summary 
elements in silicon 


of resonance results for transition metal 
A and @ are expressed in units of 10™ cm™. 


System r 


vt 
Cr’ 
Mn 
Mn 
Mn,’ 
Fe 


1.9892 
1.9978 
2.0104 
2.0066 
2.0063 
2.0699 


+- 30.16 cr 
Mn* 
Mn* 
Mn* 
I e7 


+ 19.88 


determined by the number (25) of fine 


structure lines. 


counting 


In the double resonance experiment the selection 
rules are AM=0, Am=+1. The frequency f of the 
double resonance transition between the states (M,m) 
and (M, m—1) is given by 
[ M (2m—1) 

+S5(S+1) 


f AM -gi8wil 


M?* \A (4) 


2hy 


sign is used since the state (M,m—1) 
may be higher in energy than the state (M,m). Equation 
(4) has been used both for determination of S and 
for obtaining accurate values of A. 

The parameters in the spin Hamiltonian are sum- 
marized in Table I for the transition metals under con- 
sideration. The spectrum of element will 
discussed separately 


The absolute value 


each be 


A. Vanadium 


Vanadium is the least soluble of the elements under 
consideration, the solubility probably being no greater 
than 10'*/cm*. The spectrum, which is shown in Fig. 1, 























Fic. 1. The spectrum of V** in silicon at 1.3°K. In the lower 
portion of the figure the m= — } and +-} hyperfine lines are shown 
on an expanded scale, with the calculated position of the M=—} 
to —j transition indicated by an arrow 


AND G W 


has been observed only in crystals doped with an 
acceptor. In addition to the spectrum of Fig. 1, all of 
the double resonance transitions for M=+}4 have been 
detected. In particular, the t to —3 
occur at 63.09+7.68 Mc/se 

moment of V*' (+5.139 nu 
lates that these transition 
63.09+7.66, and 63.094 
respectively. Thus the 
sistent only with an S=#; this 
quoted value of S in Table I. The configuration of 
atomic vanadium is 3d*4s*. It seems likely that the 
resonant species is positively charged since the spectrum 


m= 4 transitions 
Using the known nuclear 
one calcu- 
should occur at 63.09+5.98, 


10.49 


lear magnetons) 
and %, 
transitions are con- 

the 


for S$ 
’ 


measured 


basis for the 


has been observed only in low-resistivity p-type crystals. 
Since S= 4%, a likely charge state is V*+*, resulting from 
the removal of the two valence-shell electrons 

Fig. 1 
y, one predic ts that 
each hyperfine line is split into three fine structure lines 
by the term m(2M—1)A?/2hy. At the 
the recording the predicted 
1:2.3:3 for the M=3 
transitions, respectively 


The vanadium hyperfine lines shown in 


narrow and well resolved. Since S 


are 


temperature of 
relat intensities 
to . L to 
The § to } 
transitions are not resolved. The origin of the shoulders 
on the lines in Fig. 1 
represented the } to 4 and —} to —3 
should move together as on 
However, the shoulders on the of large |m!| are 
asymmetric. We believe that the —} to —$ transition 
is broadened and lies beneath the shoulder which is the 
more pronounced. This interpret A is 
negative. 

The } and ; 
broadened by crystalline strains 
field (D) terms in the Hamiltoni 


above transitions in first 


are 
and 


1 


and —4 to —3 


ive 
l 
l 


is not understood ; if they simply 
transitions, they 
m| 


moves to lower 


ines 


ation implies that 


be 
Random crystalline 
in would broaden the 
order but not the } to —4 

Double resonance for M t+ # has 


$ to transitions may 


transitions not been 


detected. 
B. Chromium 


The spectrum of chromium was first detected in iron- 
doped silicon crystals, in which it was present uninten- 
tionally.'"* The configuration of atomic 
3d*4s. In crystals which are 
believed that the 


chromium is 
Vv resistivity n-type it is 


chromium sites neutral; no reso- 
nant absorption due to « 
such crystals. If cl 


crystals doped with an accepto L Sj rum 


are 
has been detected in 
1 silicon 
is 
concentré 


seen 


whose intensity increas t cceptor 


tion to a maximum at about acceptors/cm*, 
and then decreases again to ; at an acceptor con- 
centration of about 1.6 10'*/cm*. It seems likely that 
isolated chromium is a double donor in silicon with a 
solubility ~8X10'*/cm* at the « temperature. 
The upper acceptor level is 0.22 ev from the conduction 


band, as determined from Hall coefficier 


liffusion 


1t and resistivity 


18 For a time it was | 
due to empty iron dor 
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measurements. '* The resonant species would seem to be 
Cr+, having a half-filled d-shell and no other electrons 
outside of closed shells. The observed total spin of § is 
in accord with this picture. 

The spectrum of Cr* is shown in Fig. 2. There are 2.5. 
well resolved fine structure lines whose positions are 
described by S=§% and a cubic field splitting parameter 
a= +30.16X10~ cm! (see Fig. 3). At high tempera- 
tures the theoretical relative intensities of the lines are 
(S+M)(S—M-+1) or 8:5:9:5:8; approximately these 
values are found experimentally. At low temperatures 
the relative intensities change because of the Boltzmann 
factor. From the intensity changes, the sign of @ was 
determined. It was then also possible to label each lin« 
with the transition which it represents (see Fig. 2). 

The four weak lines associated with each fine struc- 
ture line in Fig. 2 are due to hyperfine interaction with 
the 9.5% abundant Cr®™ isotope. Figure 4 shows the 
spectrum in a crystal doped with chromium enriched 
in Cr, As expected, the Cr® hyperfine lines are now 
dominant. The lines due to the isotopes of spin zero 


3 = + + 
zy ‘ AT ea | 
-f--+ -$~*5 iene | 
Fic. 2. The spectrum of Cr* in silicon at 20.4°K for the mag 


netic field in the [001] direction. The five fine structure lines are 
labelled according to the transition which each represents. 


are somewhat larger than would be expected on the 
basis of the quoted enrichment (96% Cr®). The dis- 
crepancy probably is accounted for by contamination 
of the crystal with chromium of normal isotopic 
abundances. 

At 1.3°K it was possible to observe electron-nuclear 
double resonance for the M= +4, +4, and —§ levels. 
Because of depopulation of the M= + 3 levels at 1.3°K, 
double resonance was not observed for that case. The 
double resonance transitions occur in the vicinity of A/2 
(16 Mc/sec) for M= +3, 34/2 for M= +3, and 54/2 
for M=—43, as predicted from Eq. (4). Within experi- 
mental error, the frequencies are accounted for by the 
calculated value for A and the known value of the Cr* 
nuclear moment. Using the known sign of the nuclear 
moment, the sign of A was determined. For example, 
the M=— 3, m=4 to —} transition occurs at about 
78.86 Mc/sec. For A<0O, the transition would be 
expected to fall at |54/2| — (5A*/4hv) — gr8vH or 81.23 


6 The electrical measurements were made by R. O. Carlson 


rTRANSI 


TION METAL 


v = 14,170 Mc 











{00} 
i J. 1 
-60 -%0 
DIRECTION OF MAGNETIC FIELD 





Fic. 3. The cubic field splitting of the Cr* spectrum in silicon. 
The solid lines are theoretical curves calculated from the measured 

factor and the measured cubic field splitting in the [001 } 
direction. 


Mc/sec, and for A>0, at (5A/2)+(5A*/4hv)+g;8vH 
or 78.84 Mc/sec, showing that A>0. The sign and size 
of the chromium nuclear moment are also obtained 
from the double resonance experiments. They are in 
agreement with the published values. 

In the ordinary resonance experiment, the hyperfine 
interaction with Si*’ is not well resolved. However, a 
large number of Si** double resonance transitions have 
been resolved, indicating a maximum hyperfine inter- 
action with Si which is less than 1X 10 cm". Analysis 
of the Si hyperfine interaction should prove interesting 
since virtually no information presently is available as 
to the extent of the wave functions about deep level 
impurity atoms. Feher® has already performed the 
analogous experiment on shallow donors in silicon. 

Cr* samples are not stable at room temperature; in a 
week’s time most of the Cr* associates with the acceptor 
which is present. The spectra of pairs formed between 
chromium and boron, gallium, aluminum, and gold 
have been studied, and will be reported on in a later 
publication. 


-}---4 , Also the} 


Fic. 4. The spectrum of Cr* in silicon at 20.4°K obtained using 
Cr enriched to 96% in Cr™. Since J = } for Cr® each fine structure 
line is split into four by the hyperfine interaction. 
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C. Manganese 


Crystals can readily be prepared which contain iso- 
lated manganese atoms, clusters of four manganese 
atoms, or manganese-acceptor pairs. To obtain isolated 
Mn™~, manganese is diffused into crystals doped with a 
donor impurity, such as phosphorus, and the sample is 
quenched rapidly as described in Sec. II. Such a pro- 
cedure results in a reduction in the concentration of 
neutral phosphorus atoms which is roughly equal to the 
concentration introduced of the resonant form of iso- 
lated manganese. The maximum solubility is about 
2X10"*/cm*. The spectrum of Mn~ is shown in Fig. 5. 
There are six manganese hyperfine lines each of which 
is split into two by the term m(2M—1)A?/2hy of 
Eq. (3); thus S=1. Inspection of the relative ampli- 
tudes of the fine structure lines at low temperatures 
shows that A <0 

To confirm that S=1, electron-nuclear double reso- 
nance measurements made on the M=0 and 
M = +1 levels. Since A is large, Eq. (4) was not suffi- 
ciently accurate for their interpretation and more 
refined expressions, based on calculations by F. Ham, 
were used. These expressions are given in the Appendix. 
As seen there, the M=O transitions (which occur in 
the neighborhood of 8.5 Mc/sec) depend upon m because 
of (A/hv) Terms involving 
(A/hv)® also are necessary for interpretation of the 
M=-+1 transitions which are in the range 200-228 
Mc/sec. The sign of the (A/hv)* terms gives inde- 
pendent evidence that A <0. Quantitative agreement 
with the theoretical expressions is obtained if and 
only if S=1. 

Clusters of four manganese atoms are produced if 


were 


and higher order terms. 


manganese is diffused into low resistivity n-type or 
high resistivity silicon crystals, and the samples ar 
cooled relatively slowly. The spectrum of such clusters 
has been described elsewhere.'° Twenty-one manganese 
hyperfine lines showing a characteristic envelope of 
intensities are observed, corresponding to the twenty- 
one possible values of m= >" ,W~:"m,. From the crystalline 
field splittings of the spectrum it appears that S=2; 
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Fic. 5. The spectrum of Mn-~ in silicon at 20.4°K for the mag 
netic field in the [111] direction. Six manganese hyperfine lines 
are visible, each of which is split into two by a second order 
hyperfine term involving m and M 
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attempts to detect manganese double resonance and 
confirm this value for S were unsuccessful. 

If manganese is diffused into p-type samples which 
are cooled relatively slowly, manganese-acceptor pairs 
are formed. The pairs formed between manganese and 
acceptors such as boron, aluminum, gold," and platinum 
have been studied but will not be discussed here. 

Samples containing manganese and an acceptor such 
as boron or gallium have also been rapidly quenched 
from the diffusion temperature. When this is done, a new 


1 


spectrum is observed which is te ntatively attributed to 
isolated Mn Table I). The spectrum shows five 
well resolved fine structure lines (= in a cubic field) 
each of which is split into six by hyperfine interaction 
with the Mn*® nucleus 
] 


Was at 


(See 


Che sign of the cubic field split- 


ting parameter termined from measurements of 


Fic. 6. Spectrum of neu 
field in the [111] direction 
power, 0.4 and 40 n 


els 


at 20.4°K for 


relative intensities at low temperature. The relative sign 
of a and A was determined in the manner described by 
Low." This new spectrum shows roughly the same 
intensity as the spectrum of Mn~. Thus, the two spectra 
may represent the sam different 


charge states. 


manganese site in 


o 


D. Iron 


The maximum solubility of iron 
1.5X 10'*/cm*. When the Fermi level 
level of iron (which is 0.40 ev from the valence band), 
it is believed that the iron sites are 


in silicon is about 
is above the donor 


neutral. The observa- 
tion that diffusing iron into n-type crystals leaves the 
resistivity unchanged supports this view. The spectrum 
of neutral iron sites'’ i 6 for iron of 
normal isotopic abundance. One line showing pro- 


is shown in Fig 


17 Prior to our measurements, this spectru was 
G. Feher (see 


»hbserved by 


reference 5 





SPIN RESONANCE OF TR 
nounced structure at high microwave power levels is 
The structure is not understood; it may 
represent hyperfine interaction with Si*® nuclei. In 
crystals doped with iron enriched in Fe’’, the Fe*’ 
hyperfine structure is well resolved and has been used 
for verification of the Fe*’ nuclear spin.'* The relaxation 
time of the iron resonance is just sufficiently long at 
pumped helium temperatures (1.3°K) to allow observa- 
tion of electron-nuclear double resonance. Thus it has 
been possible to determine S using double resonanc 
and to determine the Fe* nuclear moment from this 
spectrum. These measurements will be reported in a 
separate communication. 

No resolved fine structure is observed as long as thi 
tetrahedral symmetry of the iron sites is undisturbed 
However, it is possible to destroy the tetrahedral sym 
metry of the sites by subjecting the crystal to a uniaxia! 
stress. The appearance of two well-resolved fine struc 
ture lines under such stress (see Fig. 7) confirms tha 
S=1. That S=1 can also be deduced from the assigned 
charge state (Fe°), which implies that the site contains 
an even number of unpaired electrons and thus has 
integral spin. The absence of any cubic field splitting 
shows that S< 3. 

The width of the iron spectrum varies with thi 
direction of the applied magnetic field. This variation 
may be due to small strains present in the sample. 

If iron is diffused into silicon crystals doped with an 
acceptor such as B, Ga, Al, or In and the crystals ar 
cooled slowly, iron-acceptor pairs'' are formed 

An isotropic line at g=3.5 has been observed in 
p-type samples containing iron that 
quenched. This spectrum may be due to a positively 
charged form of isolated iron (e.g., Fe*). Further study 
of this spectrum is in progress. 


( »bserved. 


were rapidly 


IV. DISCUSSION 


From the foregoing it is clear that V, Cr, Mn, and Fe 
can be introduced into silicon crystals as isolated 
entities. Both the g factors and the hyperfine inter 
actions with the impurity nuclei are isotropic. Since the 
symmetry about the sites is tetrahedral, only cubic 
crystalline field splittings are present. The spectra are 
consistent with the spin Hamiltonian of Eq. (1) 

The electron configurations of isolated V, Cr, Mn, 
and Fe atoms are 3d*4s?, 3d°4s, 3d°4s?, and 3d®4s?, rv 
spectively. The simplest method of accounting for the 
electron spins of V**, Crt, and Mn** 
assume that the 4s electrons have been lost, while the 
d-shell configurations are unchanged. Mn~ and Fe® 
show S=1. It is thought that their electron configura 
tion is 3d*; i.e., that transferral of outer-shell electrons 
to the 3d-shell is energetically favored in the silicon 
lattice for these (presumably interstitial) impurities. 

The Cr* and Fe® spectra have been observed from 
78°K to 1.3°K. The resistivity of samples containing 


in silicon is to 


8 Ludwig, Woodbury, and Carlson, Phys. Rev. Letters 1, 295 
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Fic. 7. The spectrum of neutral iron in silicon at ~10°K for the 
magnetic field in the (011) direction and a stress applied in the 
100) direction. ‘lne splitting between the fine structure lines 
remains the magnetic field is rotated in the (106) 
plane 


constant as 


\V**+, Mn’, or Mn** was not sufficiently high at 78°K 
for resonance studies, but sharp lines have been ob- 
served at 20.4°K. Thus relaxation times associated with 
the resonances are relatively long at liquid hydrogen 
temperatures and often above. Except in the case of 
iron, the relaxation times at 1.3°K are of the order of 
seconds or longer. 

At low temperatures the lines are narrow (the widths 
at 10°K are of order one gauss). Nevertheless, in no 
case is the hyperfine interaction with Si® well resolved. 
Electron-nuclear double resonance would seem the most 
promising method for investigating this interaction. 
Such an investigation should allow one to decide con- 
clusively whether a given impurity is substitutional or 
interstitial since the second nearest neighbor positions 
are different for the two cases. A substitutional atom 
has twelve second nearest neighbors which are in [1 10 
‘directions from it; an interstitial atom located in the 
symmetric site has six second nearest neighbors which 
are in [100 | directions 

In all the cases studied, the electron-nuclear double 
resonance spectra are well accounted for in terms of the 
assigned S, the hyperfine interaction (A) measured by 
ordinary resonance, and the known nuclear g factor. 
In accordance with the tetrahedral symmetry of the 
sites, no quadrupolar terms are necessary. Since the 
true nuclear g factor accounts for the double resonance 


results, there are no nearby electronic states.'® Since in 

’ One effect of nearby states is to introduce energy terms which 
can be considered as giving rise to an effective nuclear g factor 
different from the true one. See, for example, J. M. Baker and 
B. Bleaney, Proc. Roy. Soc. (London) A245, 156 (1958) 
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addition the states giving rise to the spectra are not 
depopulated at low temperatures, they must be the 
ground states of the impurities in question. 
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APPENDIX 


Starting with Eq. (1) of the text, I 
the following exact 
W wim for S=1 


Ham has derived 


expressions for the energy levels 


Ws m= g8H+Am— grBwHm+}A2(1+m+1)(1—m) (Wi m+ erbwH (m+1)) 


Ay 


L CWiwterBvH (m+1) TW mtet 


1 


Wo m ’ g1BnHm T > 


+4$A?2([—m)(I1+m+1) Wo,» 


W_3.m= —g8H—Am- 


{1 


where the notation follows that of the text. By expand 
ing the expression for W’,,,, one finds that the frequency 
of the (0,m) to (0,m—1) double resonance transition 
is given approximately by 
hy)? 


fom=viyt+(l1—y)(A 2(2m—1)(A/hyv)* 


(12m?—12m+5)(A/hyv)* 


A*(I+m)(I—m+1)[Wo.m— g8H+¢:8vH(m—1 i 


[Wy m+ ¢78vH (m—1) |W _s.m— g8H+¢18vH(m—2 


H+ ¢ 
m—1 


e8H + g:8vH(m+1 


g18nHm+}A*(I—m+1)(1+m)(W_1.m+g:8~H(m—1 


$A*(I+m—1 


I —m-+-2) 
2)—A(m—2)]) 
where y=g;8vH/hyv. Similarly, including third order 


terms in A/hyv, the +1, m double 
resonance transitions are giv 


1,m—1 
farm=v| (A/hv)+4(2m—1 
a 
hy 


4 4 (3m?- 3m+1 


+[4(1—y)(A 
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Cross Relaxation in LiF* 


P. S. Persuant 
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A combined experimental and theoretical study of cross relaxation in LiF has been carried out. In 
agreement with theory, the cross-relaxation time Jy, is observed to be strongly anisotropic and field 
dependent ; at 51.7 gauss it goes from 0.025 second in the [100] direction to 7 seconds in the [111] direction. 
A frequency distribution function analogous to the line shapes for magnetic absorption is measured down 
te 10 times the maximum value; for most orientations a Gaussian is an excellent approximation to it. 


I. INTRODUCTION 


BRAGAM and Proctor’ demonstrated that two 

spins with different resonance frequencies can 
exchange energy and come into thermal equilibrium 
with each other, independent of the lattice, if the 
difference in their resonant frequencies is comparable 
to the local fields. This is cross relaxation and Bloem- 
bergen, Shapiro, Pershan, and Artman? (BSPA) 
have given a theory to explain this and several other 
experiments.*~" 

In this paper the cross-relaxation process in LiF is 
examined in great detail and a quantitative comparison 
with theory is made. Cross relaxation can only be 
detected when different spins exchange energy with 
one another faster than they exchange energy with the 
lattice; because the spin-lattice relaxation times in 
LiF are a few minutes, the cross-relaxation time 7»; 
can be measured over three decades as a function of 
magnetic field and crystal orientation. 

The theory presented in Sec. II is an extension of 
previous work.* in which the author predicted large 
anisotropies in T2,. The experiment, similar to Abragam 
and Proctor’s T:; measurement, is discussed in detail 
in Sec. III. In Sec. IV we discuss the results and show 
that for some crystal orientations the absorption lines 
in LiF can be approximated by a single Gaussian 
function. 

Il. THEORY 


A. Transition Probability 


The simplest cross-relaxation process is when two 
spins, one Li and one F, make simultaneous opposite 


flips, the unbalance in Zeeman energy being taken up 
by the dipole-dipole interaction. For simplicity, we 
will start with this case although BSPA have shown 
this is not the mechanism for cross relaxation in LiF 
at fields above 50 gauss. Assume Li’ is 100% abundant, 
although it is actually 92.6%,* and ignore its quadrupole 
moment; in a perfect cubic crystal there should not be 
a quadrupole interaction and the defects that cause one 
in a real crystal can be neglected in this experiment. 
Also assume a rigid lattice with infinite spin-lattice 
relaxation time 7; the effect of finite 7, will be added 
later. 
The Hamiltonian for the system can be written as: 


K=Kot Mr +H, (1) 


where HK» is the Zeeman terms, K, is that part of the 
dipole-dipole interaction that commutes with the 
Zeeman terms, and 3, is the rest of the dipole-dipole 
interaction. H»+%, is the truncated Hamiltonian that 
Van Vleck” retains in his moment calculations and 


KX, is the nondiagonal terms he discards. If we denote a 


lithium spin operator by S, a fluorine spin operator by /, 
and if one prime refers to an interaction between a 
lithium and a fluorine, two primes to one between two 
fluorines and no prime between two lithiums, then 
using the notation of BSPA 3, and 3, are given as: 
K,=A+B+A'+A"+B", 
Ke= B’+C+C'+D'+ E+ (B'+-C+C'+D'+E)t 

+ other terms of no importance, (2) 


where 


1 7 Lik’ 


3 cos*6,,;), 


733° 
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q’? i“ et 


A, B and 
values 


The terms are half of their 
usual 
interaction twice. 

Consider the hypothetical experiment. 
Initially the lithium spin system is at an infinite spin 
temperature, and the fluorine system is at room 
temperature in a field of 5000 gauss. Without changing 
direction, the field is suddenly dropped to Ho, of the 
order of 50 gauss say, and stays there for a time ¢ when 


because we choose to sum over each 


following 


it is raised back to 5000 gauss, again without changing 
direction. It can be shown® that this is equivalent to 
turning on 3, for a time /, as in text book examples of 
standard time-dependent perturbation theory." Treat- 
ing KH, by this method, we find the probability per 


unit time that one lithium and one fluorine “7” 


have simultaneously flipped is given by 


mM, My 


Zi2(@i2) is a frequency distribution function which 


gives the probability that the dipole-dipole interaction 


can absorb the Zeeman energy left over. We can 


Vechanics (McGraw-Hill Book 
Chap. VITT 


‘ Leonard I. Schiff, 


Company, New York 


Uuantum 


1949), first edition, 
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Tunctions observed 
b(w 4-45") is to 
takes 
more difficult for 
1ounts over short 
Equat on (4 
can be approximated further by replacing gyj(w) 
+} 


gui(w) and gr(w’) are th 
in the usual absorption experiments, 
account for conservation of energy, and P(w,w’) 
make 

large in 


over longer distances 


account of correlations that 
the local fields to change by 
distances than 
and 
P ; : 

gr(w) by Gaussians wi 


Van Vleck” 


1 second moments given by 


and setting P=1 


Che result is the Gaussian 


where w2 
In prin iple £12\@) can be aiculat 


n ed exac tly by a 
moment method. However the 


length of such a calcula- 


tion limits us to just the second moment 


1 Tr|X;, 
(Aw 


A better approximation than E is te 


£Zi2\@12) 1S a 


assume 


Gaussian with moment given by 





CROSS RELAXATION IN LiF 


Eq. (6) since it takes into account P#1. Neglecting 

correlations would say the dipole-dipole interaction 

can absorb more energy than it really is able to 

predicting cross relaxation at too high fields. 
Neglecting lattice sums like 


7.4 


Eq. (6) can be evaluated, for the (111) direction, 
giving (1/2)[(Aw):.* |! 11.8 kc/sec compared to 15 
kc/sec by the overlap integral of Eq. (5). Correlations 
make the distribution function narrower by a factor of 
0.8. Putting numerical values into Eqs. (3) and (5), 
the cross-relaxation time 72, can be obtained by a 
method to be explained later; the conclusion is g:2(w:2 
is peaked so sharply about w:.=0, even when correla- 
tions are neglected, that above 40 gauss cross-relaxation 
times are larger than one minute. 

A more likely mechanism for exchange of energy is 
if two Li’s flip opposite to one F spin, the Zeeman 
energy left over in this process is less than 4 the value 
for the simpler process, the exponent in Eq. (5) is 
reduced by a factor of 10, and the resulting increase in 
£12(wi2) more than compensates for the reduction in the 
matrix element accompanying the necessarily higher 
order perturbation. Following conventional time- 
dependent perturbation theory, for initial state |0 
the probability amplitude for final state |8) in which 
two Li’s have flipped up and one F down is made up 
of a sum of terms like 


ba(t) ij:n1 


jaja Sa nSet + S4 pS; k 0) 


w(C kt)a:0 


(g Si eSutSiiSn!a)(a S,J_;\0 ) 


w Bij a 0 


exp(iweg of) — 1 
x 


where fw(Cki)a.0 is the energy difference between the 
and |0) that are connected by Cy:( SiS 
+5S.S,,), similarly for hw(B,;')e0. The most naive 
approach would be to take the absolute value of the 
square of a sum of terms given by Eq. (7) and similar 
equations for other pairs of operators, integrate over a 
frequency distribution and obtain the transition 
probability. This can’t be correct since it would mean 
the three spins which flip do not have to be physically 


near one another. In Eq. (7), spin “i’”’ must be near 


states |a) 


111 


spin “j” but “Rk” can be anywhere, the resultant 
transition probability would be too large by a factor N, 
equal to the number of spins in the crystal. 

Since there can only be transitions between states 
that conserve energy we must consider only those 
terms in Eq. (7) for which ws.o~0, that is, only those 
states for which 


— w( Bis’) p:2, 
w(Cri)p.e™ —w(Bi;’)a:0. 


w(Cria:0 


(8) 


Neglecting the small difference between w(Ciz)e.0 
and w(Cy:)g-¢ and similarly for w(Bi;’)e:0 and w(By’)s.., 
and taking a suitable average, the first approximation 
to these terms is 


bs bij k= 


bel + S. wes } 
S4 wel T Sy Dek S, i J 0 } 


exp(twg.of)—1 
x oe 
Ws 6 


This probability amplitude is significant only when 
the three spins which flip are near one another. Taking 
into account all necessary operators of the form of 
Eq. (9), the probability per unit time of a transition 
from |0) to |8) is 


2x 


W 0-06 = —£12(wiz) | (8 H42|0)|?, 
He? 


1 | 1 
( ) (3| D'/E— ED’\0) 
2h 2w} i WF 


1 ( 1 1 
2h Wy WI Wri 


Li 


(10) 


)o B'C'—C'B'\0) 


1 1 1 
( + )o B’C—CB'\0), 
2h Wr WL ij WLi ; 


and neglecting correlations 


— (we— 2w1i)’ 
~ -) (11) 
202 (Aw). 2+ (Aw) ] 


analogous to Eq. (5). 
The second moment of g:2(w,2) is rigorously given by 


1 Tr RyRye— Hye ° 
(( Aw) 19" _ — a -_— (12) 


h? Tr! Ky.!? 
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However, it is such a formidable task to just expand 
this out that no attempt was made to try and evaluate 
it. From the results of Eq. (6) for the two-spin process, 
we might expect correlations to cause (Aw),.” to be 
anywhere from 4 to } of the second moment in Eq. (11). 

When w 2 is equal to two or three times the second 
moment of Eq. (11), gi2 becomes very sensitive to the 
value of this moment. Since Van Vleck” has shown 
(Aw)? and (Aw)y* to be anisotropic, for a given 
magnetic field (i.e., constant w12), gi2 and 72; are also 
anisotropic. For large enough fields, small changes in 
linewidths caused by rotating the crystal can cause g12 
afid thus 72; to change by a couple of orders of mag- 
nitude, because the second moment of gi2 occurs in the 
exponent of a Gaussian. 


B. Rate Equations and Cross-Relaxation Time 


Van Hove” and Philippot'®? have shown rigorously 
that for all but pathological situations rate equations 
can be written down for a spin system described by 
the Hamiltonian in Eq. (1). Our treatment of these 
equations is similar to Schumacher’s* which 
equivalent to the somewhat different procedure followed 
in BSPA. Assume the rate of exchange of energy 
between the Li and F systems is much slower than the 
time necessary for a Boltzmann distribution to be 
established in each system separately, (i.e., T21>>7>2) 
We can then define an Li spin temperature @ and an F 
spin temperature 7, where @ is not equal to T in general. 

Let p be the density matrix for the Li spins and P 
for the F spins. Since the two systems are separately 
in thermal equilibrium with themselves, p and P are 
both diagonal. Neglecting the dipole-dipole interaction 
we have (Ex,;)= Trp)", (Er)=TrPHo’, 


is also 


a| exp( Ho"'/RO)\ a) 


KR, Li ‘k@) 


Ir exp\ 


bl exp(—HoF/RT) | 5) 
Py ————., 
rr exp(—HoF/kT) 


If Waw+as is the probability of a transition from a 
state a’b’ to ab, by the principle of detailed balance 
we have 


WW a’ b’ ah 


E, Li. E,' i. Ey ¥ - “] 
exp wae 5 
kT's 


W aba’ 
where 7's is the equilibrium spin temperature, where 


Ok i dé 
(Es) =Tritohip = . 14) 
dt 06 di 
and 
Pa P, W, a Se PaP oW ab—+a b’. (15) 


Pa= 2X 
b’b 


a 


2 L. Van Hove, Physica 21, 517 (1955); Physica 23, 441 (1957) 
'S Jean Philippot, thesis, Université Libre de Bruxelles, 1959 
(unpublished ) 
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Combining Eqs. (13), (14), and (15) with similar 
ones for (Ey) and Ps we obtain 


| 1 1 
)li-3) 
Ts T Ts 
d fil 1 ee 1 
(3) 2) 
di\ T Tr Ts 6 Ts 


where if the number of Li and F spins are each A 
6W 


VS(S+1)(2S+1)¥(27+1)"" 
1 WF 


a, 


1S5(S+1 


4 I(J+1 
1 S(S+1) w 
2 I([+1) ws 


DL Wew- 


ab.a’b 


Solving Eqs. (16), one of the 
corresponding to an infinite T 
other one is 


constants is infinite 
for a rigid lattice, the 


Lime 


(17) 


From the transition probability given by Eq. (10) 


and Eqs. (16) and (17 
1 27Z12 Win 


T 2 (hH 2) 


at (18) 


B a Cin’ 
where the last term comes from one Li flipping twice. 
Using yri=27X1655 (gauss yr=2xX4007 
(gauss sec)~! and carrying out the lattice sums to the 
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122nd nearest neighbor, the results in Table I are 
obtained. The last column is that value of Ho for which 
the overlap integral approximation [Eq. (11) } predicts 
T2=1 second. 

To take the finite spin-lattice relaxation times into 
account we modify Eqs. (16) as follows,’ 


d fl 1 1 1 1 
(Coz) 
dl 6 6 Ts 7 Ts 
1 ( ~) 
Tui i] T; 


1 
), (19) 
T; 


where 7; is the lattice temperature, Tia) and Tir) 
are the Li and F spin-lattice relaxation times, respec- 
tively. The two time constants associated with Eqs. (19) 
are A, and \_; with the aid of Eq. (17) we define 

1; 1 | 1 
= | af 4 

23Tm Tim Turi 


1 2T 2 1 1 
-—|14 (__-_) 
Tx 9 NTie Tai 
1 1 24) 
+T3i(—~- )} I. (20) 
T ur) Tuy 


1 1 ) 
Tr) Trip 


1 1 24) 
cn) 
T cr) T uri 
In the limit of 72<T7), r is equal to T, while if T2 
is infinite 1/A_= Tyriy and 1/A, = Typ). 
The Li (or F 
Ho is 


signal as a function of the time ¢ at 


S=e!Tof 4+ B(i—e"") J+-C, (21) 


where A, B, and C are determined by the initial 
conditions, lattice temperature 7), and Ho. 


Taste I. Numerical results of calculations on cross 
relaxation in LiF single crystals. 
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1. Experimental arrangement for moving the sample from 
4600 gauss to H» in which cross relaxation takes place 








Ill. EXPERIMENT 


T» is measured by the same method Abragam and 
Proctor! first used. An LiF crystal is allowed to come 
into equilibrium with the lattice in a field of 4600 gauss, 
the Li spins are then saturated and the crystal is 
quickly moved to a field H» of the order of 50 gauss, 
where cross relaxation takes place. The sample is 
kept there for a measured length of time and then 
brought back to 4600 gauss where the Li magnetization 
is then measured. 

Since this is all done fast compared to the spin-lattice 
relaxation time there can only be nonzero Li magnetiza- 
tion via cross relaxation. The time at the low field is 
varied and the data fit to Eq. (21). This fit can be made 
even though the time necessary to move the sample is 
not really negligible compared to 7,; A, B, and C are 
functions of various times in the measurement process 
but care can be taken to make each measurement in 
exactly the same way so in any one plot of magnetization 


_ vs time they really are constants. Spin-lattice relaxation 


times in pure LiF crystals are a couple of minutes long 
so it is not difficult to do things fast compared with 7,. 

This experiment is different from Abragam and 
Proctor’s in the way we move the sample from 4600 
gauss to Ho, the apparatus shown in Fig. 1 was con- 
structed for this purpose. The sample is shown in the 
rf coil used to both saturate and detect the Li magnet- 
ization at the bottom of the air tube. The crystal is 
glued to a plastic piece that has a square cross section, 
the inside of the air tube is also square which keeps the 
sample from rotating. The field pipe is a solenoid 80 cm 
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long, and when activated it supplies 120 gauss along 
the entire length of the air pipe. At the top of the field 
pipe are two Helmholtz coils that can rotate about the 
axis of the pipe, the dc coils supply the field Ho, the 
pulse coils supply about 80 gauss parallel to Ho. 
After the Li. magnetization is saturated, the field pipe 
is turned on and the crystal is shot up and kept at the 
Helmholtz coils by compressed air. When the crystal 
is at the top the field pipe is turned off. Since the 4 
seconds it takes to reach the top of the pipe is much 
smaller than 7, or Js and since the mechanical 
motion is slow compared to T, this is a reversible 
adiabatic demagnetization.'*"*—’ The crystal is now 
in a field of Ho+80 gauss large enough to make T2 
very long, the 80 gauss are turned off for a measured 
length of time and then on again. During the time it is 
off cross relaxation takes place at a rate determined by 
Ho and the orientation of the Helmholtz coils, when the 
80 gauss come on again cross relaxation stops and the 
Li magnetization is frozen in. The field pipe is turned 
on again, the air turned off and the sample falls into 
the rf coil where the Li magnetizaton is measured. 
The pulsed field is turned off and on by a current- 
regulated power supply triggered by a one-shot multi- 
vibrator. The pulse width can be varied from 0.003 
second to 24 seconds; longer times can be done 
manually. Transitients obvseved by a pickup coil and 
a Tektronix 535 oscilloscope die out in 1 millisecond, 
and pulse widths are measured this way to better than 
3% 


The dc Helmholtz coils have been calibrated with 
dpph at 70 Mc/sec to better than 1%, they are air 
ored so the field is strictly proportional to current; 


current was measured with the same Weston dk 
ammeter the experiment and calibration. 
Homogeneity was better than 0.5% over the sample 
volume. Field orientation was measured to better than 
0.2° by means of marks every degree on the outer 
circumference of the rotating table holding the coils, 
it was 50 cm in diameter. 

The spins were observed with a Pound-Watkins'® 
type spectrometer in which the oscillator section was 


during 


replaced by one given by Mays, Moore, and Shulman"? 
and an extra stage of rf gain was added to improve the 
{VC control at low levels. The oscillation level was 
adjusted so the Li signal would saturate in approxi- 
mately 5 seconds, and the frequency was swept so 
that it took about 10 seconds to go through the line. 
The output of the spectrometer was fed into a phase 
sensitive lock-in detector'® that had a time constant 
of 0.5 second. The output of the lock-in was recorded on 


“R. V. Pound and N. F. Ramsey, Phys. Rev. 81, 278 (1951). 

‘° L. C. Hebel and C. P. Slichter, Phys. Rev. 113, 1504 (1959). 

® A. Sachs and E. Turner Harvard University, 1949 
unpublished). 

‘7 A. G. Anderson, Phys 

‘8 George D. Watkins, 
(unpublished ) 

'? Mays, Moore, a 


thesis 


115, 863 (1959 
Harvard 


Rev 


thesis, University, 1952 


d Shulman. Rev. Sci. Instr. 29, 300 (1958) 
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Angu 
eters constant the recorded signal is proportional to 
the i 
swept through 


an Esterline recorder. Keeping all other param 


magnetization immediately before the line is 
once proportional ty depends on the 
system being linear an experiment was done to prove 
linearity. The Li signal was 


saturated, and, without 


moving the sample from the field, we waited a measured 
length of time befor 
line. When the resultant 
of the time 
The excellent fit to ; 
really is linear. Thi 
high fields 
In order 
sure each point 


weeping bat k ind observing the 
gnal was plotted as a function 
form (1l—e~""), 


pre of the system 


waited, it wa ot the 
mea ured T\ in 


to fit our to Eq 21 we 


ina mal vs time 


had to make 
plot was measured 
is exactly by the way his was done in the following 
manner. The line was saturated by sweeping through it 
three times. A radio receiver was tuned to a frequen y 
just off one side of the resonance line, when audio beats 
were heard in the receiver after the third pass through 
the line, a stop watch was started. At 5 seconds the 
sweep motor was shut off and simultaneously the 
sample was shot up the tube, 
already on. This time was never in error by more than 
0.5 second. It always took 4 seconds for the sample to 
reach the top of the tubs 

was turned off and the pulse 
in less than one second. T] 


where the field pipe was 


which time the field pipe 
triggered; this was done 
e field pulse was observed 
within 0.5 second after the 
he field pipe was turned on 
and the sample was falling back rf coil. It took 
Within 0.5 second of 
reaching bottom the sweep motor was turned on again 
Q ser 


on an oscilloscope so that 
SO gauss came on again, 
to the 


+t seconds to reach the bottom 


and the signal was recorded onds later. Excluding 


the time during which cross relaxation took place, the 


2 SEC onds 


entire process lasted 23+ 
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). Cross-re 


1 time 7 
the 110 
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} and [001 j 
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Since measurements were reproduceable to within 
the error expected from the noise of the detection 
system, i.e., less than 5%, we are confident that we 
were able to keep A, B, and C constant. 

Two crystals were used; both were cut in the form 
of right circular cylinders, diameter 1 cm and length 
2 cm. In crystal A the axis of symmetry was the 
[100], in crystal B it was the [110] axis. Crystal A 
was considerably purer than crystal B ; this was reflected 
in the spin-lattice relaxation times,” in 4600 gauss 
T,(Li) was 8 minutes in crystal A but only 4 minutes 
in crystal B. 


IV. RESULTS 


Figure 2 shows the anisotropic behavior of Tx 
predicted in a previous communication,® except for 
the three points taken from crystal A, it was taken in 
the (110) plane of crystal B. The excellent agreement 
between two crystals with very different spin-lattice 
relaxation times is evidence that impurities do not play 
any role in cross relaxation. 

The qualitative agreement between the curve in 
Fig. 2 and the overlap integral approximation is 
excellent. Cross-relaxation times are longest when the 
magnetic field is in the [111] direction, this is also the 
direction in which the absorption lines are narrowest, 
making gi2 [Eq. (11) ] smallest. TJ. is shortest in the 
[109 ] direction, where the absorption lines are broadest. 
The similarity between the shape of Fig. 2 in this paper 
and Fig. 2 in reference 10 is a very clear demonstration 
of the dependence of 72; on linewidths. The anisotropy 
is so very large, a factor of 500 in 54°, because the 
probability that energy can be conserved changes 
rather drastically as the crystal is rotated. 

The field dependence of Tx is shown in Fig. 3 for 





Li T T 


ae i ue a pe ame 


Ta, VS MAGNETIC FIELO IN Lof 


L 


Fic. 3. Cross-re- 
laxation time Tx vs 
Ho for three crystal 
crystal orientations. 
The [111] direction 
was taken on crystal 
B, the [110] and 
[100] were from 
crystal A 


Ta, (SECONDS) 





0.01 — 
9) 





| a rene Ty) aera ere weTYY Ga 


MAGNETIC FIELD (GAUSS 


"© N. Bloembergen, Physica 15, 386 (1949) 


RELAXATION IN Li 





7 (0) 


— 1 
so. Cf 100 


H, (GAUSS) 


Fic. 4. gi2(wi2) os Ho, wi2=2x697H. The curve for the [110] 
direction is gi2=0.49K10"* exp[—v:2/2(10.3 ke/sec?], and 
for the [111] direction g:.= 1.4 10~* exp[—vi¢/2(8.8 kc/sec}). 











three orientations; the [111] direction was taken on 
crystal B, the other two curves on crystal A. The fields 
at which 7.,=1 second are 0.6 to 0.7 times the fields 
predicted by the overlap integral approximation in 
Table I. Since this approximation ignored correlations, 
we expect it to predict too large fields. For the [111] 
direction the exact calculation of the second moment 
for the two spin process [Eq. (6)] was 0.8 times the 
value from the overlap integral for that process. 
Since the cross-relaxation process we are studying is 
more complicated than the two-spin model it is to be 
expected that correlations have a larger effect and 60 
to 70% is a reasonable amount. 

These results are also consistent with Abragam and 
Proctor’s measurement of 7:,;=6 seconds at 75410 
gauss. They paid no attention to orientation so we 
might assume their measurement yielded the shortest 
cross-relaxation time for a given field, that should be 
for the [100] direction where T;=2 seconds at 75 
gauss and 6 seconds at 79 gauss. 

From Fig. 3 and Table I we calculated gio(w2) as 
a function of field (w:.=27697H»), and the results are 
plotted in Fig. 4. The data for both the [111] and 
[110] could be fit to Gaussians throughout the three 
decades we were able to measure. However, the results 
for the [100] direction could not possibly be described 
by one Gaussian. The Gaussians that describe the 
tails of gi2(wy2) are also good approximations near the 
center, w;2=9. Since g\2(w12) is normalized to unity 

o 


f £12(w12)dwy2= 1. 
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FG. 5. Spin-lattice relaxation times vs Ho in LiF. For the [100] 
direction 7, is given for Li, for the [111] direction 7; is given 
for both Li and F, the solid curve is the theoretical function 
as explained in the text 


Assuming these functions are symmetric about the 
origin the results are 1.9 for the [111] direction and 
0.8 for the [110] direction. In view of the fact that the 
closest we can get to the center of the line is 0.1 g,2(0), 
the agreement is remarkable. There is every reason to 
believe the absorption lines have the same qualitative 
shape as gi2(wi2) and thus are also Gaussian in the 
[111] and [110] direction. In the [100] direction we 
could not describe gi2(w:2) by a Gaussian, however we 
did make the two extrapolations (a) and (b) that seem 
to be the limits of reasonable curves; assuming sym- 
metry about the origin the integral from —» to +< 
is 1.0 for curve (b) and 1.4 for curve (a), agreement is 
iain excellent. 

Curve (b) is very flat and broad near the center and 
the extrapolation may seem unrealistic. 
integration for curve (b) gives 

| (Aw! |! [ (Aw2" 1.26. 
Van Vleck” calculates this same ratio for a simple 
cubic lattice of spins 4 to be 1.25 in the (100) direction 
indicating that curve (b) is reasonable. 

Watkins'* observed that in large magnetic fields the 
spin-lattice relaxation time of Li in LiF is anisotropic.” 


Numerical 


*! We are indebted to Dr. A. Redfield for suggesting the investi 
gation of 7, in low field 


Figure 5 shows 7, for Li as a function of field for the 
[100] and [111] orientations of crystal B, and for the 
[111] direction the 7, of F is also shown. At 109 gauss 
the anisotropy is the same as Watkins observed. 
However, as the field is lowered, it changes considerably, 
and at 71 gauss T, is the same for both directions. At 
this field 72; is less than 1 second in the | 100 | direction 
and since the F spin-lattice relaxation is more rapid 
than the Li, the easiest way for the Li’s to come into 
equilibrium with the lattice is by first coming into 
equilibrium with the F’s which then come into equili- 
brium with the lattice, the apparent 7; of Li is lowered. 
In the [111] direction however, 72; is more than 100 
seconds at 71 gauss and this drop has not yet begun; 
the slow decrease of the Li 7, above 
associated with cross relaxation 
Assuming in the absence of JT», the 7;’s in the [111 ] 
direction would continue to decrease along the straight 
lines they follow above 70 from Fig. 3 and 
Eq. (20) we can calculate Tyo vs Ho. The solid curve for 
Li in the [111] direction is the result. The theoretical! 
curve is an excellent fit to the measured values of Tp. 


70 gauss is not 


gauss, 


V. CONCLUSIONS 


1. The theory of BSPA is correct 
times can be predicted if one takes 
necessary interactions.” 


Cross-relaxation 
into account all the 


2. The tails of line shapes for nuclear magnetic 
absorption can be inferred from  cross-relaxation 
measurements. For LiF in the [111] and [110] direc- 
tions they are very well approximated by Gaussians, in 
the [100] direction a Gaussian is a poor approximation. 

3. The validity of rate equations to describe cross 
relaxation is established. Cross relaxation is an irrevers- 
ible process in which two-spin systems come into 
thermal equilibrium with one another 
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Theory of Spin-Wave Interactions in Ferro- and Antiferromagnetism* 


Takentko Ocucuit 
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The spin-wave theory in an ideal Heisenberg model of a ferromagnet is studied using Holstein and Prima- 
koff’s method including the spin-wave interactions. Several earlier published results of the correction to 
the spontaneous magnetization produced by spin-wave interactions were in disagreement with each other, 
and they were not in agreement with Dyson’s result which is regarded as rigorous at low temperatures. 
Our result is in agreement with Dyson's to the order which we have considered 

Our method can be applied to antiferromagnetism easily. We have obtained the correction arising from 
interactions between spin waves. The correction term is quite small. This means that the simple theory 
neglecting the spin-wave interactions is sufficient for practical purposes 


I. INTRODUCTION 


LOCH! first presented a spin-wave theory in the 

Heisenberg model of ferromagnetism. He predicted 
the temperature dependency of the magnetization at 
low temperatures (Bloch’s T! law). In his theory he 
assumes that the number of spin waves is so small that 
the interaction between two or more spin waves may 
be neglected. The same result was obtained by Holstein 
and Primakoff? (H-P) using creation and annihilation 
operators of a spin wave under the same assumption 
as Bloch’s. 

Dyson’ invented a general theory of spin-wave inter- 
actions. In his theory he defines two kinds of interac- 
tions: One is the kinematical interaction which arises 
from the fact that more than 2$+1 units of reversed 
spin (S is the magnitude of atomic spin in units of /) 
cannot be attached to the same atom simultaneously. 
The other is the dynamical interaction which represents 
the nondiagonal part of the Hamiltonian in his basic 
set of states. The merit of his treatment is that the 
kinematical interaction can be neglected in an expansion 
in powers of x7 /J (x, T and J are Boltzmann’s constant, 
the temperature and the exchange integral, respectively) 
and that the dynamical interaction is very weak at low 
temperatures. Dyson also criticizes H-P spin-wave 
theory in that although the kinematical] interaction does 
not appear, the dynamical interaction is so strong in 
their treatment that one cannot get rid of mathematical 
difficulties. 

Prior to Dyson’s paper several authors*~’ obtained 
correction terms in the expression of the spontaneous 
magnetization of ferromagnetism at low temperatures. 
Among these authors Schafroth® and Heber* followed 


* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

+ Permanent address: Department of Physics, Tokyo University 
of Education, Ohtsuka-kubo-machi, Bunkyo-ku, Tokyo, Japan. 

' F. Bloch, Z. Physik 61, 206 (1930). 

2 T. Holstein and H. Primakoff, Phys. Rev. 58, 1908 (1940). 

*F. J. Dyson, Phys. Rev. 102, 1217 and 1230 (1956). 

* W. Opechowski, Physica 4, 715 (1937). 

»M. R. Schafroth, Proc. Phys. Soc. (London) A67, 33 (1954). 

* G. Heber, Z. Naturforsch. 99, 91 (1954). 

7 J. Van Kranendonk, Physica 21, 81, 749 and 925 (1955). 


the ideas of H-P. They were neither in agreement with 
each other nor with Dyson. We believe that the origins 
of their incorrect results are not in H-P’s method itself, 
but due to their poor approximations. 

Although Dyson’s paper is rigorous, it is not so easy 
to understand. We will show in Sec. II that a careful 
treatment of H-P’s method gives the same results (to 
fifst order in 1/S) as Dyson’s, and is very simple. 
Mannari and Terasaki® and Morita® have obtained 
essentially the same conclusions independently of the 
author. 

H-P’s method has been applied to antiferromagnetism 
by Kubo.” He has obtained the expressions of many 
thermodynamical quantities and discussed the diver- 
gence of some variables in the absence of anisotropy 
energy. Our method can be applied to antiferromag- 
netism easily, and the results will be shown in Sec. ITI. 


Il. FERROMAGNETISM 


The nearest neighbor exchange interaction model of 
a ferromagnet is described by the following Hamiltonian, 


(1) 


7 
K=—-2 ¥ S,;-S.4+-Hye ¥ S/. 
(il yl 


Here S,; is the spin operator at the jth atom, N the 
total number of atoms, g the Lande g-factor, wu the 
Bohr magneton, the summation >> iy) is taken over all 
nearest neighbor pairs, and the external magnetic field 
H is directed along the z axis. Following H-P, we 
express the spin operators in the forms, 


S;* = S/+ 1S v= (2S) 'f(S)a;, 


S;-=S—iS = (2S)'a* f,(S), 
S/f=S—n;, 
where 
f(S)= (1—n,/2S)}, (3) 


* Cited in the following paper, I. Mannari, Progr. Theoret. Phys. 
(Kyoto) 19, 201 (1958). 

*T. Morita, Progr. Theoret. Phys. (Kyoto) 20, 614 and 728 
(1958). 
® R. Kubo, Phys. Rev. 87, 568 (1952). 
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and the operator a;*a;=n; is called the spin deviation 
operator, and a;* and a; are to be regarded as the 
creation and annihilation operator of the spin deviation, 
and they satisfy the commutation rule 


a jay* —a;*a,= 651. (4) 


Using these operators the Hamiltonian (1) can be 
written as follows, 


2] > [2Sa,;* f;(S) fi(S)a, 
i,t) 


2Sa *q Ta *a a,*a, |— Hgp z. a;* 


J 


a;, 
j (5) 


where we have dropped the constant terms. We would 
like to make the following remarks about the operator 
/,(S). There are several definitions for f;(S). One is the 
binomial expansion in the Hilbert space of infinite di- 
mensions such as 

e; 1 

f(S)=1-—— oes 
4S 32S 


A second is the following expansion in the same space 
as (6), 


(S)a;*"a;", 


Cm 


m © 


where the c,,(S) have to be determined from a recur- 
rence relation. Expressions (6) and (7) are equivalent. 
A third one is defined in the subspace of (2S+1) di- 
mensions for 0<;< 2S, as follows, 


f.(S8) ia 


— 


d»(S)n;™, 8) 


m4) 


where the d,,(S) can be determined individually. As n; 
is the spin deviation, it loses physical meaning if it is 
greater than 2S+1. Considering this situation, Eq. (8) 
can be best used for rigorous treatmrents of the Hamil- 
tonian (5). However rigorous treatments are so difficult 
that Eq. (8) is not very convenient. On the contrary, 
the limiting of f;(.S) to the subspace as in Eq. (8) leads 
to the more tedious formalism. As H-P mentioned 
already and Dyson showed definitely the 
n;>2S+-1 give a negligibly small contribution at low 
temperatures, so that we may neglect the kinematical 
interactions. A glance at Eq. (6) shows that it is an 
expansion of the powers of not only nm; but also 1/S, 
which is very important, as will be shown later. Thus we 
will use Eq. (6) in this paper. 
We introduce the Fourier transforms of a, and a;*, 


states 


ay= (1/N%)>° ; e~*4a,, a,*=(1/N)D ; e**4a,*, (9) 
then we obtain the transformed Hamiltonian as 


H=IOLI’, (10) 


=>, (11) 


A ,Q,*a . 


rTAKEHIKO 


OGUCHI! 


= 2SJ2(1—v.) — Hgu, 


X a;*ae*a ey eee 
16S \y? k 


Kb (Rit ket+hs— hy kh 


KX (yi tye— 27 


*, * 
G3 G4Gg0g7*** 


where we have defined 


>, eit (14) 


with p denoting the vectors to the nearest neighbor 


atoms, and z the number of them. We have used the 


notation @;, y; etc. instead of ak, ye; etc., and later we 


will use 1, A, etc. instead of m, Ax‘, etc. 


We will use the following basic set of states, 


1 


a,,*)"* | Q), (15) 


¥(n.}=IT- 


ke (92,1) 


here |0) is the state of no spin waves. The basic states 
(15) are normalized and orthogonal to each other. If 
we operate with the Hamiltonian (10) on the states (15), 


the result is 


KW {n,'}+ (16) 
where >~’ means we exclude the terms of ki= ks, ko=k, 
and ki= ky, ko=k;, and V{n,’} etc. 
from V{n,}, 1.€., they express the dynami al interac- 


are different states 


tions. These dynamical interactions are not so weak as 
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those in Dyson’s treatment, and he therefore did not 
treat Eq. (16). However, the diagonal terms of Eq. (16) 
are also not so simple as those in Dyson’s Eq. (26) in 
his first paper, and fortunately many of them are 
canceled with nondiagonal terms in the following treat- 
ment, and we will get the same result as Dyson gets. 

In Eq. (10) X° is the Hamiltonian of free spin waves, 
and X’ represents the interactions between spin waves. 
It is by no means clear that 3¢’ is smaller than 5° at 
this stage. However, if we regard Eq. (10) as an expan- 
sion of powers of 1/S, we can surely treat K’ as a 
perturbation. In the following we will calculate the 
grand partition function of the system defined from 

Z= Trace exp(—BHK), B=1/(xT), (17) 
where we have taken the chemical potential as zero. 
As is well known," Eq. (17) can be developed into the 
following form, 


8 
Z= Trace| exp( pac = exp(s5) IC’ 
0 


8 ‘ 
Xexp(—sK°)ds+ f exp(sK°)K’ exp(— sae) f 


Xexp(450)5C’ exp(— 150°) dids+-- - | . (18) 


In this expansion we will calculate the terms to order 
1/S. The first term in the parentheses gives, of course, 
the ground partition function of free spin waves as 
follows, 

Zi = tm 


nk 


(19) 


exp(—8 >> Ayn,). 
k 


In the second term only the diagonal terms of 3’ do 
not vanish, and the result is 


Zu=-8 X exp(—8¥ Aum) 


ne=O k 


Js 


y DL (1+y1-2- 11-2) 2 
NV hike 


Jz 
+—— 2 (v1 +72) 
SSN bike 


Jz 


+- > (117 as) +0(1/S% | (20) 
4S N? ks,keks 


In the third term the nondiagonal terms contribute to 


" For example, see M. L. Goldberger and E. N. Adams, II, 
J. Chem. Phys. 20, 240 (1952) and R. Serber, Phys. Rev. 43, 1011 
(1933). 
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the result, 


© Jz 
Zm= D> exp(—8 > Aym)| —— 
_ A SSN® ki kerr 


it Vet Vat Vi42 3— 271-3 2y2-3|? 


VitY¥2—Y3— 142-3 
XK (nynot+- 2nynon;) +0u/s) | (21) 


Further terms give nothing to order 1/.S. In the follow- 
ing calculations we will confine our consideration to 
the simple cubic lattice. In Eqs. (20) and (21) the 
terms in m2 express two spin-wave interactions, and 
combine to give the following term after a simple 
calculation, 


* 


a 


need 


; ee 
exp(—8 Y Aum)— L 


hike 


x (Ri2*ko,? +ky,7k2,? +hy,"ko,”) 


1,1 7 
| 14+—-(-+ 4 =) pron (22) 
S\6 216 


The term in mtg, in Eq. (21) corresponds to three 
spin-wave interactions; it will give higher order con- 
tributions and will not be analyzed further. Thus the 
grand partition function can be written from Eqs. (19) 
to (22) as follows, 


3] 


B. 
z=T] (t—e4") [i+ > 
A 2N hikes 
x (Ry thoe thi hoy +h ,7h2,) 


0.2 
x (14+) xio -1) (en—1y] (23) 
My 


By the standard method the spontaneous magnetiza- 
tion M is given by 


M kT \*? 3x aT \ 5? 
#5 a 2)" sal 
Ngu 8rJS 4 8rJS 


339 «T 2 3 0.2 
oS) 9) 
32 8rJS 2S a 
«Il \¢ 
xr ro) (——) +++, (24) 
8S 


where {(m) is the Riemann zeta function 


¢(})=2.612, ¢(§)=1.341, ¢(9)=1.127. (25) 


In Eq. (24) the term in 7* corresponds to the 7?” law 





120 


of Bloch, as it should, and the terms in 7°? and 77” 
are due to the corrections of the long-wavelength 
approximation. The term in 7‘ corresponds to Dyson’s 
correction term, although our numerical factor contains 
(1+-0.2/S), whereas Dyson’s contains (1+0.3/S). The 
difference may come from numerical approximations in 
Eq. (22) in our paper and in Eq. (92) in Dyson’s first 
paper. (Note that J used in the present paper is just 
half Dyson’s J.) 

Thus we have obtained an essentially same result 
as Dyson’s, using the spin-wave formalism of H-P. We 
will further show the equivalence of the two methods 
in another way. In Eq. (10) we rearrange the terms as 
follows: 


H=Kpt+Ka, 


KRp= — Agu > aj*a;+2SJ ¥ (a;*—a;*)(a;—a)) 


(74) 


(26) 


+J > a;*a;*(a;—a,)*, (27) 
7,4) 


J¥ (a;*a;*aja,;—a;*a;*a;a;) 


(9,4) 


J 
+— >> (a;*a;*aja,+a,;*a;*a,a;) 
8S Gl) 


J 
+— » (a;*a;*a j*a ,2j;8,— 2a;*a;*a,*a;a;0; 
8S Gi. 


Hr 


+a;*a;*a;*a,aja;)+---. (28) 
Hp is just the same as Dyson’s Hamiltonian [ Eq. (57) 
in his first paper]. After a Fourier transform the first 
term in Eq. (28) gives 


2J 

- > 8(Rit+ko—k3— ky) ay*ae*aay(y¥s—72). (29) 
2N ki, «++, he 
The diagonal terms of Eq. (29) vanish, and the con- 
tribution from nondiagonal terms is given by 


oJ 2J 


> Y1%\N2—— 
4SN kiks 4SN? oo, 


(Y¥s—Yo43-1) MM. (30) 


However, the diagonal parts of the second and third 
terms in Eq. (28) cancel the first and second terms in 
Eq. (30), respectively. Thus 3p (Remainder of the 
Hamiltonian) gives nothing to order 1/S. This means 
HK is equivalent to Kp at least to order 1/S. 


Ill. ANTIFERROMAGNETISM 

As is well known the exchange integral in antiferro- 
magnets is negative so that an antiparallel spin coupling 
between nearest neighbor atoms is more stable than a 
parallel one. However, the ground state in Heisenberg’s 
model of the antiferromagnetic case is very complicated 
and is known only approximately, while the ground 
state in the ferromagnetic case is very simple and is a 
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starting point of a spin-wave theory in ferromagnetism. 
In spite of this the successes of spin-wave theories of 
antiferromagnetism by Anderson” and Kubo” make us 
feel that they contain a correct approach to attack the 
problem. As was discussed by Kubo in detail there is a 
divergence of the fluctuation of magnetization in spin- 
wave theory of antiferromagnetics. This divergence 
can be avoided by introducing the anisotropy energy. 
In fact we cannot doubt the importance of the role of 
the anisotropy energy in antiferromagnetism. How- 
ever, this divergence of the fluctuation occurs in the 


spin-wave theory of ferromagnetism, too. On the other 


hand our method used in the last section is essentially 
the same as Dyson’s in ferromagnetism. We will apply 
it to an ideal antiferromagnet with no anisotropy 
energy, which may correspond to Dyson’s method if it 
were done for antiferromagnetism. 
Let us confine our considerations to a NaCl type and 
a CsCl type crystal, and divide the lattice points into 
two sublattices, denoted by / and m, respectively. The 
Hamiltonian is assumed to be 
KR=2|J| > 


é\. P 
lm 


(S,-S,.) +4, > Sf#t+hed- Sunt, (31) 


with different effective magnetic field on / and m sub- 
lattices. The reason for using different magnetic field 
parameters is that by differentiation with respect to a 
single parameter we may select out the magnetization 
of a sublattice. According to Kubo we have to introduce 
two different definitions of the spin-deviation operators. 
These are 


§;*= (2S)' fi, (S jaz, S| ( 2S)*a;* fi(S), 


S=S—a;*a, 
for an “up” spin on the / sublattice, and 


Sat = (2S)'b,.* f..(S), Sa = | 2S)* fn (S 1D mms 
S m?= —S+)*bm, (33) 


for a “down” spin on the m sublattice. The operators 
b and b* are defined in the same way as a and a*, and 
satisfy the equations, 


* _ , ; * ; * ’ 
6."ba@ta, baba’ ~On' Cn =8aun - 


We introduce the Fourier transforms of @,, 


Sus Oa’: 
a,= (2/N)' >, e**#a,, a,” 2/N 
by = (2/N)91 > on ebm, O,* = (2/N 


i> kmp * 25 
= ¢ Dias ton? 


— 


where N is the total number of atoms. Furthermore, we 
use the new operators a;, a,* and §;, 8,* defined by 


a,=a;, coshé,—6,* sinhd,, 
b,.= —a,* sinhé,+ 8; coshé;, 
a,*=a;,* cosh@,— 8; sinhé,, 


b,.* = —a, sinhé,+-8,* coshé,;, 


% P. W. Anderson, Phys. Rev. 86, 694 (1952 
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tanh26, = y«/(1—4hy'+4h,’), 
hy’ =hy/22|J\S, he’ =he/22|J\S. 
Then the Hamiltonian (31) can be written as 
R= E,+> (A bk My + A atn,’) 
k 
+> [B® (nynet-ny'n7’)+ BO nny )+---, 
hike 
with 


ny =Br*Bx, 


N.=a,*ax, 


1 
By=2s|J|S| —=SN(1—hi'+hy’) 
2 


+D[(D-12)'-D] 


Come 
2SN (DB v2) 


1,t= (DP—y2)'4 4 (hy +hy’) 
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1 D— Ye " D- Ye 
htt, a 
SN (D'- —y 7)! (PP—y2 2)4 


(- D— Ww D-y? ) 
= acs © | 
’ (De 7° 2)4 (D?—+¥-.7)3 
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(Se) 
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h,’ h,’ 


D=1-—+—, 
2 


- 


(45) 


where we have picked up all terms to order (1/.5”). 
By a method similar to that of the last section, we ob- 


tain the free energy as follows: 


F=E,+«T » {inf 1—exp(—B8A,-) ] 
+In[1—exp(—8A,*)]}+ ¥ 
hike 
1 
[2~( A veod GEL Y th 2 
exp(8A,~-)—1 exp(@Az-)—1 


1 1 -) 
- ae ann 
exp(8A,*+)—1 exp(8: 1+)—1 
1 1 


Bo ——|. «46 
exp(8. Ay )-1 exp(8A,*)—1 
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Tasie I. Numerical queen f for entiuvmmagnete lattices.* 


CaCl-type 


c 0.097 0.073 
4 0.156 0.150 
n 1/(2424) j 
& 2e/3 3 
ts 39/28 87/4 





NaCl-type 





* The numerical values of ¢ and c’ are calculated 4 by aoduen and by 


Kubo. 


When the external magnetic field is zero (i.e., 4y = h2=0, 
D=1) the free energy Fo can be written, 


Fo= Eot+2«T & inl 1—exp(—,A,°) } 
k 


4 


4e\J b sda 1—Vs ‘a 
(x- ———), (47) 
N ‘ exp(A “)-1 
where A,® means A,y~(hy’=hy' =0) = Agt (hy! = hy’ =0). 
The zero-point energy Eo is 


Ey= —2|J|SN(S+c+e/4S), (48) 


where c is defined by 
(2, N) >! 


The numerical values of ¢ are calculated by Anderson 
and by Kubo, and shown in Table I. Equation (48) is 
identical with the result of Kubo in his second approxi- 
mation. As shown in Table I, c is so small that the 
correction term ¢*/45 is not important. The energy of 
the spin wave with wave number is 


1 ,9= 22| J |S(1+¢/2S)(1—y2)!. 


r1— (1—y.2)!]. (49) 


(50) 
In Eq. (50), though c/2S is a correction, the property 
that the spin-wave energy is a linear function of k in 
the region of long wavelength does not change. From 
Eq. (47) we obtain the internal energy by the standard 


method: 
3¢(4) 3c 
(1-3) 
rn? 2S 
1 63 ¢( _ (6) 
+-— —_F*+ Ste (1-=)o 


S 2 ae 
¢(8) 7¢ 
+7 &y— (1-—)o+-. ‘| (51) 
mn! 2S 


U=Eot+22|J|SN 


with 
6=«T/22\J|S, 


¢(2)=s/6, ¢(4)=24/90, 
£(6)=2°/945, 


(52) 


¢(8)=**/9450. (53) 


{n Eq. (51) the second term in the brace is the correction 
due to the spin-wave interactions, and the last two 
terms are due to corrections resulting from the deviation 
from linearity of the spin-wave energy spectrum. The 
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numerical constants n, £:, and £2 are shown in Table I 
for NaCl and CsCl type crystals. The specific heat is 
easily obtained : 


C, 12¢(4) 7 1 ¢(4)? 
= (: yen 252——-9" + 


VK 1n 2S S 1? 


(6) 5 
+ 30E; -(1- ~)o 
wn? 2S 


¢(8) 7¢ 
+ 56£-— (1-=)e+--.. (54) 
rn! 2S 

We can understand the meaning of each term in Eq. 
(54) by comparing with those in Eq. (51). 

In order to get the magnetization, M, of sublattice, 
we differentiate Eq. (46) with respect to the selector 
parameter /,, using the following property : 


0 D Ye 
) 0. 
ah, (7» v2)! hy he =0 
The result is 


WwesN -(2) 1 3¢(2)¢(4) 
|s—3¢ - )e- gS... 
gue 2 } S 2% 


—~( =) 
Y— t— 1—— }@°.-- |, 
62’ n? S | 
2 1 

=( -1), 
ar (1—y,2)! 


and its numerical values, as calculated by Anderson 
and Kubo, are shown in Table I. The magnitude of 
magnetization at zero temperature, 6=0, does not 
change from Kubo’s result, although Fisher" very 
recently got a different result by a variational method. 
The fourth term proportional to 6° in Eq. (56) comes 


¢(4) 2 
2 = 
4r*n? S 


where c’ is defined by 


from the spin-wave interactions. The last two terms are 

due to the energy spectrum correction. 
To obtain the parallel susceptibility, X, 

hy=he 


, we must put 


=h, and calculate the second derivative of the 

J. C, Fisher, J. Phys. Chem. Solids 10, 44 (1959). His result is 
M (O)/gu=4NS(1—sS/(2cS—1?]=4NSX0.987 (in the case of 
MnF>),and he compares it with the experimental result 4VSX0.98 
< M\0)/gu< 4NSX 1.03 by Jaccarino in MnF >. On the other hand 
Eq. (56) gives M(0)/gu=4NSX0.97. In both theories the aniso 
tropy energy is neglected and only the single exchange integral is 
considered. (If the theories are applied to MnF», this exchange 
integral corresponds to that between second nearest neighbors.) 
However we cannot neglect the effect of the anisotropy energy 
and the exchange integral between nearest neighbors on the 
magnetization in a real MnF, crystal. Thus it is difficult to say 
which theory is in better agreement with the experiment 
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free energy with respect to 4. The result obtained is 


N (gu)? { £(2) (2) P 
22|J | St 2x’ S 


1 9¢(2)¢(4) 


¢(6) : 
+ 1—— }e*—-—4 aecaer.--| (58) 


rn’ 


Both the second and third terms are caused by the spin- 
wave interactions, and are order of 1/S. 

Lastly, we will get the perpendicular susceptibility, 
xi- In Eq. (31) we add the following Hamiltonian, and 
put A; and hy equal to zero 
(>” S, ont (59) 


Me 


This is the Hamiltonian of the external magnetic field 
directed along the x axis. We can use transformations 
similar to those in Eqs. (32) through (37). Noting that 
the perpendicular magnetic field shifts the origin of the 
operators ao and ao* by —A,N*/42| J |S! while bp and bo* 
do not change, the Hamiltonian can be diagonalized 
easily within the range of the same approximation, and 
the perpendicular susceptibility is obtained as follows: 


N (gu)? , c ) 
= ——— a 


— or] (60) 


fourth, and fifth terms 
represent the effect of interactions between spin waves, 
and the last two terms are due to the energy spectrum 
Ziman" 
terms of the perpendicular 


In this expression the third, 


correction as before calculated the correction 
susceptibility due to spin- 
wave interactions, but he did not obtain the tempera- 
ture-dependent term because of his poor approximation. 

All the correction terms which we obtain are quite 
real 
the 
effect of spin-wave interactions confirms the usefulness 


small so that they are hardly observable in a 


antiferromagne t. Nevertheless, the smallness of 


of the first approximation in H-P’s method. In a case 


i M. Ziman, Proc. Phys. So London) 65 


; 540 and 548 
(1952) 
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in which the first approximation does not fit the experi- ACKNOWLEDGMENTS 
mental result, we must seek the origin in the difference 
between the real antiferromagnet and the simple 
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A correlation function for a positron-electron pair within a metal is obtained by solving a Bethe-Goldstone 
equation. Thus one may take account of the many body effects, of screening and the exclusion principle, in 
computing the electron density at the position of the positron. The results indicate that one may, in this 
fashion, reconcile the Sommerfeld model of a metal with the experimental data on positron annihilation in 


metals. 


I. INTRODUCTION 


N recent years attempts have been made to explain 

the failure of the Sommerfeld model of a metal to 
account for the observed positron annihilation rates in 
metals. It was apparent that no progress could be made 
until some account was taken of the interactions 
between valence electrons and positron within the 
metal. We propose to present an adequate treatment 
of these interactions. Our work follows most closely 
that of Ferrell.' The basis of the latter’s discussion was 
the Bohm and Pines theory’ of collective motion in an 
electron gas. The introduction of the collective or 
plasmon modes allows one to effect a separation between 
the long range and short range, or screened, Coulomb 
interactions in the eleciron gas. In the present work 
we will make no attempt to calculate the effect on the 
positron annihilation rate of the plasmon part of the 
Hamiltonian. This will be discussed in a later paper. 
For now we only refer to the earlier work of Ferrell, 
whose estimate of the plasmon effects indicate they 
are probably small. 

Where we differ from Ferrell is in the treatment of the 
screened electron-positron Coulomb force. Ferrell 
reasoned that this weakened interaction should admit 
of a perturbation treatment. Our calculations indicate 
this was not a justifiable assumption, at least not for 
most of the metals of interest. We have attempted to 
arrive at an electron-positron correlation function by 
setting down a two-body equation embodying the 
screened Coulomb positron-electron force and the 
equally important Pauli exclusion principle. This can 
done by formulating the appropriate Bethe- 
Goldstone equation’ for an electron-positron pair in a 


'R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956 

* D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953) 

*H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) A238, 
551 (1957) 


be 


metal. No attempt is made here to include the proper 
energy-momentum relationship (dispersion law) for the 
electron and positron, resulting from the short range 
collisions experienced by these particles. It is assumed 
that both electron and positron propagate as free 
particles. 

In Sec. II we set out in detail the basic wave equation 
for our problem. In Secs. III and IV an approximate 
solution of the equation is discussed and the results 
for electrons annihilating at tabulated. The 
calculation is extended to include electrons at the 
surface of the Fermi distribution in V and the resulting 
annihilation lifetimes computed. 


zeTo 


Il, BETHE-GOLDSTONE EQUATION FOR 
ELECTRON-POSITRON PAIRS 


We are of course ignoring lattice effects and treating 
the metal as an electron gas (at zero temperature) with 
the neutralizing charge of the positive ions smeared 
throughout space. We assume that the positron on 
entering the metal is rapidly thermalized* and assign 
zero Momentum to this particle. It is convenient to 
carry out our calculations entirely in momentum 
space, for it is then possible to state both the Pauli 
principle and the screening as algebraic restrictions on 
the intermediate relative momenta. it is easiest to set 
down the two-body equation we have in mind and 
explain the notation after. 

The equation describing the interaction of a zero 
momentum positron with a representative electron of 
momentum k,= 2a is 


; 


J 


where $(k) is the relative-momentum wave function of 


*G. E. Lee-Whiting, Phys. Rev. 97, 1557 (1955). 


da d®*k’ 


k—k’|? 


(k?—a*)o(k) = 


(29 )*ao 


o(k’), (1) 
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the positron electron pair, do is the Bohr radius, and 
the prime on the integration sign indicates the restric- 
tions of screening and of the exclusion principle. The 
latter demands that the electron go outside the Fermi 
sea before interacting, in an intermediate state, with 
the positron. Momentum is of course conserved in this 
interaction and the resulting restriction on the inter- 
mediate relative momentum is seen to be 


k’+ a\>kr, (2a) 


(2b) 


k’=a (corresponding to forward scattering). 


Following Bohm and Pines, the screening due to 
collective effects of the electron-electron interactions 
can be accounted for by demanding that the relative 
momentum transferred in the electron-positron collision 
satisfy 


k—k’| >k.. (3) 


This leads to an interaction in configuration space with 
a screening length ~1/k,. We have decided to usea value 
for the cutoff momentum k,, appreciably higher than the 
Bohm and Pines result® 


k.=0.353ker(r,)', (4) 


the Fermi momentum of the valence 
electrons and r, is the usual metal parameter describing 
the density of valence electrons. The higher value we 
use, 


where ky is 


0.470r, tk r, (5) 


is a reflection of more recent work® indicating plasma 
oscillations exist in an electron gas for higher momenta 
than supposed by Bohm and Pines. (1) is now brought 
into a more manageable form by concentrating our 
attention on the distorted part of the wave function 
o(k). We write 


o(k) =5(k—a)+ fu(k). (6) 
The 6-function represents an initial plane wave of 
relative momentum a=4$k,, and the parameter multi- 
plying the distortion u(k) is f=[49/(2x)*](1/a0). 
Inserting (6) into (1) we obtain 


1 1 


u(k)= 
k 


u(k’). (7) 
‘i2 


5D. Pines, Solid State 
Turnbull (Academic 
(6-8) 

*R. A. Ferrell, Phys. Rev. 107, 450 (1957), Ea. 
Brueckner, Fukuda, and Brout, Phys. Rev 
Eq. (17) 


Physics, edited by 


F. Seitz and D. 
Press, Inc., New York, 1955), 


Vol. I, Eq 


(40); Sawada, 
108, 507 (1957), 
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Fic. 1. Excluded 
regions in relative 
momentum space 


We have not paid any attention to a definition of the 
energy denominator in (7) since our restrictions (2a) 
and (3) do not permit it to vanish. This is simply.a 
statement of the suppression of all but forward scatter- 
ing by the exclusion principle. 

We note because of screening (7) is valid only for 
k—a|>k.. When |k—a! <k, the equation for «(k) is 
homogeneous and we then take u(k)=0. This leads to 
the further restriction |k’—a!>&,---(2c) in (7). The 
excluded regions of k’-space are indicated in Fig. 1. 
Centered about the origin in &’-space there are two 
overlapping spheres of radii ke and &,, excluded, 
respectively, by the Pauli principle and screening. In 
addition one must delete the the 
sphere of radius k, centered at k 


region interior to 

It is difficult to specify a simple analytic procedure 
for the solution of (7). It the relative 
angular momentum is no longer a constant of the 


is clear that 


motion. Hence one obtains a coupled set of integral 
equations for the various partial! waves. However, one 
may begin by the 


momentum 


examining a limiting situation, 


annihilation of the positron with a zero 
electron. The total momentum of the interacting pair 
vanishes and the resulting equation for the distorted 
part of the wave function is spherically symmetric. We 


consider this case in the following section 


ITI. 


Taking a=0 as indicated in the previous paragraph, 


we find for (7 


u(k’ 
k—k’ |? 


It is to be noted since ky >&, in any of the metals we 
consider, the condition k’>, is superfluous. A per- 
turbation treatment of (8) would then simply constitute 
an iteration solution beginning with the inhomogeneous 
term 1/k*. One can quickly reproduce the results of 
Ferrell' at this point by assuming 


u(k)=1/k* (9) 
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Then the configuration space correlation function is’ 


vir)= foes ‘dk 


4nf ” dk 
+- -f — sinkr. 
r Kr k* 


The second term in (10) represents a concentration of 
electrons about the position of the positron. If now one 
assumes that the annihilation rate does not vary too 
greatly with electron momentum (a statement which 
is quite accurate in perturbation theory), one can 
compute the enhancement of the Sommerfeld rate 
predicted by perturbation theory. With our normali- 
zation this is 

W (0) |?= (14+-2/maok vy)? = (14+-2r,/6.02)?. (11) 

It is easy to establish that the enhancement factor 
(11) is not sufficiently large to account for the observed 
lifetimes. We shall see this when tabulating our own 
results and comparing these with available experi- 
mental evidence. More important perhaps, is the failure 
of (11) to explain the observed variation of lifetimes 
with the density of valence electrons in metals. The 
Sommerfeld rate varies like r,-*, while experimentally 
the lifetimes are roughly constant over a large range of 
metals. It is our hope that both the absolute lifetime 
and the variation with metals can be accounted for by 
a more detailed solution of (8). If an electronic, digital, 
computer were available it is likely that an iteration of 
(8) would produce the desired results. In view of our 
lack of such computing facilities we sought approximate 
analytical techniques for 
solution. 

To illustrate our approach let us consider (8) in the 
limit of no screening, but with the exclusion principle 
still taken into account. Of course one would now 
expect the annihilation rates to be much too large since 
the positron would be able to affect an exaggerated 
number of electrons in its neighborhood. 

(8) now reduces to 


1 2nf ¢” k+-k’ 
+ f (dk’ )k’u(k’) \n ; 
kK BJ, P 


obtaining an adequate 


u(k)= (12 


It is evident that a solution for k>kp can be obtained 
as a power series in (kr/k)* in this instance, since (12) 
is invariant to the transformation k — —k. We assume 


then 
1 « Re 2n 
u(k)=— ¥«.(—) ; 
ko ki 


Inserting (13) into (12) we find, making use of the 


ATION 


IN METALS 


identity® (n=0, 1, ---.) 


° 1 1 1 
m=0L2n+2m+3 2n—2m+-1J]2m+1 


rT 
tan(n+1)r=0, 
2(n+1) 


(14) 


the odd powers in 1/& cancel out and there remains the 
following set of equations for the dimensionless coeffi- 
cients a: 


On 


ao i+r> 


T « An 


Om 


matt “o 2u—(lm—i) 


where 
T= 2/maok Pr. 


The latter set of linear equations represent a restatement 
of the integral Eq. (12), and can be solved by some 
iterative procedure to any degree of accuracy required. 

An interesting relation can be established between 
the first coefficient in the series (13) and the amplitude 
¥(0). By considering lim,...k“u(k) in (12) or by direct 
calculation one obtains 


ag=V¥(0). (16) 


We will not display the numerical solutions of (15). 
It is sufficient to state that the values of the enhance- 
ment factors obtained are much too large and moreover 
the variation with valence electron density is still too 
marked. The Pauli principle appreciably alters the pure 
Coulomb interaction at zero electron momentum, but 
by itself it cannot explain the observed data. 

We now show that it is possible to write down a set of 


‘ equations similar to (15) for the integral equation (8), 


if we are willing to treat the screening restriction 
approximately. (8) can be written 


1 ff 
+ fe 
a . | 
; 


1 
f d*k’ —u(k’). (8') 
ke k—k’! </ k- k’ 3 


The last term in (8’) represents a reduction in the 
distortion u(k) due to screening. We will assume this 
term can be approximated by evaluating «(k’) at the 
point k’=k and hence removing u(k’) from the inte- 
grand. This approximation is prompted by the singu- 
larity in the integrand at k’=k. If k>ke+k,, the 
region defined by (3) is a sphere and there results for 


u(k’) 


k—k’|? 


u(k)= 


51) and (52) 
Summation of Series (Chapman and Hall, 
Eq. (421) 


7? Reference .1, Eqs 
*L. B. W. Jolley, 


Ltd., London, 1925), 
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the last term in (8’) 


({/k*)u(k) (4rk.). (18) 


However when k< kp-+k, (3) is something less than a 
sphere and we obtain a different approximation for the 
screening term. In fact for k= ky, it is easy to show that 
the relevant term is very nearly 
f/k*)u( Rk) (2rk.). 


(19) 


Since “(k) clearly drops off rapidly with increasing k 
we will want to weight the interior regions of integration 
more heavily than the exterior and assume then 


J I f 
f d*k’ u(k’ u(k)x(2rk.), (20) 
k —k’ k ' 


ke ke k—k’ * k 


where x is a number between one and two but probably 
closer to one. We can adjust x at will to minimize the 
error in our treatment of the screening. It is natural to 
choose this parameter so as to make the error in ¥(0) 
as small as possible. 

We must then solve an altered integral equation 
(1+2n fk.x) 


uo(k) 
ke 


(71) 


hk 
k'dk’ \n' 
|k 


ke 


We can regard the solution of (21) as an improved 
starting point for the iteration of (8). Our treatment of 
the screening is in any case not without ambiguities, 
so that we are justified in handling it in the above 
fashion. 

Once again (21) admits of a solution 


. ke\”” 
z.(")" 
kt n 4) kb 


with the coefficients in (22) satisfying the equations 


2 Qn 


i+;r> 


> — 
n=) 2n+1 
0 a, 
3 
a= ' 
2m+1 0 2n—2m+1 
The relation ap= (0) is still valid. We can now fix our 
attention on a particular metal and solve the set (23) 
by iteration. This is done in the following section. 


IV. 
To cover an interesting range of metals we have 


carried out computations for the following values of 
the parameter r, 


0.6667, 1.0000, 1.2500. 24) 
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hancement factors for 
zero momentum. 


rasie I. Wave function and er 
electrons annihilating at 


0.03 
0.015 
0.000 


10 

ai 

ao pert. 
v(0)? 
TX10°™ sec 


These correspond, respectively, metals with the 


density parameters (r, 
2.010, 3.014, 3.768, 
and screening parameters (8=k./k» 


0.6663, 0.8159, 0.9124 (26) 


The first of the values (24 
aluminum, the last to sodium 

It is not necessary to discuss the actual calculations 
in great detail. We began by solving a truncated set 
of equations for a,m<s. The latter coefficients were 
used to estimate the m>s. One 
could then reconsider the equations for the first s 
coefficients, including coupling from the previously 
ignored coefficients. This procedure was iterated until 
it was felt the error in the first s coefficients was of the 
order of a few percent. For the cases corresponding to 
t=0.6667, 1.0000 the coupling successive 
coefficients decreased quite quickly with increasing m. 
However, for the 1.25 the coupling de- 
creased only moderately with increasing m and it was 
necessary to use a larger basic set of equations (larger 
value of s) and to proceed out further in the sequence 
[am |. It is to be noted that the parameter x mentioned 
previously was taken to be larger for the case r= 1.25. 

Using the values of a» noted above in Table I we can 
compute the enhancement factor |¥(0)|*. Assuming 
all electrons annihilate at zero momentum 
we would obtain mean lives 7 


1 ky 
( ) Sra 1.2510 
4N\39r 


The bracketed 
Sommerfeld annihilation rate 
the density of valence electrons in the metal to that in 
positronium. The factors and 
sponding lifetimes are also contained in Table I. 


corresponds roughly to 


coethcients a,, tor 


between 


value T 


essentially 


give! 


in seconds) by 
Vv(0 


factor in (27) is the spin-averaged 


obtained by comparing 


enhancement corre- 
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We have included in Table I the perturbation 
theory values for ao. From these the inadequacy of 
perturbation theory in lowest order can be inferred. 
However it does seem likely that an iteration of the 
lowest order would achieve some degree of success for 
the metals with denser valence electron gases. 

It is possible to estimate the error in our approximate 
solution of (8) by using the solution of (21) as a first 
iterate in (8). This is an impossible task in the light of 
our computing facilities, but we did compute the error 
in the lifetimes due to the inhomogeneous term in the 
integral equation which one obtains for the difference 


4, (k) = 4(k) — uo(R). (28) 


The change in ¥(0) is seen to be 


x 


A, (0)=4rf k°dk u;(k) 
kr 


=4nf 
kr 


Qn fk, 
wae | nth 
ke 


f uo(k')} 

f d*k' — } (29) 
RPS ic —e’| <he (k—k’|? 
Because of the complexity encountered in evaluating 
(29) we arbitrarily cut off the calculation after the 
fourth term in the exparsion (22). Moreover (29) was 
evaluated only for the two extreme values of the 
electron density considered. We should point out that 
the first order errors in the wave function u(k) were 
considerably larger than those in the amplitude ¥(0). 
This is reminiscent of the situation encountered in a 
Ritz variational calculation. As a _ representative 
calculation we can quote the relative error in «(k) at 
k=ky. For the case r=0.6667 one finds this error to be 
some 5% while the corresponding error in (0) is 
completely negligible. For the case r=1.25 one has 
little confidence in the values uo(kr) and u,(kpr); but 
for larger k~kp+h,, the ratio ;/uo is of the order of 
0.25. Nevertheless for the latter case (29) constitutes 
only a 3% reduction of ¥(0). 


V. VARIATION OF THE ENHANCEMENT FACTOR 
WITH ELECTRON MOMENTUM 

As we have indicated the task of computing (0) 
for nonzero electron momentum is perhaps an order of 
magnitude harder than that for zero electron 
momentum. However, we will proceed under the 
assumption that (0) varies only slowly across the 
Fermi sea. A straightforward procedure is to expand 
u(k) in a series of Legendre polynomials in the fashion 


u(k)= > u,(k)PI(cos6), 


land) 


(30 
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where @ is the angle between the vectors a, k. Of course 
we are interested only in the s-wave in (30), but un- 
fortunately we cannot separate off this partial wave 
from the rest. In fact we obtain for the case /=0, the 
following integral equation (ignoring for the moment 
the restriction |k—k’| <&,). 


oer Ff 1 
Lad FE f Ph — 
k?— a* [Ki x8| <he 2kk’ 


|k’+a| >ke 


1 
u°(k) =— 


In 
2ka | 


k—a 


k+k'| « 
XIn|——-| © u!(k’) Pl(cosé’). (31) 
lk—k’| imo 
li k., ke were equal, we would have an equation 
similar in structure to the Bethe-Goldstone equation 
for two identical particles (both subject to the exclusion 
principle). In such a case it is easy to show the coupling 
of the p-wave to the s-wave in (31) is eliminated. The 
reason is simply that the region of angular integration 
in (31) is then symmetrical about 6=2/2. In fact only 
the partial waves with even / remain. Moreover one 
expects the coupling of successive waves to decrease 
with increasing /. This suggests that even in the event 
k. Ak, we assume 


u(k) = w(k). (32) 


The latter assumption is best for metals with lower 
valence electron densities when 8 approaches unity. 
We have estimated the error in neglecting the p-wave 
by using a Born approximation for this wave and 
inserting it into (31). In the least favorable circum- 
stances we find an upper limit to the p-wave contri- 
bution of less than 1%. 

Referring now to Fig. 1 it is clear that the exclusion 
principle will no longer be manifested as a sharp 
cutoff on the range of intermediate momenta. However, 
to simplify our calculations we have computed the total 
volume excluded by the spheres (2a) and (2c), and from 
this computed an effective Fermi momentum kp*"(a,k,). 
It is likely that our treatment of the excluded regions in 
momentum space will tend to underestimate the 
enhancement factors since we expect u(k) to fall off 
with increasing &. We have redone the calculations of 
IV only for the value a= kp/2, i.e., at the Fermi surface. 
For this latter calculation we treat. the screening 
restriction (3) in the same fashion as in III. No estimate 
of the errors involved in this approximation were made, 
but we again expect these to be small. 

It is then possible to average the enhancement factor 

W(0)|? over the Fermi distribution of electron mo- 
mentum. We assumed that (0) varies linearly with 
electron momentum in performing this average. Table 
II contains the information relevant to the annihilation 
of an electron at the Fermi surface, as well as the final 
lifetimes T taking into account the variation of annihi- 
lation rates with electron momentum. 

We have not corrected the lifetimes for the errors due 
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Tasie Il. Wave function at the Fermi surface 
and annihilation lifetimes. 


0.6667 1.0000 


1.129 
0.8860 
3.85 
2.14 
0.51 
0.15 

— 0,006 


1.069 
0.6236 
2.38 
0.47 
0.05 
0.03 


as aig 
T (10-" sec) 1.51 


to the approximate treatment of the screening. Such a 
correction would anpear to increase the lifetime by 
about 6% for r= 1.25 and leave unaltered the lifetime 
for r= 0.667. 


VI. CONCLUSIONS 


One may sum up the experimental situation on 
positron annihilation in metals by saying that the 
lifetimes are of the order of 1.5X10~™ sec over a wide 
range of metals.’ This is in good agreement with our 
calculations. The size of the errors quoted in the experi- 
mental lifetimes varies between 0.3X10-" and 0.6 
X10~-" sec.’ Hence the variation of lifetime with metals 
that we predict is certainly not ruled out. It is hoped 
that more accurate experiments will check this point 
more carefully. 

Moreover the work on the two photon angular 
correlation from the decay” has indicated that the 
distribution of the total momentum of the annihilating 
pair is very nearly that of the Fermi distribution of 
valence electrons. Since our calculations predict a 
roughly constant enhancement factor across the Fermi 
sea, we are in agreement with this angular correlation 
data. 

We see that both the exclusion principle and screening 
are indeed important features in the calculation of a 


positron-electron correlation function in an electron 


*S. Berko and F. L 
(1956). 

” A. T. Stewart, Can. J. Phys. 35, 168 (1957) and Lang, de 
Benedetti, and Smoluchowski, Phys. Rev. 99, 596 (1955) 


Hereford, Revs. Modern Phys. 28, 299 
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gas. If one ignored both of these but took into account 
the pure electron-positron Coulomb interaction one 
would have found far too many electrons annihilating 
near zero momentum, and too few near the Fermi 
surface. The exclusion principle by itself reduces the 
annihilation rate at momentum and enhances 
the rate near the Fermi surface. The latter increase 
can be understood by considering a perturbation 
calculation involving only the inhomogeneous term 
in (7). The energy denominator in this term would be 
sometimes negative sometimes positive in the pure 
Coulomb case. The exclusion principle eliminates that 
region of relative momenta in which the energy de- 
nominator is negative. The destructive interference 
amongst the various relative momentum contributions. 
to the amplitude ¥(0) is not permitted by the exclusion 
principle. This is an effect distinct from the suppression 
of scattering which is a restriction on the configuration 
wave function at r=. 

However, the exclusion principle by itself is not 
sufficient to account for the observed data. The screen- 
ing reduces the annihilation rates to more reasonable 
values and is especially important in smoothing out the 
variation of the Sommerfeld rate with electron density. 

Finally we would like to say something about the 
effect on our results of the long-range interactions. 
Ferrell' has concluded that all plasmon effects have a 
negligible influence on annihilation rates. However, 
since we are using a momentum cutoff on the plasmon 
spectrum appreciably higher than that of Ferrell, there 
is some reason to believe the long range interactions 
may play a larger part in our calculations. For this 
reason we intend to consider this problem in more 
detail later. 


ZeTo 
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In this paper the experimental fact that the temperature dependence of the saturation magnetic moment 
of dysprosium metal shows a marked departure from the Bloch 7! law at low temperatures is interpreted as 
due to magnetic anisotropy. The calculation is in the spin-wave approximation and gives a result which 
agrees well with the observed temperature dependence of the magnetization if the magnitude of the 
magnetic anisotropy is suitably chosen. A discussion on the atomic origin of the magnetic anisotropy is given 


I. INTRODUCTION 

HERE are several interesting features in the 

magnetic properties of dysprosium metal.' The 
material has a hexagonal close-packed crystal structure. 
It is ferromagnetic below 85°K, and is antiferromagnetic 
from 85°K up to 178.5°K. Its spontaneous magnetiza- 
tion always lies in the basal plane of the hexagonal 
crystal, and the magnetic moment of the metal is a 
linear function of an external magnetic field applied 
parallel to the direction of the ¢ axis of the crystal 
over the entire range of the temperature and of the 
applied magnetic field (~10* gauss), i.e., the crystal 
is very hard magnetically in the direction of the c axis. 
At low temperature the direction of easy magnetization 
is in the [1120] directions (the directions along the 
line joining nearest neighbors in the basal plane of the 
hexagonal lattice), but above 110°K the magnetization 
is isotropic in the basal plane. 

The temperature dependence of the decrease of the 
saturation magnetic moment of dysprosium appears 
to be proportional to 7? instead of J! (the Bloch law) 
at low temperature. Such anomalous behavior of the 
magnetization, which is also observed in erbium and 
holmium metals* can be interpreted by the spin-wave 
theory, taking account of the magnetic anisotropy. 
The result is the 7? law modified by a factor with 
exponential dependence on the inverse temperature. 
This factor comes from the fact that, if there is a 
preferred direction of magnetization in the crystal due 
to magnetic anisotropy, it requires a finite amount of 
energy to excite even a long-wavelength spin wave. 


Il. EFFECT OF ANISOTROPY ON THE 
TEMPERATURE DEPENDENCE 
OF THE MAGNETIZATION 


It is commonly believed that in the rare-earth metals 
the magnetic moments of the tripositive ions are due 
to the f electrons in the ions, since the other electrons 
still form closed shells. 

As the spin-orbit couplings between the / electrons 
in the rare-earth ions are stronger (1000~ 2000 cm)’ 

* Contribution No. 774. Work performed in the Ames Labor 
atory of the U. S. Atomic Energy Commission. 

t On leave from Tokyo Institute of Technology, Tokyo, Japan 

' Behrendt, Legvold, and Spedding, Phys. Rev. 109, 1544 (1958 


2S. Legvold (private communication). 


*B. R. Judd, Proc. Phys. Soc. (London) A69, 157 (1956 


than perturbations due to the crystalline field, it is 
plausible to assume that the magnitude of the total 
angular momentum J of the / electrons in the ion is 
quantized even in the metal and to take into account 
only the lowest level of the ground term of the ion, 
the state in which J is constant and the magnitude of 
J corresponds to the maximum possible value for rare 
earths with more than seven f electrons. Inside J 
=constant the operator equivalence holds between J 
and the total spin S of the / electrons: 


S= (g—1)J, (1) 


where g is the Landé g factor. Equation (1) gives an 
interesting correlation between the paramagnetic Curie 
temperatures (or the Néel temperatures) of various 
rare-earth metals and their spins.‘ 

To discuss the magnetic properties of dysprosium, 
it is useful to consider the whole crystal of the hexagonal 
close-packed structure as consisting of two inter- 
penetrating hexagonal sublattices (the primed and 
unprimed in the following equation) and to assume that 
the exchange coupling between magnetic ions is 


Ha=—-J; a (I;-J)—J; 3 (Jy -Jy) 
> he j’>k’ 


P, 


—Js L (J;-Jy), (2) 


where the first two terms represent the exchange 
couplings between the nearest neighbors in the same 
sublattice and the last gives the couplings between 
the two sublattices. The last summation over j’ is to 
be taken over nearest neighbors of ions 7 on the other 
sublattice. In Eq. (2) different values (J; and J;) of 
the exchange couplings for the two kinds of pairs with 
nearly equal distances’ are assumed, as would result 
from the indirect exchange couplings of the spins of 
the ions via conduction electrons® [see Sec. III (i) ]. 
This assumption is not essential for the discussion in 
this section, but is important for the interpretation of 


*P. G. de Gennes, Compt. rend. 247, 1836 (1958). 

* The distance between ions j and j’ is slightly shorter than 
that between j and & in the rare-earth metals of hexagonal close 
packed structure (3.50 A and 3.59 A in Dy, respectively). 

*T. Kasuya, Progr. Theoret. Phys. (Kyoto) 16, 45 (1956); 
K. Yosida, Phys. Rev. 106, 893 (1957) 
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magnetic properties in the antiferromagnetic temper- 
ature range.’ 

There may be several kinds of anisotropy energy 
with different atomic origins in the dysprosium. One 
of the most important terms is the one due to the 
crystalline field acting on each magnetic ion, which 
can be assumed within the manifold J= constant to be 


Herys _ p if BJ,7+ DJ,$+ FJ,;§ 


+-4G[ (J.;+iJ,;)§+ (J.;—iJ,;)]}, (3) 


where the summation extends over all the ions in the 
crystal, the z axis is chosen along the c axis of the hcp 
lattice and the x axis along the direction of easy 
magnetization (the direction joining nearest neighbors 
in the same sublattice in our case). Only the last term 
in Eq. (3) is responsible for anisotropy in the basal 
plane (we assume G<0). Other kinds of interactions, 
such as the electric quadrupole-quadrupole ones 
between ions, will contribute appreciably to the 
anisotropy energy of the dysprosium, but as even 
when they are included the qualitative features of the 
following discussion remain unchanged [see Sec. III, 
(ii) ], they are for simplicity neglected here. 

Next, the exchange couplings between the ions are 
assumed to be ferromagnetic (J:,J2>0), and the 
eigenvalues of the Hamiltonian 


H = Hext Herys (4) 


are calculated by the spin-wave approximation. The 
easy axis of the magnetization is the x axis, so one 
defines 


J«= J —a,;*a;, Jj = J—by*b,, 


J,j;=(2J)haj, Ij = (27) *;-, 
J_j= (2)§a;*, Jj = (27) 'b)*, 
(J,=J,+iJ,) 


where a;* and ,* are creation operators, a; and 6;, are 
destruction operators of spin deviation, and J is the 
inner quantum number of the ions (J=15/2 for Dy). 
As in the usual treatment in the spin-wave approxi- 
mation, the terms of third order or higher in the spin 
deviation operators a;, etc. will be neglected. In this 
procedure, when there is ambiguity in the order of 
operators, products of noncommuting operators like 
a;* and a; in the D and F terms of Heys, will be re- 
arranged in such an order (the normal order) that the 
creation operators are always written to the left of the 
destruction ones. As this ambiguity only concerns an 
estimation of the numerical value of the parameter D’ 
defined by Eq. (7) (and further, the magnitudes of the 
quantities D and F are expected to be smaller than 
that of B; see Sec. IIT) this assumption is not important 


for the following discussion. Introduce the Fourier 


*L. Néel, Compt. rend. 242, 1549, 1824 (1956); Suppl. Nuovo 
cimento 4, 942 (1957); Liu, Behrendt, Legvold, and Good, 
Phys. Rev. 116, 1464 (1959 
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transforms of a,, a;* and },,b,-*, 
a;= (2/N)' >> a, exp(—ia-R,), 
by = (2/N)' >) by exp(—i2a-R,), 
a;*= (2/N)' 3°) ay* exp(ia-R,), 
bj *= (2/N)' >) by* exp(ia-R,), 
where V is the total number of ions in the crystal and 
the wave vectors 2 belong to the lattice reciprocal to 
each crystal sublattice. Then, one finds 
H=4N[JB+32D+ (15/4) PF + 2G 15'G)] 
—4I NPP? (2J; T z'J> T >> Hy, 
H,=[JD'+ (2—y)J I +2/J Jo |\(ay*ay+by*d) 
—4 JD" (a_yay+a_y*ay*+b_,b,+b_,*b*) 
— JI Jo(4 .'ayd>* TY ’*a,*d)) 
Here z and 2’ are the number of nearest neighbors of 
an ion on the same sublattice and on the other sub- 
lattice, respectively (= 2’ and 
D’= B+-3/ D+ (45 
D” = D'+-36/'G. 


6 in our case), 


4) °F —215'G, 


and y,’ are defined by 
exp[7a-(R;—R, 
-exp[i2-(R —R 


where the summation is taken over the nearest neigh- 
bors as in Eq. (2). Although y, is real, y,’ is complex, 
as the hexagonal close-packed structure is not a 
Bravais lattice. By a series of successive canonical 
transformations® the Hamiltonian (6) is brought into 
the form 


The quantities y) 
Ta* ya 


/, Ta 


Ya pa 


(8) 


H=N—[(3/4)2D+ (15/4) 2F+ (J8+3J9)G] 
—43N2I(J+1)J,:—4N2 I (J+) J2+ Da M, 
(9) 
Ay=3J DY ((D’—D"+faQx’ 


i=1,2 


+(D’'+D" +fa)Po?}, 
|= 16x02", 
where 
Ju™= \3s—- 
foa= (2-9) Ji4 


{ 10) 


From (9) the frequencies w,, of waves are 


found to be 


hw = J (D’— D"+fa 


spin 


D/+D"'+ fi 


and the eigenvalues of the Hamiltonian (9) are 


E= D> ton(Nat}), Na 


0,1,2,-+-. (12) 


the 
two branches 


In consequence of the two-sublattice model, 


frequen ies of the spin waves fall into 


* T. Oguchi, Phys. Rev. 111, 1063 (1958 





MAGNETIZATION 


The higher one (= 2) corresponds to optical mode of 
coupling between two sublattices, and will be neglected 
in the following. 

As the magnetization M of the whole crystal is 
given by 


M gus= 2; J+ XL; J.7=NI-Z; a;*a;—Dy by*b,,, 


where ws is the Bohr magneton, its decrease due to 
the excitation of the spin waves is found to be expressed 
as 


AM /gus= ) aj*a;+h by*b;y 
=$2 LY Qa?+Pa’)—4N 
d 


i=] ,2 


I(D/+fa)_ 


tAs 
A i=1,2 


wr 


where nondiagonal parts in the V, representation are 
omitted in the last equality. When the contribution 
from the higher frequency part (we,) is neglected, the 
temperature dependence of the magnetization is given 
by 


(AM) . D'+fir 1 


JF wer (13) 
d Iw exp (ftw kT)—1 


up 

At low temperature where only spin waves of small 

wave number are excited, f;, can be approximated by 
fire} (3S: +S 0) LAr tA2)P? +4 (AA)? J+ a, 


where Aj, Az, and A; are components of 4 along the 
basis vectors in the reciprocal lattice. 

Since f;, is proportional to the square of the wave 
number, for sufficiently small wave number it is 
smaller than A?/D’, where 

A= (D”—D")!, (14) 
and Eq. (11) is written as 
hwy J AL 14+ (D’/A*) fir]. 

Then Eg. (13) is reduced to 
(AM) 1 —f da 
Ngus 2(2r)* AY exp{JLA+(D’/A)fy)/kT}—-1 


; 


1 ( A ) 1 
ep) 3I;4+Is)Ie 


e 7dr 
0 exp[ (JA+)")/kT ]—1 


Lexy at on 
oe IDF (3I;+-I2) IA Jo ett. 


x=JA/kRT. 


where 
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Fic. 1. Temperature dependence of saturation magnetic 
moments. Circles show the experiment' and the solid curve is 
the plot of Eq. (15) with JA=20°K chosen to fit the experiment 
at 80°K. The dashed curve shows the 7! law chosen to fit the 
experimental data at 80°K. 


“ Eide - oe 
= 
ett — 1 n=! 0 
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Since 


ad » om 


2 n= n! 


has roughly exponential dependence on the inverse 
temperature, the predicted temperature dependence 
of the magnetization deviates from the Bloch 7% law 
even at low temperature, and when the value of JA is 
chosen as 20-40°K Eq. (15) agrees well with the exper- 
iment for dysprosium (Fig. 1). Since JA as given by Eq. 
(14) is roughly a geometrical mean of the magnetic 
anisotropy energy for the c direction (K¢~J*B) and 
the one for the [1120] (or x) direction (Ke~J*|G)), 
a qualitative formula 


AM~constT! exp[— (K2Ke)*/kT] (16) 


might be useful to estimate the temperature dependence 
of the magnetization in hexagonal close-packed crystal 
at low temperature. As for the dysprosium Ky and Kg 
are of the order of magnitude of 10° erg/cm* (100°K 
per ion) and 10° erg/cm* (1°K per ion), respectively,’ 
the above estimated value (20-40°K) of JA seems to 
be reasonable. The observed 7? law in erbium and 
holmium metals? may perhaps be interpreted in the 
same way. As ions in gadolinium metai are in 5 states 
so that the magnetic anistropy is very small, the 
magnetization is expected to obey the 7! law as 
observed. Incidentally, it is interesting to note that 
in the case of vanishing anisotropy in the basal plane 
(G=0) hw, is proportional to \ and the 7? law holds 
for the magnetization.’ 


* This remark is due to Mr. S. Liu 
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Itl. DISCUSSION 


(i) The exchange interaction H,,.(i,j) between rare- 
earth 
coupling via 
electrons are 
expressed by 


ions 7 and 7 represents the indirect exchange 
conduction electrons. If the conduction 
assumed to be plane waves, H,x(i,j) is 
an oscillating function of k,R,; (so that 
it can be either ferromagnetic or antiferromagnetic), 
where R,; is the distance between i and j and fk; is the 
wave number corresponding to the Fermi energy E,"": 

E,= (h?/2m)k?. (17) 
If one chooses the magnitude of the exchange integral 
between conduction electrons and f electrons to be 
0.1 ev, Hex(i,j) is found to be, for the nearest neighbor 
pair, —7.5(S,-S,) in °K (ferromagnetic), where S; and 
S; are the spins of the ions i and 7.‘ This choice gives 
the correct order of magnitude of the Curie (and the 
Néel) temperature of the dysprosium. 

Under the above assumption of plane waves for the 
conduction electrons, H,x(i,j) is independent of the 
direction of the lattice vector R,;. However, if the 
detailed band structure were taken into account, 
H.x(i,j) would depend on the direction of R,;. For 
instance, suppose the energy of the conduction electron 
has the form 


(h?/ 2m) (a,k +a,k,?+a,,k,’), 


where the z axis is along the c axis of the hexagonal 
crystal and the a’s are constants corresponding to the 
effective mass of the electron. Then Hx(i,j) is an 
oscillating function of kyp,; (instead of k-R;;), where 
pi; is defined by 


Rz,ij'+ 


H.x(i,j) becomes dependent on the direction of R,; and 
the oscillating feature of H.x(i,j) leads to different 
magnitudes of the exchange couplings for nearest 
neighbor pairs with different orientations in the crystal 

(ii) The magnetic dipolar interactions between the 
ions in dysprosium contribute to the anisotropy energy 
in the order of 10° erg/cm*, but under the assumption 
of the molecular field approximation it is found that 
they are isotropic in the basal plane of the crystal and 
produce very small anisotropy energy in the c direction 
in the ferromagnetic state. 

The electrostatic interactions between ions (together 
with strong spin-orbit coupling) will give an appreciable 
contribution to the magnetic anisotropy of dysprosium. 
Since the charge clouds of the ions are supposed not 
to overlap with each other, the electrostatic interactions 
between f electrons in an ion i and in an ion j can be 
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Fic. 2. Splitting of ground state of dysprosium ion (J = 15/2) 
due to the crystalline field. The effective charge of ions is taken 
as 3. Each level is a mixture of states with J, values (z parallel to 
the ¢ axis) shown in the figure in decreasing order of their weights 
(states with negligible weights being omitted). I’; shows the irre- 
ducible representation of the hexagonal group [H. Bethe, Ann 
Physik 3, 133 (1929 ] to which the level is specified 
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expanded in terms of the spherical harmonics Y/"(i 


and Y;"(j) around each nucleus" (the “two-center”’ 
expansion) and considered as consisting of multipole- 
multipole interactions. The Yo°(7) term in the expansion 
(together with the contribution from the nucleus and 
closed shells) gives the “crystalline field” Very, on the 
f electrons in the ion 7 when summed over i(+#7). 
the hep crystal V., 


For 
» Can be expre ssed as 
V erya(J) = OZ Dd ul ve" 


r)V2(6,)+oe(r)Y £ (6, 


“6° (0,,) + 16%) V 6°(8,, 0, (18) 
where Z is an effective charge of the ions, the summation 
is taken over all the f electrons in the 


the average value of r” of 


ion 7, and (r") is 
f electron. The same 
coordinate axes are taken in Eq. (18) as before. Within 
the manifold of J rya( j) is equivalent to 
Heys of Eq. (3) except for terms independent of the 
direction of J."° From the computed values of the 
v’s® in Eq. (18) one can evaluate the splitting of the 


the 


=constant > a | ‘ 


energy level of the dysprosium ion (J=15/2) due to 
the crystalline field. The results are shown in Fig. 2." 
the values of 


It was assumed for the estimation of 


(r") that the wave functions of 


like with an effective 


f electrons are hydrogen- 


nuclear charge suitably adjusted 
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From Fig. 2 it is seen that the larger the magnitude of 
J, the higher the energy of the state, and this is con- 
sistent with the observed magnetic anisotropy in the 
direction of the c axis in dysprosium. As the Curie-Weiss 
law with the free ion value of the Curie constant holds 
for dysprosium above 200°K,' the over-all splitting of 
the level due to the crystalline field must be smaller 
than 200°K. This leads one to infer that the effective 
charge Z of the dysprosium ion in the metal should 
have a value less than 1.5 as the result of a shielding 
effect of the conduction electrons. Since the lower 
levels in Fig. 2 are spaced close to each other it is 
difficult to predict correctly the relative spacing of 
these levels. Furthermore as the quadrupole-quadrupole 
interactions (and the exchange couplings) between 
ions are probably not small (see below), it is unlikely 
that the “one ion model’’ is adequate. 

The terms other than the crystalline field in the 
electrostatic interactions between ions are multipole- 
multipole interactions (up to the 2X6 pole interactions), 
in which the main term would be the quadrupole- 
quadrupole interaction H,,. It is expressed within 
J=constant as 
Fog Du, (E/Ri)(P Pa" (105/45 25,7 

— (15/4) JJ ¢i(Si- Jj) — (15/4) Si I) IpcJ 

— (15/4) J (Ii I) Je;— (15/4) J (5-5) J, 

— (15/4) J, 23 7— (15/4) J 2J-72+3(5,-J,)* 

+3J2J7), (19 

where the ¢ axis is taken along R,; and a is a numerica! 
factor in the operator equivalence (a= — 2/945 for 
Dy, J=15/2)." As H,, is quadratic in J,;, there is no 
difference in its magnitudes between ferromagnetic 
and antiferromagnetic orientations of the two sub- 
lattices. With the molecular field approximation the 
anisotropy energy (the difference of H,, between the 
two states J,,=J,;=J and J,,=J.;~J) due to H,, is 
found to be 


DH ao? 


~ 56 > 5 a®e(r*)2*/ R,;*, 


where the ideal hcp crystal [c/a= (8/3)!] is assumed 
for the dysprosium. If one puts (r?) at 0.5 A® (see 
above), then 


AH — 1.05 10° erg/cm’. 


e¢@ 


This corresponds to the correct order of magnitude of 
the anisotropy energy in the ¢ direction, and is com- 
parable to the splitting of the level of an ion due to 
the crystalline field (a’e*(r?)°J*/R*= 12.4°K for a nearest 


'*T. Kasuya and A. Yanase, reference 13. 
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neighbor pair). However, as in the case of the crystalline 
field, there would be a shielding effect due to a deforma- 
tion of the charge cloud of conduction electrons from 
spherical symmetry around the ions. When the 
quadrupolar interactions between nearest neighbors 
are included in the Hamiltonian (4), the spin-wave 
treatment gives the Hamiltonian in the form of 


H=Hot+d A, 
Ay = nN (ay*a,+ d,*b,) +02 (a_,a,+b rb.) + H.c. 


+ #3,a)5,*+ H.c.+@,a)b. at H.c., (20) 


instead of Eq. (6), where each , contains a term 
coming from the quadrupolar interactions besides (6) 
and H.c. means the Hermitian conjugate terms. The 
eigenvalues of the spin waves are found to be 


$2,2+-@3)?— 9,4)? 
+20 | Oyb_—PnGa | ?*— (ImOybo*)* }!, 


(ftw)? -_ ?;,? 7 


which gives the same result for the temperature 
dependence of the magnetization as Eq. (15): 


* ghd 
AM)~ rf ee | 
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where x is given by 
c= JT (a+D')?— (6+ D")* \/kRT=@A'/kRT. (21) 


In this expression, a and 4 stand for the contributions 


‘from the quadrupolar interaction. If the values of a 


and 6 are computed from Eq. (19) (Ja=99.1°K and 
Jb= —57.2°K) and the terms D’ and D” are omitted, 
the value of A’ in Eq. (21) is found to be 80°K, which 
is much larger than the experimental value of 20-40°K. 
But again one might expect an appreciable amount of 
shielding by conduction electrons, perhaps enough to 
reduce the quadrupolar interactions by the required 
factor of 4 or } 
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Measurements of the resistivity and thermoelectric power of the binary alloy CuAu and of CuAu alloys 


containing dilute amounts of Ni are analyzed using the thermoelectric power formula of Mott 


At the 


transition temperature, anomalies in the thermoelectric power are observed. The scattering cross section 
and its derivative with respect to energy for Ni in CuAu are determined. The results are similar in value to 
these same parameters measured for dilute amounts of Ni in Cu. 


INTRODUCTION 


NE of the most studied alloys showing an order- 

disorder transition is the binary alloy CuAu.! 
The face-centered tetragonal ordered phase, CuAu I, 
has been found to change to an orthorhombic ordered 
phase, CuAulIl, above 380°C. Above the critical 
temperature, about 410°C, the equilibrium structure 
is face-centered cubic, and no long-range order exists. 

The relationship between electrical resistivity and 
long range order has been examined theoretically by 
Muto,? and used by Dienes* to study the ordering 
kinetics in CuAu. The relationship between thermo- 
electric power and order parameter has received little 
attention. Cooper, Schmed, and Webeler‘ have 
measured the thermoelectric power of CuAu alloys 
disordered by cold work. 

In the absence of a good theoretical understanding 
of the electrical properties of these rather complicated 
systems, we have used the change in the electrical 
properties of CuAu caused by a third component to 
obtain some information about transport effects. Our 
results are analyzed using free electron theory. 


THEORY 


Muto’ has shown that the resistivity of an. alloy 
whose state of order can be characterized by an order 
parameter S should depend on S in accordance with 
the relation 

p=p'+p"S+p"S?, (1) 
where the three constants are functions of temperature 
and composition. Dienes* has evaluated these constants 
using the relations 
at §=0, 
S=1, 


S=0, 


P= Pdisordered 


P=Pordered al 


dp/dS=0 at 

‘For recent reviews of order-disorder phenomena including 
many references to the CuAu system, see articles by T. Muto 
and Y. Takagi, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, New York, 1955), Vol. 1, p. 193 and 
L. Guthman, Solid State Physics, edited by F. Seitz and D 
Turnbull (Academic Press, New York, 1956), Vol. 3, p. 145 

?T. Muto, Sci. Papers Inst. Phys. Chem. Research (Tokyo) 
30, 99 (1936). 

*G. J. Dienes, J. Appl. Phys. 22, 1020 (1951). 

* Cooper, Schmed, and Webeler, J. Appl. Phys. 27, 516 (1956). 


the latter relation being justifiable experimentally. The 
resulting equation is 


(P— Pora)/ (Pais 1—S, (2) 


Pord 
where all resistivities are measured at the same temper- 
ature. If we define 

PA Pdis Pord; 
we can write Eq. (2) as 


PCuAu Porat pa(1—.S*). 


In this way, we can think of the resistivity of the 
partially disordered alloy as the sum of the resistivity 
of ordered alloy plus the additional resistivity (p— pora), 


of the disordered atoms acting as an impurity con- 


tribution. 
If we dissolve small amounts of a third component 
in the alloy, we assume the resistivity (at least for 


well ordered material) to be given by 


P=Porat pall >) pis (3) 


where p,; is the additional resistivity of the added 
component. The added resistivity is 
dependent of temperature and, 
electron theory, may be written as® 


assumed _in- 


act ording to free 


pi= (3h? /169rme*) (nc ;/ Er), (6) 


where Ey is the Fermi energy, e and mare the electronic 
charge and mass, m; is the number of impurity atoms 
per unit volume, and a; is the effective cross section 
for scattering. 

Our description of the absolute thermoelectric power 
of the alloys uses the relation first presented by Mott 
and Jones.*® 

d \np( & 
O= (wkT/3\e 
dl 
From Eqs. (5) and (7) we obtain 
O= (pora/p)Qorat (AT /p) [Napa (1 —-S 


where A =7°k*/3 
volt degree), 0 rd 


+A (8) 


0.0243 volt) (micro- 


thermo- 


electron 


represents the absolute 
5 C. A. Domenicali, Phys. Rev. 112, 1863 (1958 
®°N. F. Mott and H Jones Theory of the Pr 

and Alloys (Oxford University Press, London, 1936 
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THERMOELECTRIC EFFECTS IN CuAu ALLOYS 


electric power of the ordered alloy at 7°K, and \,; and 
Xa are scattering parameters® defined as 


; Ino, “| 1 i =| 
A=|———— —-—=|— 
dE E=Ep Er Pi dE E-Ep 


d \nog(E) 1 1 dps 
SLES. 
dE E=-Ep Er Pa dE E=-Ep 


For slightly disordered CuAu at any temperature we 
can write Eq. (8) as 


(9g 


PouauVJcuau mas PordVorat A Tpsdra(1 —_ S?) . ( 10) 


For alloys of CuAu containing nickel as a third com- 
ponent we can write using Eqs. (8) and (10) 


pO a PcuduVcuaut A Tpn iAN iy 


where all values of resistivity and absolute thermo- 
electric power are measured at the same temperature 7. 

In the preceding equations, the ordered binary alloy 
is considered to have an absolute thermoelectric power, 
Qora, at T°K which is altered with a decrease in long- 
range order. The quantity Qora is not derived, but is 
expected to be small and of the order of the absolute 
thermoelectric power of pure copper. We find by 
extrapolation that Qora=—0.6 pvolt/°C at 25°C. 
Similarly, the quantity Aa, the derivative with respect 
to energy Of (puis—Pora), is a measure of the energy 
dependence of the scattering of electrons by regions 
between out of phase domains or by localized fluctua- 
tions in short range order. 


(11) 


The use of free electron theory (spherical energy 


surfaces, effective mass near unity) may be more 
suitable for CuAu alloys than for either Cu or Au 
individually, as the Fermi surface of the CuAu system 
may actually become spherical at some concentration.’ 
Our treatment of impurity scattering by Eq. (6) 
assumes that impurities are sufficiently dilute to be 
essentially noninteracting. The resulting equations will 
be restricted to order parameters near unity and nickel 
concentrations of a few atomic percent. 


EXPERIMENTAL 


Three alloys were prepared for this investigation. 
For all alloys, the 50-50 copper-to-gold atom ratio was 
accurate to better than 0.04% as determined by 
weighing. In addition, nickel was added to two of the 
alloys to the extent of 1.44 and 2.44 atomic percent. 

High-purity copper was obtained from American 
Smelting and Refining Company, and wire rolled from 
this material was used for all connections to the alloys. 
Gold was obtained from Baker and Company and the 
nickel was obtained from Johnson-Matthey. 

The alloys were prepared by sealing the constituents 
in evacuated quartz tubes and melting in an electric 


7M. H. Cohen and V. Heine, Phil. Mag. 7, 395 (1958). 


135 


furnace. The alloys were held above their melting 
point for two hours and periodically agitated to assist 
in attaining homogeneity. The alloys were then 
removed from the furnace, allowed to freeze, and water 
quenched, The resulting ingots were cold rolled to 
produce wires of square cross section about 75 10-* 
cm on a side. 

For measurement of the thermoelectric power of the 
wires near room temperature, thermocouples were 
prepared using a sample wire and pure copper wire. 
One end of the thermocouple was held at 0°C as the 
other end was heated slowly to about 150°C. During 
heating, the temperature difference and thermoelectric 
voltage were automatically recorded on a Brown 
Instrument X-Y plotter, and the relative thermo- 
electric power against copper was obtained by 
graphically differentiating this curve. The absolute 
thermoelectric power of the sample was then obtained 
by adding the absolute thermoelectric power of pure 
copper; given by Cusack and Kendall* to the relative 
thermoelectric power. 

At higher temperatures, where the order-disorder 
effects change the electrical properties of the wires, a 
differential method was used to measure thermoelectric 
power. The alloy wires and a constantan wire were 
placed parallel to each other in a ceramic holder, 
20 cm long, and copper leads were welded to each wire. 
When the ends of the ceramic holder were maintained 
at slightly different temperatures, the potential differ- 
ence of the specimens could be measured and referred 
to the potential difference of the constantan wire. 
The thermoelectric power of our constantan wire 
(prepared in the laboratory) was measured separately. 

The entire assembly was enclosed in a continuously 
pumped quartz tube and inserted within a one-inch 
wall stainless steel tube. The tube was within the 
center core of an electric furnace, and contained end 
heaters to control the size and direction of the temper- 
ature gradient. 

The potential difference of the sample wires was 
plotted against the potential difference of the con- 
stantan wire for 5 to 10 different temperature gradients 
at a chosen mean temperature. From the slope of the 
straight lines thus obtained, the thermoelectric voltage 
of the wires against constantan could be determined. 

The usual maximum differential temperature was 
+4°C. Thermoelectric voltages were measured with a 
Rubicon thermofree two-channel potentiometer. Below 
the transition temperature, the wires were allowed 
about 24 hours to come to equilibrium before each 
thermoelectric power determination. 

Resistance was determined as a function of temper- 
ature for these alloys by automatically recording the 
voltage drop across the sample wires and a standard 
resistor as the wires were heated and cooled. The 


* N. Cusack and P. Kendall, Proc. Phys. Soc. (London) 72, 898 
(1958) 
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Fic. 1. Variation of absolute thermoelectric power with 
resistivity at 25°C for quenched CuAu wires. 


wires (20 cm long) were wrapped inside ceramic tubes 
inserted within a solid copper block (10 cm long). The 
copper block was within a continuously pumped 
quartz tube. The sample temperature was raised and 
lowered in an electric furnace controlled by a cam 
actuated controller. The temperature was changed in 
a stepwise manner. In this way, the alloys were allowed 
to attain near-equilibrium conditions before a change 
in temperature occurred. The entire run from room 
temperature to 700°C and back took three days. 
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Fic. 2. Resistivities of CuAu-Ni alloys. The dashed and solid lines 


are the heating and cooling curves, respectively. 
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Fic. 3. Absolute thermoelectric power of CuAu-Ni alloys. The 
filled circles represent thermoelectric powers obtained during 
heating, the open circles during cooling 


RESULTS 


The results of some _ thermoelectric power and 
resistivity measurements on CuAu wires are shown in 
Fig. 1. Similar results were obtained by Cooper, 
Schmed, and Webeler.* The the data at 
higher resistivities is possibly to difficulties in 
rapidly quenching the obtain uniform 
resistivity values in a region where resistivity is very 


temperature dependent. The 
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Fic. 4. Resistivity per atomix , for CuAu-Ni alloys 
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evacuated Pyrex tubes and heated to temperatures 
below 400°C in an electric furnace. A copper tube in 
the center of the furnace served to minimize variations 
in temperature. After 24 hours or more at temperature, 
the wire was pulled from the furnace and quenched by 
a quick plunge into water, simultaneously breaking 
the tube. Using values of pora=4.4 wohm-cm and 
Pais= 14.2 pohm-cm’, the thermoelectric power described 
by Eq. (10) is shown for two values of the parameter 
\a. For order parameters less than 0.9 (or resistivities 
above 7 wohm-cm), the equation should no longer 
apply for the sources of “impurity” scattering should 
be sufficiently numerous to preclude their treatmen: 
as independent scatterers. A value of A4=0.3 has about 
the correct slope and curvature to fit the data. 

Results for the variation of resistivity and thermo- 
electric power with temperature for the three wires are 
shown in Figs. 2 and 3. From the original resistivity 
data, it could be seen that the addition of nickel to 
the CuAu lattice not only lowers the transition temper- 
ature but also decreases the rate of approach to 
equilibrium below the transition temperature. As a 
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Fic. 5. Variation of (d Iney;/dE) for Ni in CuAu. 
result, we have extrapolated the thermoelectric power 
of the alloys containing nickel to obtain values at 
100°C. For the CuAu alloy, the thermoelectric voltage 
against pure copper was measured below 150°C, using 
a well-ordered sample. The absolute thermoelectric 
voltage was determined from the slope of voltage 
against temperature, and joined to the curve determined 
by the differential method above 200°C. 

The impurity resistivity per atomic percent, {, 
[a measure of the o; of Eq. (6)] for Ni in the CuAu 
lattice is shown as a function of temperature in Fig. 4. 
The data of Figs. 2 and 4 were obtained during periods 
of constant temperature and stable resistance values. 
An apparent increase in ¢ near room temperature in 
Fig. 4 is due to incomplete ordering in the wires con- 
taining nickel. For ¢ we get 1.5 and 2.4 wohm-cm per 
atomic percent, respectively, above and below the 


transition temperature. These values are accurate to | 


better than 10%, as determined by the scatter of the 
data. For comparison, the resistivity increase for Ni 
in Cu is 1.2 microhm-cm per atomic percent.’ 


* J. O. Linde, Ann. Physik 15, 219 (1932). 
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The scattering parameter, Ay, defined by Eq. (9), 
can be determined from the resistivity and thermo- 
electric power data by the use of Eq. (11). From the 
lattice constants of CuAu” and free electron theory 
we calculate the Fermi energy, Ery=6.19 ev for CuAu 
at 25°C. The values of Ey for Cu and Au are 7.04 ev 
and 5.54 ev, respectively, at room temperature. From 
Eq. (9) the value of (dinoy\/dE)g-xzr can now be 
determined as a function of temperature. The results 
of this calculation are shown in Fig. 5. 

The rapid change of volume at the transition 
temperature in CuAu causes a lowering of the Fermi 
energy and is a possible explanation for the apparent 
change in slope at this point in Fig. 5. From the thermal 
expansion data of Kurnakow and Ageew" and the 
relation (1/Er)(dEr/dT)= —%(1/Vo)(dVo/dT), the 
variation of Er with temperature can be determined. 
The data of Fig. 5 can now be plotted as a function of 
energy, and a discontinuity in slope is not required, 
as shown in Fig. 6. Using the curve of Fig. 6, a graphical 
integration gives the variation of o/a» with energy 
(where oo represents the scattering cross section of Ni 
in a CuAu lattice at 0°C). In Fig. 7 our result for 
CuAu is compared with the scattering cross sections 
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Fic. 7. Dependence of scattering cross section on electron energy 


as determined from thermoelectric power measurements. 


” C. H. Johansson and J. O. Linde, Ann. Physik 25, 1 (1936). 


"N.S. Kurnakow and N. W. Ageew, J. Inst. Metals 46, 481 
1931) 
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for Ni in Cu® and Ni in Au.” The circles represent 
the room temperature scattering cross section by 
resistivity measurements, and the curves give the 
variation of the cross section with energy as determined 
from thermoelectric power measurements. 


DISCUSSION 


From Figs. 2 and 4, it can be seen that the variation 
of resistance with temperature for the alloys is largely 
independent of nickel concentration except near the 
transition temperature. The increase in resistance is 
proportional to the nickel concentration. Thus 
Matthiessen’s rule as applied to dilute alloys is valid 
for the CuAu-Ni alloys. 

Similarly, applying Mott’s formula to the thermo- 
electric power of the CuAu-Ni alloys leads to a 
reasonable value for the scattering parameter of the 
added nickel. The effect of nickel additions on resistivity 
and thermoelectric power is not greatly dependent on 
the solvent metal as shown in Fig. 7 for the series Cu, 
CuAu, and Au. The smooth variation of (d Ino;/dE) 
with energy in Fig. 6 is particularly interesting. This 
behavior is consistent with our interpretation of the 
Aw; of Eq. (11) as related to the scattering cross section. 
If this interpretation is valid, Fig. 6 shows, in addition, 
that the scattering of conduction electrons by the 
nickel atoms is little affected by the state of order of 
the surrounding lattice. 
that 


It is evident Mott’s formula fails to give a 


consistent relation between the scattering parameter 


2 J. O. Linde, Ann. Physik 10, 52 (1931) 


BLUE 


ONi and its derivative with re spect to ene rgy dan; dE. 
Thus if we could reduce the Fermi level in a dilute 
alloy of nickel in copper, we should expect to obtain 
the cross section of nickel in CuAu when the Fermi 
level reaches 6.19 ev. As shown in Fig. 6, this will not 
be true. The explanation probably lies in the in- 
adequacy of Mott’s formula when the variation of 
scattering cross section with energy (or the variation 
of relaxation time with energy) is rapid.® 

The change of ¢ at the transition temperature shown 
in Fig. 4 may be associated with a change in band 
structure. The variation of ¢ from resistivity 
measurements is not consistent with the variation of 
implied by thermoelectric measurements. Again Mott’s 
formula may be inadequate for large values of A, but 
near the transition temperature, a more detailed model 
is needed. Our treatment of transport properties based 


(or «) 


on the free electron model has ignored variations of 
band structure, number of conduction electrons, and 
shape of the Brillouin zone in the CuAu system. In 
this respect, the analysis is too naive. Sidorov™ has 
reported variations in the Hall coefficient of CuAu, 
indicating the existence of changes in the effective 
electron concentration, at both the CuAu I-CuAu II 
transition and the order-disorder transition 
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The transition temperatures 7. ‘of tri-glycine sulfate and isomorphous tri-glycine selenate are raised by 
the application of hydrostatic pressure. Up to 2700 atmos, the dependence of T, on pressure is linear with 
a slope of 2.6X10~* degrees/atmos for the sulfate and 3.8X10~* degrees/atmos for the selenate. The 
Curie-Weiss law, e=C/(T—T-), is unaffected by pressure except for the shift in transition temperature. 
The curve of the spontaneous polarization is shifted accordingly along the temperature axis; in the vicinity 
of the transition point, the square of the spontaneous polarization depends linearly on temperature and 
pressure. The results are discussed in terms of the thermodynamic theory of ferroelectrics. 


INTRODUCTION 


HE description of the experimental facts observed 

in ferroelectric crystals has been most successful 
in terms of a thermodynamic theory. Such a theory 
was developed in detail by Devonshire! for the case of 
ferroelectric barium titanate and, earlier, by Mueller* 
for the case of Rochelle salt. The foundation of the 
theory is the postulate of the existence of a unique 
free-energy function of a number of variables, for 
which Devonshire proposed a polynomial expression. 
The most convenient free-energy function used is the 
elastic Gibbs function, expressed in terms of tempera- 
ture, stress, and polarization. Normally, the stress is 
assumed to be zero, and then the free-energy function 
is expanded in powers of the polarization, the coefficients 
being functions of temperature. 

Only a few terms of this expression need be con- 
sidered in order to describe the general features of 
the properties of ferroelectric crystals. In the case of 
barium titanate’ and, generally, a transition of the 
first order, as in some alums,* some of the terms in the 
sixth power of the polarization must be taken into 
account, while in the case of Rochelle salt? and, generally 
second-order transitions,‘ it is sufficient to consider 
only the terms up to the fourth power of the polariza- 
tion. The temperature dependence of the coefficients 
appearing in the free-energy polynomial can be deter- 
mined experimentally. 

The use of a power-series representation of the 
free-energy function, however, always involves the 
problem of convergence. It was pointed out by Fors- 
bergh® that this problem can be avoided by using 
information such as stress phase diagrams to establish 
the geometrical features of an isotherm of the free-energy 
function. This geometrically constructed thermody- 


* Now at IBM Research Laboratory, Poughkeepsie, New York 

' A. F. Devonshire, Suppl. Phil. Mag. 3, 85 (1954). 

*H. Mueller, Phys. Rev. 57, 829, 842 (1940); 58, 565, 805 
(1940). 

* Jona, Mitsui, Vedam, Pepinsky (to be published). 

‘Hoshino, Mitsui, Jona, and Pepinsky, Phys. Rev. 107, 1255 
(1957). 

5 P. W. Forsbergh, Jr., Handbuch der Physik, edited by S. Flugge 
(Springer-Verlag, Berlin, 1956), Vol. XVII, pp. 343, 366. 


namic potential can be used to confirm whether or 
not a given polynomial representation of an isotherm 
of the free-energy function is approximately complete 
in the domain of interest. To date, only a few stress 
phase diagrams involving ferroelectric crystals are 
available. 

The effects of stresses on the dielectric properties of 
Rochelle salt was first investigated by Eremeev*® and 
by David,’ and later in greater detail, using hydrostatic 
pressures, by Bancroft.* Similar investigations were 
carried out by Merz on single crystals of barium 
titanate’ and guanidinium aluminum sulfate hexa- 
hydrate (GASH),” while Forsbergh" studied the effect 
of two-dimensional pressure on the tetragonal-cubic 
transition of barium titanate. 

The main purpose of these investigations, with 
exception of Merz’s study of GASH, was to determine 
the shift of the transition temperature due to the 
application of hydrostatic or two-dimensional pressure. 
This shift is governed by the Clausius-Clapeyron 
equation, in the case of a first-order transition, and by 
Ehrenfest’s relations in the case of a second-order 
transition. Forsbergh" showed, on the other hand, 
how the same effect can be computed for a transition of 
the first order from the polynomial expression of the 
free energy, predicting a linear dependence of the 
extrapolated Curie temperature on the hydrostatic 
pressure. 

Little attention was devoted to the effect of pressure 
on the spontaneous polarization P, of ferroelectric 
crystals, except for Merz’s investigation of GASH. 
This experiment was carried out only at room tempera- 
ture and indicated a linear increase of P, with pressure.” 

The purpose of the present investigation is to study 
the effect of hydrostatic pressure on the transition 
temperature and the spontaneous polarization of 
ferroelectric tri-glycine sulfate and the isomorphous 


* Cited by I. V. Kurtchatov, Le Champ moléculaire dans les 
diélectriques (Hermann and Cie., Paris, 1936), p. 32. 

7R. David, Helv. Phys. Acta 8, 431 (1935). 

* D. Bancroft, Phys. Rev. 53, 587 (1938). 

*W. J. Merz, Phys. Rev. 78, 52 (1950). 

” W. J. Merz, Phys. Rev. 103, 565 (1956). 

“ P. W. Forsbergh, Jr., Phys. Rev. 93, 686 (1954). 
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selenate,” for which the transition is of the second 
order,** and to check the prediction of the thermo- 
dynamic theory for this class of ferroelectric crystals. 
Tri-glycine sulfate, (CH2NH:COOH);-H,SO,, has 
the Curie point at 49°C and the isomorphous tri-glycine 
selenate, (CH2NH»COOH);-HsSeO,, at 22°C." The 
crystals are monoclinic, space group P2;/m above, 
P2, below the Curie temperatures, the lattice param- 
eters at room temperature being a=9.42 A, b= 12.64 A, 
c=5.73 A, 8=110°23’ for the sulfate and a=9.54 A, 
b=12.92 A, c=5.86, 8=110° for the selenate." 


EXPERIMENTAL 


The pressure apparatus built for the present experi- 
ment was capable of developing hydrostatic pressures 
up to 40000 psi&2700 atmos. A Dow Corning 200 
fluid with 20 centistokes viscosity was used as the 
hydrostatic-pressure fluid. The insulation and the seal 
of the electrical lead into the pressure bomb were 
achieved by means of a small cone of pipestone, which 
had sufficiently low capacitance and dielectric loss in 
the temperature range covered by the present measure- 
ments. A simple spring holder was used to support the 
crystal within the pressure bomb, one of the two 
silver-painted surfaces of the crystal plate being 
connected to ground. 

Control of the temperature was achieved by immers- 
ing the pressure bomb in a silicone-oil bath and using a 
thermistor device which allowed regulation within 
+0.1°C. 

The dielectric constant of the crystal plates was 
measured with a General Radio Bridge 716C with a 
field of approximately 20 v/cm and a frequency of 
1 kc/sec. The hysteresis loops were displayed on an 
oscilloscope by means of a hysteresis bridge built 
especially for the measurement of crystals having one 
of the electrodes grounded, and the value of the 
spontaneous polarization was read on a Ballantine 
peak-to-peak voltmeter. 


RESULTS 


The behavior of the dielectric constant ¢, of tri-glycine 
sulfate as a function of temperature for different values 
of the hydrostatic pressure shows that the transition 
temperature 7, is displaced toward higher temperatures 
with increasing hydrostatic pressure p. The dependence 
of 7. on p is linear and is depicted in Fig. 1(a) for 
tri-glycine sulfate and Fig. 1(b) for tri-glycine selenate. 
The rate of increase of the transition temperature 7. 
with pressure p can be written in the form: 


l.=Kp+T?, 1 


where 7.° is the transition temperature at atmospheric 
2 Matthias, Miller, and Remeika, Phys. Rev. 104, 849 (1956 
43S. Triebwasser, Bull. Am. Phys. Soc. Ser. II, 2, 127 (1957 
‘4 Pepinsky, Okaya, and Jona, Bull. Am. Phys. Soc. Ser. II, 
2, 220 (1957) 
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Fic. 1. Transition temperature as a 
pressure: (a) Tri-glycine sulfate (open 
to different spec imens); (b) Tri-glyci 


and closed 


e selenate 


pressure, K=2.6X10~* degree/atmos for tri-glycine 
sulfate and K=3.8X10~* degree/atmos for tri-clycine 
selenate. 

The effect of hydrostatic pressure is to displace the 
whole dielectric constant curve toward higher tempera- 
tures. The peak value of the dielectric constant seems 
to depend on the applied pressure in that it becomes 
larger with increasing pressure but the experimental 
accuracy is not sufficient to establish a reliable relation- 
ship. The Curie-Weiss law 

&—C/(T-7 2) 
is obeyed by the crystals investigated.‘ Figure 2 shows 
that the Curie constant C is practically unaffected by 
the application of hydrostatic pressure p within a 
range of accuracy of about 5%. C equals 2900 degrees 
for tri-glycine sulfate and about 4000 degrees for the 
selenate salt. 

An immediate consequence of (1 
behavior of the dielectric 
pressure at temperature 
a law of the Curie-Weiss type 


2) is that the 
function of 


and 
constant as a 
also follow 


constant should 


e=C"/(p.— p), 
K is the 
3) is satisfied by our experimental 


where p.= (T—T-,°) “transition 
C’=C/K. Equation 
which 


tri-glycine sulfate, for example, the value of C’, deter- 


pressure”’ and 


data, allow direct determination of C’: for 


mined from a plot of 1/« vs p at constant temperature 
T =54.7°C is 1.16 10° atmos, while the value of C/K 





EFFECT OF PRESSURE ON 
determined from Figs. 1(a) and 2 is 1.13 10* atmos, 
showing good agreement within the experimental 
accuracy. 

The spontaneous polarization P, of tri-glycine sulfate 
was also measured as a function of temperature and 
pressure. Again, the application of hydrostatic pressure 
results in a simple translation of the P, curve along the 
temperature axis. Figure 3 shows a plot of P, vs the 
reduced temperature 7—T, for different values of 
applied pressure p. It appears that within the experi- 
mental accuracy the displacement of the P, curve due 
to pressure is not accompanied by distortion of the 
shape of the curve. 

The behavior of tri-glycine selenate is analogous 
(P,=3.2 microcoulomb/cm? at 0°C and 1 atmos). 


DISCUSSION 


The present case of tri-glycine sulfate (and selenate) 
differs from that of barium titanate, treated by 
Forsbergh," insofar as the former crystal undergoes a 
second order transition, while barium titanate exhibits a 
phase change of the first order. But the two cases are 
similar to each other in that, above the Curie point, 
both tri-glycine sulfate and barium titanate belong to 
a centrosymmetrical (nonpiezoelectric) point group. 
The thermodynamic treatment of tri-glycine sulfate 
will therefore only be complicated by the lower sym- 
metry of the nonpolar phase (monoclinic) with respect 
to that of the nonpolar phase of barium titanate 
(cubic), but is otherwise similar to Forsbergh’s 
treatment. The polynomial expression for the free 
energy of tri-glycine sulfate above the transition 
temperature can be written in terms of the stress 
components X,, and the polarization components P, 





5 1075 Me 

p=! atm 
p= 1020 cim 
p= 2550 atm 


~ @ 


an 


Reciprocal Dielectric Constont, Jey 
nN w a w 


; 
7 if / 
Z PA 


Te) 50 a 70 
Temperoture, degrees C 











Fic. 2. Temperature dependence of the reciprocal dielectric 
constant, 1/e, of tri-glycine sulfate at different hydrostatic 
pressures p. 


FERROELECTRIC 


PROPERTIES 





w 





© pe! oim 
¢ p = 1360 atm 
* p= 2040 atm 


P, , microcoulomb/cm? 
- Ld 





0 
-50 -40 





-30 -20 
T-T, , Degrees 


Fic. 3. Spontaneous polarization P, of tri-glycine sulfate as a 
function of reduced temperature 7—T, for different values of 
hydrostatic pressure p 


in the following way: 


A (X,P) =} > SinjiX iaX 51 + Ging PrX ja 
l i 


+E DS XieP Pit} ¥ EinjyPiPePsPrt---, (4 
i ! 


where the s,.,; are the elastic compliances, the gj: the 
electrostrictive constants, and Xa, fj: the coefficients 
of the second and fourth powers of the polarization, 
well-known from Devonshire’s theory.’ Since the 
polarization is directed along the monoclinic } axis, 
we put P}=P;=0, P,=P, and since we apply hydro- 
static pressures, we put X= X2=Xy3= , all other 
Xu=0. We then can write the free energy (4) in a 
simpler way, thus 


A(p,P)=SP+K pP*+A,+--:, 


where S and K are functions of the elastic and electro- 
strictive constants and Ap is the free energy in terms 
of polarization P for zero stress: 


Ap=4xP'+4EP'+--, 


x represents the reciprocal susceptibility of the un- 
polarized crystal; x40/e=49r(T—T2)/C (the values 
of the Curie constant C are given above for both 
tri-glycine sulfate and selenate); & equals 0.93X10-* 
(esu/cm*)~* for tri-glycine sulfate** and 0.4710-* 
(esu/cm*)~ for tri-glycine selenate. 

Collecting terms, we obtain the following expression 
for the free energy: 


2x 
A(p,P) ~SP+—{T —(TE+K p) JP+4ePt+ ++. 


It follows from this expression that : 


(1) The reciprocal dielectric susceptibility of the 
unpolarized crystal, (@°4/0P*)p_o, is a linear function 
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of the temperature even when a hydrostatic pressure p 
is applied. The Curie-Weiss law is satisfied and the 
Curie constant is unaffected by the pressure (Fig. 2). 
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(2) The transition temperature 7, depends linearly 
on the applied pressure [Fig. 1 (a), (b) }. 

(3) In the vicinity of the transition temperature the 
spontaneous polarization P, is given by: 


4 
P2=—-—(T—(T!+Kp) ], 
Cé 


i.e., if we assume that £ is independent of temperature 
and pressure, the square of the spontaneous polarization 
is a linear function of temperature for constant pressure 
and a linear function of pressure for constant tempera- 
ture. Both these theoretical predictions are verified, 
in the immediate vicinity of the transition, by the 
experimental results reported in Fig. 4(a), (b). The 
slope of the initial straight lines in Fig. 4(a) is deter- 
mined as 0.46 X 10’ (esu/cm?)? deg, while the quantity 
4r/CE, as computed from the values of C and £ reported 
above is: 4r/C=0.47X 10" (esu/cm*)? deg. Actually, 
this means only that the value of £ as computed from 
the present would agree with 
previous determinations,‘:* and also that our assump- 
tion about the pressure independence of £& is verified 
by the experiment within an accuracy estimated at 5%. 
Similarly, the slope of the isotherm for 48°C in Fig. 4(b) 
is determined as 1.1X10* (esu/cm*)* atmos, while 
the quantity 4nK/C&=1.2X 10* (esu/cm*)* atmos. 
Thus, the experimental results, in addition to verify- 


data satisfactorily 


ing the pressure independence of the constants C and & 
within the limits imposed above, confirm that the 
polynomial representation of the free energy gives a 
sufficiently accurate picture of the experimental facts 
in the vicinity of the transition temperature. 
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The forn.alism, developed by Kato, which gives upper and lower bounds on the phase shift for the scat- 
tering of a particle by a center of force has been generalized to apply to scattering by a compound system. 
Particularly simple and useful results are obtained for the case of zero energy scattering where no composite 
bound state exists. As a first example, because of its relative simplicity, the problem of low-energy positron 
scattering from atomic hydrogen, with zero total orbital angular momentum, is studied. It is shown that at 
zero energy the ordinary Kohn variational calculation, which ignores second order contributions, provides 
an upper bound on the scattering length, from which a bound on the cross section is deduced. For nonzero 
energies a bound on the phase shift may similarly be obtained, but for a fictitious problem with cutoff 
potentials. If the energy is sufficiently small (less than 3 ev, say) the error thus incurred is expected to be 
negligibly small. Numerical calculations performed at k=0 and kao=0.2 lead to the result that at these 
energies the effects of polarization are large enough to cause the positron to be on the whole attracted to the 


hydrogen atom. 


1. INTRODUCTION 


T is somewhat disconcerting that more than thirty 
years after the advent of quantum theory there 
exists no general method that may be applied with 
confidence to the calculation of the cross section for 
scattering of a particle by a compound system, even if 
the energy is sufficiently low so that only elastic scat- 
tering is possible. The use of a variational method is in 
itself by no means sufficient to ensure any accuracy 
whatever. In applications of the Kehn and Hulthén 
forms of the variational principle certain consistency 
criteria' are frequently used to check the validity of 
the calculation. It is quite clear, however, that these 
criteria are by no means completely satisfactory. The 
knowledge that the consistency ratio is very different 
from unity is, to be sure, a useful if negative piece of 
information; the difficulty is that a consistency ratio 
close to unity may imply nothing more than an accurate 
calculation within the limitations, however severe and 
inappropriate, of the assumed form of the wave func- 
tion. This point has been illustrated by Bransden, 
Dalgarno, John, and Seaton’; a still simpler example of 
a complete failure of the consistency criteria is found 
in the present e*H problem. A trial function involving 
no polarization of the hydrogen atom will lead to 
* The research reported in this article was done at the Institute 
of Mathematical Sciences, New York University, under the 
sponsorship of both the Geophysics Research Directorate of 
the Air Force Cambridge Research Center, Air Research and 


Development Command, and the Office of Ordnance Research, 
U.S. Army. 

+ Submitted by Leonard Rosenberg in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at New 
York University. 

tA preliminary report was given at the Washington Meeting 
of the American Physical Society in April, 1958 [Bull. Am. Phys. 
Soc. 3, 171 (1958) } 

' See, e.g., Yu. N. Demkov and F. P. Shepelenko, J. Exptl. 
Theoret. Phys. U.S.S.R. 33, 1483 (1957) [translation: Soviet 
Phys. JETP 6(33), 1144 (1958) ]. (These authors, we might note, 
show that a consistency check and a comparison of the results 
obtained from the Kohn and Hulthén methods are not inde 
pendent validity tests. ) 

? Bransden, Dalgarno, John, and Seaton, Proc. Phys. Soc 
(London) 71, 882 (1958). ; 


perfect consistency if the positron wave function is the 
exact solution of the static problem, and yet at low 
energies we find that polarization plays a crucial role. 
The weakness of the consistency checks is well recog- 
nized, but though all agree with a previous author’ 
that “‘a foolish consistency is the hobgoblin of little 
minds,” these checks have nevertheless been frequently 
used simply because no better standards have been 
available. 

In the case of scattering by a static central potential, 
where the cross section, ¢, consists of a sum of partial 
cross sections, ¢,, each of which depends upon just one 
real number, the phase shift #,, a number of methods 
have been devised for determining upper and lower 
bounds on cot#,; and hence on ¢,.** Perhaps the most 
general of these methods is the one due to Kato.* The 
method was applied by Kato to the case of L=0 with 
rather striking results. It has alsc been applied to 
higher angular momenta®; the calculations are then 
more cumbersome, but useful results can still be ob- 
tained. Some improvements in the formalism itself 
have also been effected, including the minimization of 
the amount of a priori knowledge of #;, which is required 
before the method can be applied’; this will generally 
be essential for the compound scatterer where (except 
for zero energy) one ordinarily has no @ priori knowledge 


of 4, whatever. 


It may be noted that the Kato formalism is by no 
means restricted to quantum mechanical problems; it is 
applicable to any problem that can be reduced to a set 
of uncoupled differential equations, each having a 
solution characterized by a single phase shift. For 


7 R. W. Emerson, Complete Essays (Random House, New York, 
1940), p. 152. 

*W. Kohn, Revs. Modern Phys. 26, 292 (1954); T. Kikuta, 
Progr. Theoret. Phys. (Kyoto) 12, 225 (1954); 12, 234 (1954). 
J. Keller, Nuovo cimento 5, 1122 (1957); I. C. Percival, Proc. 
Phys. Soc. (London) 70, 494 (1957). 

* T. Kato, Progr. Theoret. Phys. (Kyoto) 6, 295 (1950); 6, 394 
(1951); Phys. Rev. 80, 475 (1950). 

* L. Spruch and M. Kelly, Phys. Rev. 109, 2144 (1958). 

7 L. Spruch, Phys. Rev. 109, 2149 (1958). 


143 





144 SPRUCH AND 
example, the method has been applied to the study of 
certain types of electromagnetic waveguides.*® 

It is to be expected that some difficulties will arise in 
an attempt to generalize the Kato method to scattering 
by a compound system. These difficulties will be dis- 
cussed in Sec. 2 where it will also be shown that there 
exist interesting circumstances under which they can 
be circumvented. It is further to be anticipated that a 
calculation which furnishes one or both bounds will be 
more complicated than a variational calculation. While 
this is generally the case, there are situations in which 
an ordinary variational calculation gives a bound. 

Of the many-body problems to which the Kato 
method can be applied we have thought it worthwhile, 
for reasons of simplicity, to consider first the scattering 
of positrons by hydrogen atoms.’:" (The absence of the 
Pauli principle and the fact that no three-body bound 
state exists simplify the analysis.) Of course, the possi- 
bility of positron-electron annihilation exists. However, 
only at extremely small energies will the annihilation 
process compete with elastic scattering.'' Our subse- 
quent “zero”’ energy results (see Sec. 4) may therefore 
be interpreted as extrapolations from some small non- 
zero energy. 


2. THE KATO METHOD 
A. The True Problem 


To facilitate subsequent discussion we define a 
problem with somewhat specialized conditions. We con- 
sider the scattering of a particle (particle number 1) of 
mass m, from a system in its ground state consisting of 
two particles of masses M and mp, respectively. We take 
m,=m.=m and choose M>>m so that the scattering 
system is effectively a particle (particle number 2) of 
mass m in a field of force. Particles 1 and 2 are assumed 
to be distinguishable so that we need not concern our- 
selves with the Pauli principle. Let E., denote the 
ground state energy of the second particle in the field 
of force; AF» is its minimum excitation energy. Corre- 
spondingly, if the first: particle can be bound to the 
center of force, let £,, denote the ground-state energy. 
If particles 1 and 2 can by themselves form one or 
more bound states we denote their ground-state energy 
by Lia. Finally, we let 7; label the initial kinetic 
energy of the incident particle. The discussion is 
limited to scattering states of zero total orbital angular 
momentum. 

The Kato method is applicable only if the scattering 
problem is such that the various angular momenta are 
not coupled and if the scattering for a given angular 
momentum can be completely characterized by one real 


* L. Spruch and R. Bartram (to be published) 

*H. S. W. Massey and A. H. A. Moussa, Proc. Phys. Soc. 
(London) 71, 38 (1958). There is a misprint in Eq. (15) of this 
paper. See our Eq. (4.14) for the correct version. 

’ H. Moiseiwitsch, Proc. Phys. Soc. (London) 72, 139 (1958). 

"W. B. Teutsch and V. W. Hughes, Phys. Rev. 103, 1266 

1956). 
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phase shift. For the scattering of a particle by a center 
of force, both of these conditions are realized if the 
potential is spherically symmetric. In the many-body 
scattering problem we must not only have potentials 
which are independent of the spatial orientation of the 
system as a whole, to allow a partial wave analysis, but 
also certain energy relations must be satisfied if the 
characterization by one real phase shift is to be possible. 
In particular, (1) Excitation or ionization must not be 
possible; i.e., we must have 7,;<AEF». (2) Exchange 
must not be possible, requiring |F.,!>|E.,|, and 
further 7,<| Ex, Ey|. (3) Pickup must not be 
possible, requiring /2,| > | Fi2,| and further 7, < | Ex, 
— | Er}. 

In the case of positron scattering from hydrogen 
atoms, we have 


Exchange is not possible and conditions (1) and (3) 
above require that 7, be less than }| F2,| and }| E£2,\, 
respectively. It is necessary therefore that the initial 
positron energy be less than 6.8 ev in order that one 
real phase shift completely characterize the L=0 
scattering. 

We return now to the more 
assume that conditions (1), (2), 
The differential equation 


general problem and 
and (3) are satisfied. 


to be solved is 


(2m/h?) (E— H)iie(r 72.712) /1; 
(2.1) 


(1/71) Ltig(7 1,7 2,712) =90, 


where H is the Hamiltonian of the system and E= E,, 
+T, is the total energy. Here r;= | 8), ro=/1r2|, and 
fio2=|fi1—f2,, where r; and rz are the position vectors 
of the two particles measured from the center of 
force. Defining ¢,= (2m/h*)| F2,|, k? = (2m/h?)T,, and 
W =—(2m/h*)V for all three “potentials” W,, Ws, 
and Wy., we have 


e : 2 re) 1 1 0 a 
+ r,* + +- (1— p*) 
Or;? re? Ore Ofe r;* °F Op ap 


"o(r2)+Wie(rie) +k?—e€,, (2.2) 
where p is the cosine of the angle between r, and ry. 
The exact solution, must satisfy the boundary 


conditions 


tie, 


tly — R(r2)[cos(kr; 4-0) + cot (4—@) sin(kr:+8) ], 


as rT) >a, 


{ 2.3) 


tie 0, as f2— ©, 


i=0, at 7,=0, 


where R(rz) is the exact ground-state wave function for 
the bound particle, normalized such that 
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The normalization parameter, 9, satisfies O< @<_ but is 
otherwise arbitrary. The true phase shift, 4, is deter- 
mined by (2.1), (2.2), and (2.3). (We have here, and 
in the following, dropped the subscript zero on 4.) 

We now introduce a trial function, m(r;,72,712), which 
satisfies the same boundary conditions as td but with 
the true phase shift, 4, replaced by a trial phase shift, 7. 
Note that this still involves the exact wave function, 


R(rz). The identity 


k cot(4#—0)=k cot(n—0)— f UeLed r 


+f wekwedr (2.5) 


then carries over from the one-body case where now 
dr=dryw7drdp and where 


We (71,7 2,7 12) = Ue (11,7 2,712) — Ue (11,7 2,712). (2.6) 


Since wy is a first order term, Eq. (2.5) constitutes a 
variational principle for cot(#—@) upon dropping the 
last term. 


B. The Associated Eigenvalue Problem 
Consider the equation 


Lo—pupo=0, (2.7) 
where p is a non-negative function to be chosen such 
that the scattering problem determined by Eq. (2.7) 
and by appropriate boundary conditions is charac- 
terized for each value of u by one real phase shift, 5(u). 
Then there exists an infinite set of discrete eigenvalues 
un and corresponding eigenfunctions ¢, 9 normalized by 


he ' f b0bms0d7= Bom m,n=Q,+1,+2,---, (2.8) 


where 5,» is the Kronecker 6-symbol, such that 
@.0— constR(r.) sin(kr:+0+mnr), as 
Pn — 0, as 
én0=0, for 


,—-> @, 

Te -—)> 2. 

r,=0. 

We denote the smallest positive eigenvalue of the set 


une by a» and the smallest (in magnitude) negative 
eigenvalue by —§». The Kato inequalities are 


—cag! f ( L109)" drs f wotwedr 


<Bs tf (em) dr. (2.10 


This formal development foliows that for the one- 
body problem, mutatis mutandis. However, the actual 
restrictions on p, referred to above, involve considera- 
tions peculiar to the many-body problem. We observe 
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first a restriction which does carry over from the one- 
body case, namely, that p must vanish faster than 1/r; 
as r, becomes infinite in order that normalization accord- 
ing to Eq. (2.8) be possible and the phase shift, 5(y), 
be defined. The choice p=p(r), for example, is elimi- 
nated.'* To eliminate pickup in the associated eigen- 
value problem, which is defined for an infinitely broad 
range of potential strengths, there are two alternatives. 

(a) Choose p to be independent of riz, at least for r; 
and/or rz—> ©. Then Ey, will be independent of yu. 

(b) Imagine the bound particle to be enclosed in a 
box with perfectly rigid walls. The size of the box, 
although finite, may be large enough so that the 
deviation of the phase shift from that for the real 
problem is negligibly small. 


The exchange process may occur in the associated 
problem even if it is absent in the real problem. Again 
there are two alternative solutions. 


(a’) Choose p to be independent of 7, at least for 


2. «. Then E,, will be independent of yu. 


(b’) Put the bound particle in a box, as in (b) above. 
If this latter suggestion is adopted we require 
rip(i,%2%i2) 70, as m7 ®, (2.11) 
but p is otherwise arbitrary. 


3. APPLICATION TO POSITRON SCATTERING 
BY HYDROGEN 


Kato has shown for the static central potential that 
if the potential cuts off outside a region of radius a then 
Be=~ if, in addition, the following conditions are 
satisfied : 

(1) ka<a—@, 


(2) 4<0<m. 


This is a particularly interesting case since then a lower 
bound may be obtained on the phase shift without the 
necessity of evaluating the more difficult integral, 
S (Lu9)*p~'dr. The analogous result holds in the three 
body problem considered in Sec. 2. [In this case the 
required proof that 6(—«)=—ka (where p=0 for 
r,><a) is slightly more involved, though still trivial."*] 
The many-body problem is generally complicated by 
the difficulty that one cannot get even crude bounds 
on 4, so that condition (2) cannot be proved (assuming 
that it is true). We have recourse here to the use of a 


“ The theorem which states that the phase shift for scattering 
by a center of force is a monotonic function of the ential 
strength for a potential of constant sign carries over to the many- 
body case provided that the unperturbed energy of the compound 
system remains fixed as the potential strength varies. Thus, 
another reason for demanding that p vanish with large r; is that 
the required monotonicity of 6(«) with u will not be preserved if p 
becomes some function of rz as r; —*> ~. Furthermore, for large 
negative values of u, gg 2 would no longer be bound. The 
boundary conditions, Eq. (2.9), would then be violated. 

13 See L. Spruch and L. Rosenberg, Research Report No. CX-40, 
Division of actoummmnete Research, Institute of Mathematical 
Sciences, New York University (unpublished). 
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‘conditional inequality.’’’ We simply assume that con- 
dition (2) is satisfied; the subsequent ‘conditional 
inequality” for k cot(#—@) may or may not be valid. 
However, the bound on # deduced from the “conditional 
inequality” on & cot(#—@) will be valid whether or not 
the bound on & cot(#—8@) is valid, and therefore whether 
or not condition (2) is in fact satisfied. 

Turning to the e*H problem, we consider the set of 
“potentials” 


W 1 (171) 4+ W 12(riz) = —2 (aor) '+2(ayi2)", ri<a, 


(3.1) 
=, ry> da, 


where do is the Bohr radius. For & sufficiently small, 
a may be chosen large enough so that the neglect of the 
true positron-hydrogen interaction which exists beyond 
r,=a introduces a negligible error in the phase shift. 
If k is zero, we may let a become infinite, in which case 
no distortion of the true potentials is introduced." In 
this case, the validity of the second condition stated 
above, namely #<@<7, is deduced by assuming that 
no three-body bound state exists for the positron- 
hydrogen system (none has been found either experi- 
mentally or theoretically'*). We then apply a theorem 
which is the generalization to many-body systems of a 
theorem proved by Levinson'* for the scattering from a 
static potential. It states that when the exclusion 
principle is not in effect the phase shift for zero energy 
scattering is mm where n is the number of bound states 
of the composite system.'’:'* From this we conclude 
that #=0 for k=0. A completely rigorous proof of the 
above theorem has not been given even for potentials 
which fall off rapidly. A proof for the slowly decaying 
Coulomb forces will be even more difficult, although 
the result (assuming it applies to rapidly decaying 
potentials) is perhaps made more reasonable by the 
observation that interaction” of the 
positron or electron with the atomic system falls off 
fairly rapidly. For e+ on H, e.g., it goes as 1/r*. Actually, 
as will be noted in Sec. 5, the numerical results we have 
obtained for the e*H problem do not depend on the 


the “effective 


validity of the above-mentioned theorem. 


“ Actually, as discussed in Sec. 2, the electron is to be thought 
of as enclosed in a large box, which has no effect on the true 
problem at zero energy but which limits the number of allowable 
processes which can take place in the associated problem. 

6 C, Frénsdal and A. Ore, Physica 19, 605 (1953). 

1®N. Levinson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 25, No. 9 (1949). See also, J. M. Jauch, Helv. Phys. Acta 
30, 143 (1957); and J. C. Polkinghorne, Proc. Cambridge Phil. 
Soc. 54, 560 (1958). 

17 R. Newton, Ann. Phys. 4, No. 1, 29 (1958). 

18 A generalization of Levinson’s theorem to scattering by a 
compound system has been given by Swan [P. Swan, Proc. Roy. 
Soc. (London) A228, 10 (1955)], including the effects of the 
exclusion principle, subject however to the approximation that the 
polarization of the compound system can be neglected. (We might 
note that in the absence of the Pauli principle the static approxi- 
mation leads directly to the usual differential equation for which 
Levinson’s theorem is known to be true.) By virtue of the profound 
effects of polarization in the present problem (see Sec. 4), results 
based on the static approximation clearly have no relevance here. 
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With the choice 6 


= 4e and with the definitions 


-A=lim4/k, —A=limn/k, 


k—»0 k—0 


t=\lim ,,/k, 
k-+) 


we have the following bound on the scattering length, A: 


A< (— f avadr, 


where @ has the asymptotic form 


(3.2) 


f., = (2/ao*)4e72/%0 (3.3) 


{—r}). 


One of the strong features of the Kato method is 
that in general it provides a different bound for each 
choice of 8. This is not true at k=0, however, where the 
identical result is obtained for any @ other than 6=0. 
The choice @=0 will lead to a valid bound on A only 
if # approaches zero from below as & goes to zero, i.e., 
only if A is positive. In this case we have 


! f aeadr. 


If @ is sufficiently close to the true function such that A 
is positive and such that | /|<A, 


(3.4) 


where 


f f aLidr, 


then Eq. (3.4) may be rewritten as 


A<A-I4+A P+-+-, [LKA. (3.4’) 


It then follows (since A>0O) that Eq. (3.2) is superior 
to Eq. (3.4). Therefore, for the special case of zero 
energy scattering, where no composite bound state 
exists, the problem of the optimum choice of @ is par- 
ticularly simple. One should use Eq. (3.2), which follows 
from any choice of @ satisfying 0<@<r. 


4. NUMERICAL CALCULATION 
A. No Polarization Approximation, k=0 


To begin with, we consider the class of trial functions 
of the form 
ti(ry.72,7 12) (4.1) 


g(r2) f (ri). 


The required asymptotic form fixes g(r2) as 
g(r2) = R(r2) 
We also have 
f(0)=0, 


f(r) ~~ A-ni, 
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A trial function in this product form corresponds to the 
approximation (variously referred to as the no polariza- 
tion approximation, the static approximation, and the 
one-body approximation) in which the hydrogen atom 
is not polarized by the incoming positron. We substitute 
the above expression for @ into Eq. (3.2) and integrate 
over r2 and p. Dropping the subscript on r; we find 


(4.3) 


A<A -f f(r) 2.f(r)dr, 
0 


where 
£L,=d"/dr’+W,(r), (4.4) 
and 


W,(r) = — (2/ao)e~*"!"9(1/ao+1/r), (4.5) 


so that in the static approximation the positron is 
repelled by the hydrogen atom. The best possible 
choice for f(r) would be f,(r), the exact wave function 
for scattering by a fixed potential, W,(r). This will now 
be shown to follow from an application of the Kato 
method to this one-body problem.” Since no bound 
state exists for the potential W,(r)+-up(r) with uw nega- 
tive we conclude from Levinson’s theorem that 

5(u)=0, w<O, (4.6) 


and therefore that 6;,= 2. Thus, for any trial func- 
tion, f(r), we have 


A,<A -f f(r) Lf (r)dr, 


0 


(4.7) 


where A, is the exact scattering length for the static 
problem. Since the equality holds only when f(r) =f.(r), 
the statement above has been verified. From Eq. (4.3) 
with f(n=f.l) we find that 


A<A,,. 


In point of fact one cannot solve for f,(r). However, 
since we are dealing here with the scattering by a static 
potential, at zero angular momentum and zero energy, 
it is a trivial matter to find an upper bound on A, and 
hence on A. We will also find a lower bound on A,; 


(4.8) 


a comparison of this lower bound with the upper bound: 


we shall subsequently deduce, taking into account the 
effects of polarization, will give a measure of the limit 
to the accuracy of the static approximation. 

We have already shown that 6;,=«. Choosing 
p(r)= —W,(r) we observe that a;, is the smallest posi- 
tive value of « for which the “potential” W,(r)(1—,) 
can support a bound state, for the appearance of a 
bound state indicates that the phase shift has jumped 
from zero to x. [Actually, 5(a;,)=42.] Since W,/(r) 
X(1—y) isn’t even attractive until u=1, we immedi- 
ately obtain a;,>1. This lower bound can be improved 
quite easily. Bargmann” has shown that a necessary 

It should be emphasized that in the remainder of subsection A 
various quantities, and in particular, 8 and ag, refer to this 
(static) one-body problem and not to the true problem. 

* VY. Bargmann, Proc. Natl. Acad. Sci. U.S. 38, 961 (1952 
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condition for the existence of a bound state for a 
“potential” U(r) is 


f r|U(r)\dr>1. 


(4.9) 


With U(r)=—(1—yu)W,(r), this leads to aj,>5/3." 


If we choose 


f(r)=A(1—e-""") — (1+ Beer!) (4.10) 


we find, with m=1.5 and g=2, that 


0.5762a9< A, <0.5823ap. (4.11) 


At the same time we have 


A<0.5823a». (4.12) 


The cross section at zero energy, o(k=0), is 4A’. 
The above result without an accompanying lower 
bound does not exclude a large negative value of A and 
therefore does not provide an upper or lower bound on 
a(k=0). 3 

It is interesting to note that a lower bound on A, has 
also been determined (though with less accuracy), 
without performing a variational calculation." 


B. Polarization Considered, k=0 


A trial function of the form @=g(ri,r2) may take into 
account, to some extent, the polarization of the hydro- 
gen atom. It may be shown,'* however, using arguments 
quite similar to those employed in subsection 4A, that 
this type of trial function leads to a positive bound on 
the scattering length, a conclusion which is independent 
of the particular form of g(r1,72). 

It is clear that a realistic trial function should depend 
On 11, 2, and fi». This dependence was chosen under 
the physically plausible assumption that the polariza- 
tion is largely accounted for by the virtual formation 
of positronium. Since the latter has a ground-state 
function proportional to exp(—4r12/a9), the term 
C exp[_— (tri2/ao) — (vr2/ap) |, the additional factor being 
required for convergence, was added to a function 
similar in form to the trial function, Eq. (4.10), which 
was so successful in the static calculation. We have 
chosen 


fi(r1,72,712) = (2/a¢*) iA € r2/ao/ l—e 71/00) 
—re r2/ao_. Brie (qri/aq)— (er2/aq) 


+Cne (tr32/a9)— (vra/eo) }, 


(4.13) 
The presence of excited states of positronium would 


spread out the wave function and one would therefore 
expect that a value of ¢ slightly less than 4 would be the 


21 A comparison of (1—»)W,(r) with the Hulthén potential (see 
the second paper mentioned in reference 5) leads to ayy>2. We 
prefer, however, to base the present result on an application of 
the Bargmann theorem rather than on this rare occurrence of an 
excellent comparison potential for which solutions may be ob- 
tained analytically. 
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TABLE I. Results for k=0, with the trial function given by 
Eqs. (4.13) and (4.15), corresponding to the set of exponential 
parameters {q, s, t, 7} = (0.50, 0.95, 0.46, 0.78}. The consistency 
ratio, Rx is defined as Re = (A— fA Ldr)/A. The second calcu 
lation (D +0) yielded a trial function containing no nodes. Note 
that while the second result is an improvement over the first 
its consistency ratio deviates further from unity 


Upper Lower 
bound 


m A/a 


bound 


B D on o(k =0) Rk 
2.6516 0 


). 8106 


-1.356 7 
0.0532 ~1.397 


0.989 
0.966 


357 rae 
7 802 rae 


best choice. A number of sets of values of the expo- 
nential parameters g, s, /, and v were tried, but nothing 
even approaching a systematic determination of the 
best set was attempted. “Best” is here defined as the 
set which gives the lowest upper bound on A. Since the 
results were found to be quite sensitive to the choice of 
the exponential parameters the realization that A 
satisfies a minimum principle was a great computational 
advantage. The linear parameters were of course de- 
termined variationally for each choice of the exponential! 
parameters. Results are given in Table I.*? 

The effect of polarization is rather dramatic. The 
value of A is negative so that, contrary to the situation 
in the static approximation, the positron is on the whole 
attracted to the hydrogen atom. Further, an upper 
bound on A now yields a lower bound on o(k=0). 

We note incidentally that the best value of ¢ among 
the sets considered was /=0.46, i.e., somewhat smaller 
than 4, as expected 

Massey and Moussa’ used a trial function of the form 


U(1),%o7 19) 9*) be r2/40 
X {sinkr, T [a+(b + cr yo)e rj/ag 


x (l—e rea) | coskr;}. (4.14) 


They determined 4 variationally for various values of k, 
the smallest of which was k=0.2/a. Presumably they 
avoided k=0 because they did not trust the form of 
their trial function for that value of &. If, nevertheless, 
we use their form we find A=0.512a9; this value does 
not differ appreciably from that obtained under the 
static approximation. It should be noted that despite 
the extremely poor value for A the above calculation 
provides a consistency ratio 


{ ff acaar [4 1.04. 


It is rather surprising that 
Eqs. (4.13) and (4.14), each containing r1. dependence 
and three variational parameters, lead to such strikingly 


Rx 
two trial functions, 


the 


different results, corresponding as they do to an effective 
attraction in one case and to an effective repulsion in 


” The integrals required 
evaluated in reference 13 


this and subsequent calculations are 
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ihe other. These results speak strongly for the need for 
obtaining bounds. 

It would be difficult to say how reliable our result is 
A. We have been 


without obtaining a lower bound on 


unable to do so, for we have been unable to obtain a 
lower bound on ay 
inability to prove formally that 
state for e*+H does We therefore sought 
additional criteria for the accuracy of our results. 

In particular, since no composite bound state exists, 
we expect by analogy with the one-body problem that @ 
should be nodeless. The trial function given by Eq. 
(4.13) has nodes, although at phys 
points (rz large). Since attempts to remedy this by 


Che difficulty is connected with our 
a composite bound 
exist 


not 


cally uninteresting 


varying the exponential parameters were unsuccessful 
another term was added. This term was taken to be 
proportional to exp thinks of this 
term as being related to the virtual formation of posi- 
tronium in its first excited state 
cisely the correct form), one might expect that 6 should 

somewhere near }. Further, our previous 
exponential factors directly ri, and 
r, and ry, we have in this chosen the additional! 
term to couple r; and ri». We take it to be 
2r,/ao). The final forn 


bri2/ado); if one 


it does not have pre- 
be since 

coupled rz and 
LSé 
proportional 
to exp! 


U(r) fof yo L113 


Drv $.15 


Table | 


The linear parameters were determined variationally, 


collected i 


The results are 
without regard to the question of nodes; the re 
sultant tria! function is nevertheless 
the bound on A was 
results suggest (in the 
we do not 
may well be reasonably cle 
other hand our trial! 
presence of an effective 
falls off asymptotically like 1/r‘, a 
perturbation theory 

Our trial function, | 
estimate the effective r 
from the relation 


ro=(2/A t,*— *)dr 


1s defined by Eq. (3.3). 


i.€., 
nodeless. Further, 
lowered only slightly. These two 


the other bound on A 


abs« nce of 


use a stronger word) that our bound on o 
yse to the true value. On the 
loes the 


zation potential which 


function not indicate 
pol il 


demanded by 


used to 
the e*H system, 


now be 


(4.16) 


The asymptotic functi: 
We find 

(4.17) 
This very large valu fective range severely 
restricts the domain of ; bility 
pendent approximation, 


f the shape inde- 


4.18) 


kb coti 


Blatt 76, 18 (1949): 


Bethe, Ph 


and J. D. J 


Rev 76 38 


37. M. 
H. A 


aACcKSOT 


1949 
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At the very best (if the coefficient of A*ro’ in the next 
term is small** and if the expansion is in fact of the 
same form as for the one-body case‘) Eq. (4.18) should 
be useful only for kr) somewhat less than unity, i-e., 
kay somewhat less than 0.1. 


C. Polarization Considered, k+0 


As indicated in Sec. 3, a bound on the phase shift 
may be obtained for +0 provided a cutoff potential is 
introduced ; for sufficiently small nonzero energies the 
cutoff point may be made large enough so that the 
difference between 4 and 4, (the phase shift in the pres- 
ence of the cutoff potentials) is negligibly small. To 
illustrate the procedure we describe here a determina- 
tion of a lower bound on 4%, for kag=0.2. 

To begin with we ignore the question of obtaining a 
bound and perform an ordinary variational calculation 
for the true problem. We use a trial function which 
reduces, as k—+0, to the zero energy function, Eq. 
(4.15), namely, 


‘Myx (11% 2,012) /k= (2/ao*) 1 Ae™** coskr, (1 —e-"/*) 
—¢~72/20 sinkr,/k-+ Brye~ 7 eo-er2/a0 
+Crie eraleo) + Dyye~ (nisin 


triz/ag (2ry/e9)] 


(4.19) 


(The exponential parameters are fixed at the values 
cited in Table I.) From the asymptotic form of this 
function we see that A=—tann/k. The variational 
principle is now 


k tann=k tann+ f Ui pL; dT, (4.20) 


where £ is given by Eq. (2.2). The result of the calcu- 
lation is n= 0.1645, 


/ ff secumpedr —0.0017/ de, 


and 40.156. As a point of comparison we note that a 
variational calculation (including polarization) per- 
formed by Massey and Moussa’ for the same scattering 
energy gave #~ —0.098. 

Since the trial function is based on the zero energy 
function which we expect to be quite good, we have 
obtained what we believe to be an accurate estimate 
of 4, although not necessarily a lower bound. Before 
considering the calculation involving the cutoff poten- 
tials we recall that the cutoff point, a, is limited by 
the condition ka<*#—8. In order to be able to pick the 
largest value of a (for fixed k) we wish to choose the 
smallest value of @ consistent with the condition 4 <9@. 
(Note that we desire that this relation be satisfied, in 
order that our bound be a useful one. As discussed 
previously, the bound will be valid in either case.) The 


*In the e*H or «€ H problem, for example, #1 does not vanish 
with & like #“*' for L>O (due to the Rancam polarization 
potential). Here the effective-range theory, in its usual form, 
would not be applicable. (See reference 2.) 
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TasBLe IT. Results for kag=0.2, using a trial function, ws... 
which is a slight modification of the function given in Eq. (4.19). 
[The exponential parameters in Eq. (4.19) were taken to be the 
same as those cited in Table I.] The bound is obtained on %,, the 
L=0 phase shift for the problem in which the positron interaction 
vanishes outside a sphere of radius 14a9. Thus the difference 
between # and #. is extremely small. A previous variational calcu- 
lation,* for the same energy, gave #~ —0.098. All phase shifts are 
in radians. 


A/a B 


0.8285 2.0434 
0.8300 2.1159 


— 1.1271 
— 1.1464 


* See reference 9 


trial function, Eq. (4.19), is normalized with 6= 47. 
This would lead to a=7.9ao. In order to obtain a 
variational estimate of # corresponding to the use of a 
trial function with different (and smaller) 6-normaliza- 
tion, we may simply choose 

(4.21) 


ig = Uy, COSn/sin(n—9), 


so that 


k cot(#—@) =k cot(n—@)—[cosn/sin(n—0) 7, (4.22) 


where 9 and J have already been determined. We expect 
that this variational estimate of # should change very 
slowly as @ is decreased from $x. It is found, in fact, 
that to three significant figures the result is unchanged 
for @ as small as 0.34. (Smaller values of @ lead to 
appreciably lower estimates of 4.) We have therefore 
chosen @=:0.3400 which allows us to pick a= 14a». 

To obtain a bound on 4, we must now perform a 
similar calculation with £ replaced by £, which con- 
tains the cutoff potentials, Eq. (3.1). The trial function, 
ee, Must now satisfy the additional requirement that 
© ..-=0 for r,;>a**, while us. must of course be con- 
tinuous in slope and value. It may be shown" that a 
function, #,-, may be chosen such that, with a= 14a», 


f com ar feed 


is negligibly small. Therefore, the variational estimate 
of # is actually a bound on 4, and hence is extremely 
likely to be a bound on # itself, since the contribution 
of the potential in the region 7;>¢ is expected to be 
extremely small. Results appear in Table IT. 

It is easily shown, in the one-body problem, that if 
the potential vanishes beyond r=a, and further, if 
ka+4<, then the wave function is noedeless in the 
region r<a. Thus, the standard definition of the phase 
shift, i.e., 

(4.23) 


j= lim (nx—kp,), 


ne 


** This may be seen from the fact that in order to obtain fp= «, 
p must vanish beyond r,;~a. However, {(£1u9.Po dr should 
exist. 
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can be written, in this case, as 


H=nw—kpn, pro a, (4.23) 


where p, is the mth zero (not including the zero at the 
origin) in the wave function. Now consider the point 
r' = (x—)/k. From the assumed restriction on % it is 
clear that r’>a. Now the wave function takes on its 
asymptotic form beyond the point a, and must therefore 
vanish at r’. But from Eq. (4.23’), r'=p;, so that we 
have shown that the first zero occurs beyond a. 
In the present problem, under similar conditions (i.e., 
Wi+W 2=0 for r;>a, and ka+<2) it may be shown 
that the function 


g\r1) ={f ro*drod pR (12) (11,72,P) (4.24) 


is nodeless for r; <a. For a large enough it seems reason- 
able (we have not proved it) that a stronger statement 
can be made, namely, that @ itself is nodeless for r;<a. 
If we assume this statement to be true, it may be used 
to test our trial function. With D=0 the function has 
nodes for r;<a but these nodes do in fact disappear 
when the full trial function is used. Further, this im- 
provement in the trial function is accompanied by only 
a small improvement in the bound on the phase shift. 
Both of these considerations suggest that this bound 
may well be in the neighborhood of the true value. 


5. DISCUSSION 


In our application of the Kato method to the case of 
zero energy e*H/ scattering we have made use of two 
assumptions, the completeness of the set of solutions, 
@n, of the associated eigenvalue equation (Sec. 2), and 
the validity of the generalization of Levinson’s theorem 
to scattering by a compound system (Sec. 3). The 
derivation of the inequality for the scattering length, 
as we have presented it here, will then be completely 
justified only when the validity of the above two 
assumptions has been rigorously established. 

We wish to point out, however, that the upper bound 
deduced for the e+ H scattering length is rigorous. It will 
be observed that the final result, the expression for the 
bound, contains no reference to the associated eigen- 
value problem. This suggests that the final result, if 
true, can be derived in a simpler, more direct fashion, 
independently of the Kato method. This has in fact 
turned out to be the case, and the proof has been given 
for far more complicated systems than that considered 
here.** Further, an extension of this result has been 
obtained to include situations where bound states do 
exist.2” These latter methods, however, are limited to 


26 L. Spruch and L. Rosenberg, Phys. Rev. 117, 143 (1960); 
Proceedings of the International Conference on Nuclear Forces 
and the Few Nucleon Problem, London, July, 1959 [Pergamon 
Press, New York (to be published) ]. 

*7 Rosenberg, Spruch, and O’Malley, Phys. Rev. (to be pub- 
lished ). 
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the case of zero energy scattering and are specifically 
designed to provide only the upper bound. Since the 
Kato method is in principle applicable at all scattering 
energies and can provide both bounds on the phase 
shift well worth further investi- 
gation, notwithstanding the various mathematical diffi- 
culties which we have encountered, and it is for that 


we believe it to be 


reason that we have presented in this paper the Kato 
method as generalized to scattering of a particle by a 
compound system. 

We might note that for scattering by a center of 
force for which there is no bound state, the fact that 
the Kohn variational principle gives an upper bound on 
the scattering length follows rigorously from the Kato 
formalism, for in this « 
to completeness or as to 
theorem. 

The bound obtained on the e*H phase shift for k+0 
has not received independent justification in the present 
paper. (It can be done; we hope to return to this point 
in the future.) However, even as a variational calcula- 
tion the result is noteworthy; we believe that the trial 


there is no question as 
the 


ase 


validity of Levinson’s 


function used was an extremely accurate one since it 
was taken to be a direct extension of the zero energy 
function constructed with the aid of a rigorous minimum 
principle. 
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APPENDIX 


The boundary conditions chosen for the eigenfunc- 
tions, dn ¢, 1.e., Eqs. (2.9), are the most straightforward 
generalization to the many-body problem of the form 
used originally by Kato for the scattering of a particle 


by a center of force, namely, 


one(r) — const sin(kr+6+ nz), 


n.9(0)=0. 


It is, however, more reasonable to assume that in order 
to obtain a complete set of eigenfunctions the operator 
L+up should be Hermitian, i.e., the 
tions should be taken as*® 


f wee. ddr f dnecteds V0. 


28 We shall not attempt to give a proof of completeness under 
the assumption of Eqs. (2.7) and (A.2). For a rather general 
though not entirely rigorous proof of the completeness of eigen- 
functions of a positive-definite, Hermitian operator see P. M. 
Morse and H. Feshbach, Methods of Theoretical Physics (McGraw- 
Hill Book Company, Inc., New York, 1953), p. 777. 


boundary condi- 


(A.2) 
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The equivalence between Eq. (A.1) and the one-body 
form of Eq. (A.2) may easily be displayed. This 
equivalence does not carry over to the present problem, 
however. If there exist solutions of the associated 
eigenvalue equation with energies in the continuum, 
which decay asymptotically, these solutions satisfy 
Eq. (A.2) but not Eqs. (2.9). They would be required 
for completeness but would not be included if the 
boundary conditions given by Eqs. (2.9) are adopted. 
A calculation of a» and $8» would have to take into 
account the additional bound state solutions, thereby 
possibly complicating the problem considerably. We 
note, however, that if these additional solutions are 
orthogonal to the function we are expanding (i.e., the 
difference function w) their omission is of no conse- 
quence in an application of the Kato method. 

Now bound-state solutions embedded in the con- 
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tinuum exist by virtue of their belonging to a different 
symmetry class from the scattering solutions and conse- 
quently being orthogonal to them. If the trial function 
is chosen with the correct symmetry properties then w 
will be orthogonal to the additional decaying solutions. 
Difficulties may arise if the true scattering solution has 
symmetry properties which are not easily recognizable. 
(Such difficulties are of course not peculiar to the 
Kato method; they exist for the ordinary variational 
principle as well.) We do not believe that any hidden 
symmetries exist in the e+H problem. In any event, as 
we have already noted, we are able to claim complete 
rigor for the bound we have obtained on the e+H 
scattering length, aside from any questions of complete- 
ness, by virtue of our having given an independent proof 
of the validity of the bound. 
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Measurement of the Total, Differential, and Exchange Cross Sections for 
the Scattering of Low-Energy Electrons by Potassium*t 


KENNETH Rosin,} JuLius PerEL, AND BENJAMIN BEDERSON 
Department of Physics, New York University, University Heights, New York, New York 
(Received July 9, 1959) 


An atom beam recoil technique has been used to determine the 
total, Q, differential, 7(@), and differential exchange, o,(@), cross 
sections for the scattering of low-energy electrons by potassium. 
The method consists of observing the angular distribution of 
atoms scattered from a potassium atom beam which has been 
cross fired by an electron beam. Relative values of 7(@) are then 
obtained by transforming to electron scattering angles. An 
inhomogeneous magnet and collimating channel are used as a 
velocity filter for the atom beam. Curves representing the vari 
ation of «(@) with @ between approximately 15° and 60° are 


presented for various electron energies between 0.6 and 9.0 ev. 

The magnet also serves to polarize the beam. Relative values 
of o,(6) were determined by observing the amount of depolar- 
ization of the beam in the scattering region, using a second 
inhomogeneous magnet as an analyzer. Over the observed range 
of angles, exchange accounts for approximately one third of the 
scattering. Bounds on the total exchange cross section, Q,, are 
also tabulated for energies between 0.5 and 4.0 ev. The bounds 
on Q, at 0.5 volt are 0.8X10™ cm*<Q,<1.6K 10" cm’. 





1. INTRODUCTION 


HE exchange interaction during an electron-atom 
scattering event plays a significant role in many 
scattering processes. Such interactions, however, have 
not been extensively studied. In some recent experi- 
ments performed by Dehmelt,' Novick and Peters,’ 
and F-anken ef al.,’ bounds on the cross sections for 
exchange scattering of thermal electrons by alkali 
atoms have been obtained. In these experiments, 
exchange cross sections were determined by observing 
depolarization by free electrons:of an alkali gas previ- 
ously aligned by optical pumping. 

* Supported by the Office of Naval Research. 

t For preliminary reports of this work, see Bulli. Am. Phys. 
Soc. 2, 270 (1957) and Bull. Am. Phys. Soc. 4, 234 (1959). 

t From part of a thesis submitted by K. Rubin in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy, Department of Physics, New York University. 

'H. G. Dehmelt, Phys. Rev. 109, 381 (1958). 


? R. Novick and H. E. Peters, Phys. Rev. Letters 1, 54 (1958). 
* Franken, Sands, and Hobart, Phys. Rev. Letters 1, 52 (1958) 


The main purpose of the present experiment was to 
observe exchange events directly by cross firing a 
polarized atom beam with a monoenergetic electron 
beam. Exchange collisions result in a readily observable 
partial depolarization of the atom beam. The method 
thus makes it possible to study exchange scattering as 
a function of electron energy. Furthermore, because of 
the recoil suffered by scattered atoms, these can readily 
be distinguished from the unscattered atom beam.‘* 
It is, therefore, possible to investigate differential 
scattering by observing the angular distribution of the 
scattered atoms. 

By the use of this method, we have determined 
relative values of the differential cross section o(@) and 
the differential exchange cross section ¢,(0) for the 
scattering of potassium by electrons over a range of 

*W. E. Lamb and R. C. Retherford, Phys. Rev. 79, 549 (1950). 


* Rubin, Perel, and Bederson, New York University Technical 
Report No. 1, Nonr 285(15), 1957 (unpublished). 
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Fic. 1. Schematic diagram of the apparatus. 

electron polar scattering angles #, as well as over a 
range of electron energies. From the measured values 
of o.(@), bounds are then made on the total exchange 
cross section Q,. 


2. OUTLINE OF METHOD 


An atom beam of potassium is both polarized and 
analyzed by passing it through inhomogeneous magnetic 
fields.* If an exchange event occurs with a cross-fired 
electron whose spin is oriented opposite to the spin of 
the atomic valence electron, the atom reverses its 
polarization state. This assumes that the atom’s polar- 
ization is due solely to the spin orientation of the 
valence electron, and not to the nuclear spin system. 
In the present experiment a field of about 1000 gauss 
in the scattering region serves to decouple the nuclear 
and atomic spin systems, satisfying the above require- 
ment.’ Exchange collisions due to electrons whose spins 
are parallel to the valence electron are, of course, 
unobservable 

The arrangement of the apparatus for the exchange 
experiment is shown in Fig. 1. The potassium oven is 
offset from the axis of the polarizing magnet so that 
only those atoms which are bent back towards the axis 
by a definite amount can pass through the collimating 
slits S; and S», giving a polarized and velocity filtered 
atom beam.* Velocity selection is necessary if one 
wishes to calculate an equivalent electron scattering 
angle @ from an observed atom scattering angle y. The 
relation between @ and y as a function of :atom and 
electron velocities is discussed in Sec. 5. 

Because of the spread of the recoil angles of the 
scattered atoms, it is necessary to rotate both the 
analyzer magnet and detector about the scattering 
region. With the magnet and detector set at some angle 
¥ with respect to the beam axis, as shown in Fig. 1, 
and with no current in the analyzer magnet windings, 
University Press, 


*N. F. Ramsey, Molecular Beams (Oxford 


New York, 1956), p. 399 ff 

’To be certain that an exchange event is the only process 
which can change the polarization state of the atom, the magnetic 
interaction of the free electron-atom system must be small. It 
can be readily shown that this is indeed the case 

* An analysis of the use of an inhomogeneous magnet and slit 
system as a velocity filter will be given in a forthcoming New 
York University technical report 
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the signal at the detector represents the total number 
of atoms scattered between the angles y and ¥+Ay, 
where y is the angle subtended by the atom beam 
detector at the scattering center. This signal is therefore 
a measure of the differential scattering at the angle ¥ 
averaged over Ay. If current is now passed through 
the analyzer magnet windings, the scattered beam will 
split into two components. The ratio of the number of 
atoms in each spin state may be measured by first 
moving the detector to one side of the magnet axis and 
then the other. The method of obtaining ¢a.(@)/o(@ 
from this data is discussed in Sec. 5(b). 

Total measurements are made by 
setting the analyzer magnet (no current) and atom 
detector on the axis of the unscattered atom beam and 
measuring the change in 
beam is turned on. 


cross-section 


itom signal when the electron 


3. APPARATUS 


The vacuum envelope is divided into a source 
chamber and a main chamber, which are separated by 
a bulkhead containing a beam shutter. Normal oper- 
ating pressures are 5X 10~* mm Hg and 3X 10-7 mm Hg 
in the source and main chambers, respectively. The 
source is a conventional K oven,’ operating ata temper- 
ature of 300°C, and has a slit 0.003 in. wide and 0.5 in. 
high. To facilitate taking 
data the analyzer and the detector are capable of being 


the differential and exchange 


driven automatically and independently 


Magnets 


The polarizing and analyzing magnets are identical 
and have pole faces corresponding to equipotentials of 
an equivalent two wire system. The calculated ratio of 
field gradient to field for both magnets is 5 cm™. Each 


magnet is 4 in. long 
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Electron Gun 


A cross section of the electron gun is shown in Fig. 2. 
The cathode, grid, and mica spacers are parts of a 
Sylvania 6L6 tube assembly. The plate is shaped in the 
form of a channel 1 in. long, and is insulated from the 
anode. (The plate current passes through the atom 
beam and is responsible for the scattering.) The gun is 
mounted so that the atom beam (seen end on in the 
diagram) enters the gun close to the end of the anode 
channel so that the scattering occurs in an equipotential 
region. Anode and plate are maintained at the same 
potential. The strong magnetic field which serves to 
decouple the nuclear and atomic spin systems also 
serves to confine the electron beam. 

The plate current is varied by adjusting the grid 
voltage while the electron energy is varied by adjusting 
the potential between the cathode and anode. The 
true value of the electron energy is obtained by meas- 
uring the plate current as a function of a retarding 
potential placed between plate and anode. The retarding 
potential measurements indicate that nominal voltage 
readings over the range studied must be reduced by 
approximately one volt and this correction has been 
applied to all quoted voltages. Similar measurements 
were made to determine the energy spread in the 
electron beam. The spread is about 0.5 volt over the 
entire energy range. 


Detection System 


Phe detector is of the conventional surface ionization 
type. It consists of a length of 10-mil platinum wire 
mounted in the center of a brass cylinder which contains 
an opening for the beam. 

An ac modulating and detecting system is employed 
in order to minimize noise due to fluctuations in the 
atom beam as well as in the hot wire background. The 
current in the electron gun is modulated by applying a 
30-cps voltage to the grid, resulting in a 30-cps scat- 
tering signal at the detector. This signal is fed into a 
narrow band, phase sensitive amplifier. In the present 
experiment, scattering out of the detector produces a 
positive output signal; scattering into the detector 
produces a negative output signal. A block diagram of 
the detection system is shown in Fig. 3. The total d 
beam at any detector position can be measured by an 
electrometer circuit. 
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Fic. 3. Block diagram of the detection system 
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Fic. 4. I. de beam shape with polarizer and analyzer magnets 
off. II. dc beam shape with polarizer magnet off and analyzer 
magnet on. 


4. DATA 


The data are arranged in two categories, dc measure- 
ments and ac measurements. (The analysis of the data 
is left for the next section.) 


Direct Current Measurements 


lhe de measurements refer to the atom beam in- 
tensity data taken with the electron gun off, and were 
taken to study the beam characteristics. The data are 
presented in Figs. 4 and 5 in the form of graphs of 
relative beam intensity vs transverse displacement of 
the detector from the beam axis, for various combi- 
nations of the polarizer and analyzer magnets on and 
off. The ordinate units are the same in both figures. 
Curve I of Fig. 4 represents data taken with both 
magnets off, while curve II of Fig. 4 represents data 
taken with the analyzer magnet on and the polarizer 
magnet off. Curve I of Fig. 5 represents data taken 
with the polarizer magnet on and analyzer magnet off 
while curve II of Fig. 5 represents data taken with 
both magnets on. Note that whenever the polarizer 
magnet is on, the oven has been offset from its center 
position. The optimum displacement of the oven is 
determined by observing the beam intensity as the 
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Fic. 5. 1. dc beam shape with polarizer magnet on and analyzer 
magnet off. II. dc beam shape with polarizer and analyzer magnets 
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TOTAL CROSS-SECTION 
IN ARBITRARY UNITS 


— 3 5 4 D 
ELECTRON ENERGY IN VOLTS 

Fic. 6. Total cross section in arbitrary units as a function of 
electron energy. The solid curve represents Brode’s results. The 
present data are normalized to Brode’s data at 4 volts 


oven is moved. When the oven is at a position for 
which the beam intensity assumes its maximum value 
(one on each side of the beam axis), the atom beam 
emerging from the channel possesses a narrow distri- 
bution of velocities centered about the most probable 
beam velocity. 


Alternating Current Measurements 


The ac measurements refer to the signals observed 
with the ac detection system, and therefore represent 
scattering signals. Three different kinds of scattering 
data were taken: total, differential, and exchange, and 
the procedure for obtaining each kind is now described. 


oan or oe 
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DISTANCE OF DETECTOR FROM BEAM AXIS IN MILS 
Fic. 7. Sample differential scattering curves, taken at 3.0 and 
4.0 volts. The curves represent scattered atom current in arbitrary 
units as a function of atom detector position. Direction of mo- 
mentum transfer is to the right 
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(a) Total Cross-Section Data 


The total cross-section data were taken with the 
detector fixed on the beam axis. The data thus obtained 
are presented in Fig. 6, and include a comparison with 
the data of Brode,'® which are normalized to our data 
at four volts. Because of the higher energy resolution 
in Brode’s experiment, we have plotted average values 
of his original data over 0.5-volt intervals. It is seen 
that the comparison is quite satisfactory over most of 
the energy range. At very low energies (<1 volt) our 
total cross-section values increase quite rapidly with 
decreasing energy, and work is presently in progress 
to investigate this energy region in more detail. 


b) Differential Cross-Section Data 


A sample of the differential scattering data at 3 and 
4 volts, obtained by recording the 


of ¥ (with velocity selection 


ac signal as a function 
presented in Fig. 7. 
Data taken at 1 volt both with and without velocity 


selection are presented in Fig. 8." The small negative 


SOLID CURVE -POLARIZER MAGNET ON 
\ DASHED CURVE-POLARIZER MAGNET OFF 
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absent in the latter « urve, 
due to the smearing effect of the distribution. 


The difference in width of the positive portions of the 


peaks at 70 and 90 mils are 
velocity 


two curves is due to the broadening of the beam by the 


polarizer, as will be explained in Sec. 5 


(c) Exchange Cross-Section Data 


The exchange data obtained by setting the 
analyzer magnet axis at a particular value of y. With 
the polarizer and analyzer magnets on, the detector is 


are 


then traversed from one side of the analyzer magnet 
axis to the other done automatically). 
Samples of data obtained in this manner are shown in 


generally 


Fig. 9 for two angles at a number of electron energies. 
The peak labelled E represents the exchange signal in 
each case. We define R(w) as the ratio of the amplitudes 
of the principal peak to the exchange peak. Column III 

RB 

"In Figs. 7 ar 
axis is given in mils (0.001 Th 


Phys. Rev. 34, 673 
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Brode 1929 


displacement 


n the 


tron 


tor fror beam 
is 14 ir the 
scattering center so that ¥ in radians m tained by dividing 


the displacement in mils by 14 000 
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of Table I gives R(y) for various electron energies 
(Column I) and scattering angles (Column II). 

Although the exchange data in this paper are re- 
stricted to elastic scattering, Fig. 10(a), illustrating the 
angular dependence of the exchange scattering at 12 
volts, is included for interest. It was taken by recording 
the maximum of the exchange peak as a function of y. 
A comparable curve at lower electron energy would be 
difficult to obtain because of the unfavorable signal to 
noise ratio. Figure 10(b) was obtained by recording 
the maximum of the principal peak as a function of y, 
also at 12 volts. 


TaBLe I. Summary of exchange results. Column I, Electron 
energy in volts; Column Ila, atomic scattering angle y in 10°* 
radian; Column IIb, corresponding electron scattering angle @ in 
degrees; Column III, the observed ratio of the two polarization 
peaks at ¥, R(y); Column IV, the ratio o,(@)/e(6); Column V, 
scattering signal at ¥ in arbitrary units; Column VI, exchange 
signal at ¥, in the same arbitrary units as Column V; Column VII, 
the estimated ratio Jimin®™*o.(0)dO/ Si min’™=0(8)d0; Column VIII, 
the lower bound on Q,/Q; Column IX, the upper bound on Q,/Q; 
Column X, upper and lower bounds in units of 10“ cm? (using 
Brode’s absolute values for Q). 


Ila IIb Vill 





47 «SS; : . 
69 ; ; 0.20 
84 § 


0.87 <O04<1.6 


42 8.5 , 
56 : ’ : , 27 0.55 <0O.<1.5 


0.56 <0. <2.0 
0.45 <0. <2.0 
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5. ANALYSIS OF DATA 
Direct Current Measurements 


Curve II of Fig. 5 shows that the beam is at least 
90% in one polarization state. This can be seen by 
comparing the signals at 0.040 in. to the left and right 
of the beam axis. The ratio of these signals is always 
greater than 10 to 1.” 

A comparison of curves I of Figs. 4 and 5 reveals that 
the polarizer magnet and channel produces a significant 
broadening of the beam. This is to be expected since 
the velocity dependence of the deflection in the polar- 
izing magnet causes a spread in the beam equivalent to 
that which would be obtained by an effective source 
placed directly in front of S; of Fig. 1. The calculated 


" The curves of Fig. 10 also indicate that the beam is 90% 
polarized, since the positive (scattering out) signal of Fig. 10(a) 
must be attributed to residual atoms of the unwanted spin state 
The peak of this positive signal is approximately 5 of the peak 
of the positive signal of Fig. 10(b). 
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Fic. 9. Samples of exchange data taken automatically. The 
peak labelled / represents signal due to scattered atoms which 
have changed their spin state. 


beam shape, assuming that the source is directly in 
front of S;, does in fact yield a beam shape in good 
agreement with that of curve I of Fig. 5. 

The effectiveness of the velocity filter is demonstrated 
by comparing the beam shapes of the deflected to the 
undeflected beam in Fig. 5. The analyzer produces 
essentially no change in the beam shape, in sharp 
contrast to the broadening produced by the analyzer 
as shown by curve II of Fig. 4, in which there was a 
normal velocity distribution. (The smaller amplitude 
of curve II, relative to curve I, of Fig. 5 is due to the 
collimating slit in front of the analyzer magnet.) 


Alternate Current Measurements 
(a) Differential Scattering Data 


We first make some general remarks concerning the 
curves of Figs. 7 and 8. If the detector were capable of 
traveling sufficiently far off the beam axis so as to 
collect all the scattered atoms, the areas under the 
positive and negative parts of the curves should be 
equal. In actual fact the range of motion of the detector 
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fic. 10. Curve (a): recording of the maximum of the exchange 
peak as a function of atom scattering angle y. Curve (b): recording 
of the maximum of the principal peak as a function of ¥. Electron 
energy is 12 volts in both curves 
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was limited to about 0.30 in. off the axis, because of the 
interference of the vacuum envelope. Such a maximum 
displacement would collect all atoms scattered by 0.5- 
volt electrons. For higher energies, some of the scattered 
beam cannot be collected, with the result that the 
negative areas are always smaller than the positive 
ones, with the ratio of the two areas decreasing as the 
energy increases. This limitation on detector travel is 
the principal cause of error in the determination of Q,, 
as will be seen later. 

In order to analyze the data we must take into 
account the finite width of the potassium beam. Part 
of the observed scattering signal lies within the region 
of the dc beam. At any point within this region, the 
scattering signal is actually the algebraic sum of two 
signals of opposite sign, one caused by scattering out 
of the beam at the position of the detector (positive), 
and the other caused by scattering into the detector 
from other portions of the beam (negative). It is 
possible to correct for the finite dc beam width to obtain 
angular distributions for angles which are smaller than 
the angle subtended by the dc beam itself. This can 
be accomplished in the following manner. 

If there were no scattering in, the ac signal would 
follow the dc beam shape exactly, since the scattering 
out signal at any detector position is proportional to 
the total beam current at that position. A theoretical 
scattering out curve can thus be calculated from the 
dc beam shape by multiplying the dc signal at each 
detector position by a constant factor which depends 
upon Q, the electron current density, and the over-all 
gain of detection system. This theoretical 
scattering out curve can now be plotted together with 
the scattering data. At each detector 
position, the difference between the amplitudes of the 


the a 
observed ac 


two curves represents the amount of scattering into the 
detector at that position from other portions of the d 
beam. 

An idealized situaticn is presented in Fig. 11. Curve 
A represents the dc beam intensity (not drawn to 
scale), as a function of detector position, y. We take 
y=0 at the left edge of the beam. Curve B represents 
the scattering out curve, which is proportional to curve 
A. Curve C represents the observed scattering signals. 
Curve D represents C—B, that is, the scattering in 
signal alone. We now wish to relate the scattering in 
signals, as represented in curve D, to the differential 
cross sections. 

If y’ is the lateral displacement of a scattered atom 
along the line of motion of the detector and p(y’)dy’ is 
the probability of an atom being scattered into the 
range dy’ at y’, then the total probability of an atom 
being scattered is given by 


density 


where 7, is the electron current a the path 


AND BEDERSON 


Fic. 11. An idealized set of curves representing A: dc beam 
shape, B: scattering out signal, C: observed scattering curve 
(including both scattering in and scattering out), D: the difference 
between B and C, representing the scattering in signal which is 
proportional to the differential cross section 


length of the atom beam through the scattering region, 
V the atom velocity, and e the electronic charge. The 
upper limit ymax is the 
scattering event in 


atom displacement for a 
which the electron is scattered 
through an angle x 

The relation between the probability that an atom 
is scattered into a range dy’ at y’ and the probability 
that the scattered electron is scattered into the range d@ 
at @ is 
2ra(@) sinédé7,a/Ve, 


p(y’)dy’ 


where we have assumed that all azimuthal electron 
scattering angles at a given @ correspond to the same 
atomic 
error whose maximum value 

2mv/MV, where mv and MV are the electronic and 
atomic momenta, respectively. This error amounts to 
a maximum of about 3% in the 


~ 
deflection y’. This assumption introduces an 


can be shown" to be 


cases of the 
present work. Using the same assumption, the relation 
between y’ and @ is 


worst 


ni 


UV 


where d is the distance between the scattering region 
and the detector. In obtaining Eq. (2) it is also assumed 
that the magnitudes of the electronic and atomic 
velocities are unchanged by the scattering event. The 
maximum error introduced by this assumption is also 
2mv/MV. Thus 


Curve D of Fig. 12 can be used in the following manner 
to obtain p(y’). The total number of atoms s(y)dy 
scattered per second into detector of width dy is 
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given by 


v 
s(y)dy= f T ae(x)dxp(y—x)dy, (4) 
0 


where x<y and curve D yields s(y) directly. The 
quantity J4o(x)dx is the total number of atoms arriving 
per second in the range dx at x. An iterative procedure 
could, in principle, now be used to extract values of 
p(y’). 

The chief difficulty in applying the above procedure 
arises from the necessity of an accurate knowledge of 
the ratio of the scattering out curve to the dc curve. 
Rather than make an absolute determination of this 
quantity, a somewhat simpler though less accurate 
method has been employed. It can be assumed that the 
scattering in signal at points somewhat to the left of 
the beam axis can be neglected. This is a reasonable 
assumption since the scattering in at any point is 
essentially proportional to the total amount of dc beam 
to the left of that point. This quantity is small for 
points near the left edge of the dc beam (y=0). Thus 
the ratio of curves C to A at a point close to y=0 is 
taken as the constant multiplying factor to obtain the 
scattering out curves from the dc durves. The quantity 
p(y’)dy’ is obtained by taking the difference C—B at 
y’ and dividing by the total area under curve A between 
0 and the point y’. This gives a value of p(y’) which is 
an average over the range 0 to y’. Equation (3) is now 
used to obtain a (6). 

An additional error in the procedure for obtaining 
o(@) arises from the small scattering signal to the left 
of the dc beam (see Figs. 7 and 8). This signal represents 
backward scattering, and is due to the action of the 
magnetic field in the scattering region. This field causes 
the electrons to follow helical trajectories. Electrons 
therefore strike the atom beam in a range of angles 
centering about 90° with respect to the atom beam 
axis, with the range depending upon the electron energy. 
Electrons which do not strike the beam at 90° will 
scatter some atoms to the left of center. The effect is 
particularly significant at low energies, since the devi- 
ation from 90° is determined by the ratio of the forward 
to the transverse components of the electron velocity. 
The transverse component is due to the thermal 
velocity spread, while the forward component is due to 
the applied voltage. Assuming a thermal spread of 
0.50 volt for a cathode at 1000°K, the maximum 
deviation from 90° of a 2-volt electron beam is about 
is°. 

The curves for ¢(@) obtained in the above manner 
for various electron energies are plotted in Fig. 12. In 
all except the 9-volt curve, the data plotted represent 
only elastic scattering. This is so because an inelastic 
scattering event transfers a momentum to the scattered 
atom which is never less than a minimum amount.‘ 
For energies less than 5 ev, the scattering angles 
corresponding to the minima are greater than the largest 
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Fic. 12. Differential cross sections «(@), as a function of the 
electron scattering angle @ for electron energies of 0.6, 1.0, 2.0, 
3.0, 5.0, and 9.0 volts 


angles studied. Figure 12 also includes some experi- 
mental points obtained by McMillen.“ The point 
marked with an arrow has been normalized to our 
curve. 

In the 9-volt case, ka~13, where k is the wave 
number and a the effective scattering radius of the 
potassium atom at nine volts. This curve is in surprising 
agreement with a hard sphere calculation for o(@) of 
Massey and Mohr'® for a ka of 20. It should be pointed 
out, however, that above 20°, the experimental data 
include some contribution due to inelastic scattering. 


(b) Exchange Data 


The exchange data are tabulated in terms of the 
ratio of the two polarization peaks, and from these 
ratios we wish to calculate the fraction of the scattering 
signal at a given ¥ which is due to exchange events. 
If the atom beam were 100% polarized, and there were 
no mechanism other than exchange that could cause a 
change in spin orientation of the atom, we could 
conclude that the appearance of the second polarization 
peak is entirely due to exchange events. However, the 
fact that the beam is not 100% polarized must be taken 
into account. Furthermore, we can only analyze data 
taken at points at which we are sure that the scattering 
is elastic, since for inelastic scattering spin-orbit 
coupling in the excited state can result in a change in 
spin orientation when the atom returns to its ground 
state. For this reason we exclude data taken at detector 
positions at which some of the scattering may be 
inelastic. 


“J H. McMillen, Phys. Rev. 46, 983 (1934). 
4 H.S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
Al4l1, 434 (1933) 
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A discussion of the method used to extract values of 
a.(9)/a(@) from the exchange data is given in Appendix 
I. It is shown there that this ratio is given by 


o.(0)/o(8)=2/[1+(R—f)/(A— Rf) ], 


where R(y) is the observed ratio of the two polarization 
peaks at the angle y and f is the fraction of the de 
beam that possesses the unwanted polarization. In 
Column IV of Table I, o.(@)/a0(@) has been tabulated 
for all the exchange data corresponding to elastic 
scattering. The value of f{ was taken to be 0.1. In 
Column V of Table I, we have listed the total scattering 
signal in arbitrary units, at each y at which exchange 
data were taken. Column VI, the product of Columns 
IV and V, gives the exchange signal at y in the same 
arbitrary units as Column V. Notice that the total 
signal varies more rapidly with angle than the exchange 
signal. This behavior can also be observed in the two 
curves shown in Fig. 10. Column VII of Table I gives 
an estimate, at each energy, of 


§ max 6max 
f CG, ao | f a(8)d8, 
6m Amin 


" 


where Omin ANd Ona are the smallest and largest angles 
at which exchange data were taken. In the low-energy 
region, this ratio is about 0.3 and appears to be insensi- 
tive to the energy. 

Lower and upper bounds on the ratio Q,/Q are 
tabulated in Columns VIII and IX of Table I, respec- 
tively. The lower bounds are obtained by assuming 
that less than 50% of all exchange events at a given 
energy were observed, due to the limited motion of the 
detector. Since (except in the 0.5-volt case) less than 
one third of the scattered atoms were collected, this 
assumption is equivalent to stating that o,(0)/o(@) will 
not decrease by more than two on the average at larger 
angles. The present data indicate that ¢,(@) is fairly 
insensitive to 6, while o(@) decreases, on the average, 
with 6, so that the assumption appears reasonable. The 
upper bounds are obtained by assuming that o,(@) is 
independent of 6. These bounds are correct provided 
a.(@) does not, on the average, increase with 6. There 
appear to be no theoretical reasons to expect such 
behavior. Column X lists the lower and upper bounds 
on (), in units of 10~ cm*, using Brode’s data for the 
absolute values of Q 

Our estimate of the total exchange signal at 0.5 volt 
is in reasonable agreement with those of Franken et al. 
We estimate the exchange cross section to be within 
the limits 0.8X10-" cm?<Q,<1.6X10-" cm?, while 
they obtain an upper limit 0,<3x10~-" cm*. The 
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agreement may be even better than it appears, since 
the Franken result is for thermal electrons, and it is 
probable that the total cross section in this case will 
be somewhat larger than at 0.5 volt. 
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APPENDIX I 


In order to obtain values of o.(@)/o(@), we must take 
into account the facts that the electron beam is unpolar- 
ized, and that the atom beam is not 100% polarized. 
Suppose the dc atom beam consists of two spin orien- 
tations which we shall call + and —. Let the atom 
current originally in the + state be A, and the atom 
current originally in the — state be B. The total atom 
current J may be written as /=A*t+B 

Let E(w) be the fraction of the total dc beam which 
is scattered into y per unit y with a change of spin 
state. Since the electron beam is unpolarized, we assume 
atoms will 
change spin orientation. Thus 2£ is the fraction of the 
dc beam which is exchange scattered. Let D(wW) be the 
corresponding fraction of the de beam which is scat- 
tered without a change of spin state, so that D+E 
represents the total fraction of the dc beam which is 
scattered at y. The ratio 2E/(D+E 
all scattering events 
Thus, 


that one-half of the exchange scattered 


is the fraction of 


at w due to exchange scattering. 


2E(v)/[LDiy)+ Ey a.(0)/o(6). (Al) 
Note that while D may contain an interference term 
between direct and exchange scattering amplitudes, E 
is proportional to the absolute value of the exchange 
scattering amplitude squared. 
The scattered atom current at y is given by 
I(¥) = D(At++ B-)+E(A~-+B*). 

The experimentally observed ratio R(w) of the + spin 
states to the — spin states in the scattered beam is 
therefore 


R(W) = (DAt*+ EB* tA~+ DB 


We now drop the superscripts, and define f= B/A, 


which is the fraction of the dc beam in the unwanted 
spin state. Using (Al), we obtain 


o.(0)/o(6)=2/(1+(R—f)/(1—Rf)]. (A2) 
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Detection of the Free Antineutrino* 


F. Retes,t C. L. Cowan, Jr.,f F. B. Harrison, A. D. McGuire, ann H. W. Kruse 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received July 27, 1959) 


The antineutrino absorption reaction »(j,8*)n was observed in two 200-liter water targets each placed 
between large liquid scintillation detectors and located near a powerful production fission reactor in an 
antineutrino flux of 1.2 10" cm™ sec”. The signal, a delayed-coincidence event consisting of the annihilation 
of the positron followed by the capture of the neutron in cadmium which was dissolved in the water target, 
was subjected to a variety of tests. These tests demonstrated that reactor-associated events occurred at 
the rate of 3.0 hr~ for both targets taken together, consistent with expectations; the first pulse of the pair 
was due to a positron; the second to a neutron; the signal dependended on the presence of protons in the 


target; and the signal was not due to neutrons or gamma rays from the reactor. 


INTRODUCTION 


HE importance of a direct verification of the 
Pauli-Fermi neutrino hypothesis' has long been 
recognized. The experiment reported in this paper 
was designed to show that the neutrino has an independ- 
ent existence, i.e., that it can be detected away from 
the site of its creation, by means of the effect it produces 
on a counter. In this work, carried out at the Savannah 
River Plant of the U. S. Atomic Energy Cormmission, 
we investigated the reaction? 


p+ p—Bt-+n, (1) 


which is the antineutrino-induced inversion of neutron 
decay. 

The detection scheme is shown schematically in 
Fig. 1. An antineutrino (%) from the fission products in 
a powerful production reactor is incident on a water 
target in which CdCl, has been dissolved. By reaction 
(1), the incident * produces a positron (6*) and a 
neutron (nm). The positron slows down and annihilates 
with an electron in a time short compared with the 
0.2-yusec resolving time characteristic of our system, 
and the resulting two 0.5-Mev annihilation gamma rays 
penetrate the target and are detected in prompt 
coincidence by the two large scintillation detectors 
placed on opposite sides of the target. The neutron is 
moderated by the water and then captured by cadmium 
in a time dependent on the cadmium concentration 
(in our experiments practically all neutrons are captured 
within 10 ysec of their production). The multiple 
~ * Work performed under the auspices of the U. S. Atomic 
Energy Commission. A preliminary account of the present work 
appeared in Science 124, 103 (1956). The antineutrino is generally 
understood to be associated with negative beta decay. 

t Now at the Department of Physics, Case Institute of Tech- 
nology, Cleveland, Ohio. 

t Now at the Department of Physics, Catholic University of 
America, Washington, D. C. 

1 W. Pauli, Jr., address to Group on Radioactivity of Tiibingen, 
December 4, 1930 (unpublished); E. Fermi, Z. Physik 88, 161 
(1934). A discussion of the historical development of the neutrino 
concept and some pictures of the apparatus used in the present 
experiment may be found in an article by F. Reines and C. L 
Cowan, Jr., Phys. Today 10, 12 (1957). 

? A first attempt to study this reaction was made at the Hanford 


Engineering Works in 1953; F. Reines and C. L. Cowan, Jr., 
Phys. Rev. 92, 830 (1953). 


cadmium-capture gammas are detected in prompt 
coincidence by the two scintillation detectors, yielding 
a characteristic delayed-coincidence count with the 
preceding 8* gammas. The experiment consisted in 
showing that: 


1. Reactor-associated delayed coincidences of the 
kind described above were observable at a rate con- 
sistent with that calculated from the # flux and the 
detector efficiency, on the basis of the two-component 
neutrino theory. 

2. The first prompt-coincidence pulse of the delayed- 
coincidence pair was due to positron-annihilation 
radiation. 

3. The second prompt-coincidence pulse of the 
delayed-coincidence pair was due to cadmium capture 
of a neutron. 

4. The signal was a function of the number of 
target protons. 

5. The reactor-associated signal was not caused by 
gamma rays or neutrons from the reactor. 


Throughout the experiment an effort was made to 
provide redundant checks of these severa! points. Since 
it may not be easy to repeat the experiment because of 
the elaborate equipment required, the results are given 
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Fic. 1. Schematic diagram of antineutrino experiment. 
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below in more than usual detail. In some instances 
checks which did not give definite positive results were 
included because it was believed to be important to 
show that such results were not inconsistent with those 
expected from antineutrino signals. 


EQUIPMENT 


A consideration of the cross section for reaction (1) 
averaged over the antineutrino spectrum 
(~10-* cm?) and the available # flux (~10" cm™~ 
sec!) made it apparent that large numbers of target 
protons would be required. These were provided by 
two plastic target tanks containing 200 liters of water 
each, shaped as slabs 7.6 cm deep and 132 cm by 183 cm 
in lateral dimensions. Each water tank was sandwiched 
between two of the three large liquid scintillation 
detectors (Fig. 2). The thickness of the water tanks 
was limited by the absorption of the 0.5-Mev positron- 
annihilation radiation produced in the antineutrino 
reaction. The array of tanks formed two “‘triads’’ 
with one detector tank in common. The 58-cm depth 
of the scintillation 
absorb the cadmium-capture gammas with the maxi- 
mum efficiency attainable in the space available for 
the system. Consideration of light-collection efficiency 
and the energy resolution required of the system 
resulted in the use of an extremely transparent liquid 
scintillation containing 3 grams/liter of 
terpheny! and 0.3 gram/liter of POPOP in highly 
purified triethylbenzenc 


fission 


detectors was chosen so as to 


solution 


| 
2 METERS 





Fic. 2. Sketch of detectors inside their lead shield. The detector 
tanks marked 1, 2, and 3 contained liquid scintillator solution 
which was viewed in each tank by 110 5-in. photomultiplier tubes 
The white tanks contained the water-cadmium chloride target, 
and in this picture are some 28 cm deep. These were later replaced 
by 7.5-cm deep polystyrene tanks, and detectors 1 and 2 were 
lowered correspondingly. A drip tank, not shown here, was later 
set underneath tank 3 in the event of a leak. Because of the weight 
it Was necessary to move the lead doors with a hydraulic system 


* Ronzio, Cowan, and Reines, Rev. Sci. Instr. 29, 146 (1958). 
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Fic. 3. (a). Schematic of ganging y« the 55 photomultiplier 
tubes at one end of a detector tank | tubes were connected in 
parallel across the high-voltag ignal, al ground busses. The 
200-ohm parasitic resistors s Voltage 
divider network photomultiplier tube 
d their gains were 


tilations hp 


used on Dum 
These tubes were selected for 
matched by using a standard sour osing an 


appropriate 


value for the gain balance resist 


and each tank 
had 110 5-in. Dumont 6364 photomultipliers 
each end) for of the light. 
The tubes were placed an average distance of about 


The tank walls were painted white, 
55 on 
collection scintillation 
28 cm behind a plastic window and were immersed in 
light-matching triethylbenzene which could be made 
to scintillate, if desired, by the addition of terphenyl 
and POPOP. Model indicated that the 
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non- 
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uniformity of light collection throughout the tank 
introduced a pulse-height spread of approximately 
+7%. Figure 2 shows a sketch of the detectors set into 
their lead shield. The lead side walls and floor were 
10.2 cm thick, the roof 20.3 cm thick, and the doors 
20.3 cm (toward the reactor) and 15.2 cm (away from 
the reactor). The 5400-liter capacity of the detectors 
required scintillation-liquid storage tanks and pumping 
facilities at the reactor site. Stainless steel pipes 
transferred the liquids some 75 meters from the outside 
storage tanks to the detector inside the reactor building. 
The detector was filled after emplacement in the shield. 
Figures 3(a) shows the electrical ganging yoke for 
the 55 photomultiplier tubes on one end of a detector 
tank. The tubes were checked individually prior to 
insertion in the tank. Noisy ones were rejected, and the 
gains were balanced by means of a resistor in the high 
voltage circuit at each tube shown in Fig. 3(b). The 
110 tubes of each tank were operated in parallel. 
Scintillation light in the detector was translated into 
electrical impulses by the photomultipliers on each 
tank, passed to preamplifiers, and then sent via coaxial 
cables to the remainder of the electronics located in a 
trailer van outside the building. Isolation from elecirical 
noise in the local power system was achieved by the 
use of a separate motor-generator set for all electronic 
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ANTINEUTRINO 161 
power. Figure 4 is a schematic diagram of the electronic 
system 

To illustrate how the system functioned, we trace 
through a typical antineutrino-induced event: Let an 
event occur in the top target (A), producing a positron 
and a neutron by reaction (1). The sequence is analyzed 
by the equipment as follows: First, two pulses from 
the positron annihilation arise on the signal lines of 
counters 1 and 2, are amplified by the top triad ampli- 
fiers 18 and 28, and are accepted by the “top ft 
coincidence unit’’ if in the proper energy gates (0.2 to 
0.6 Mev) and in time coincidence (<0.2 wsec apart). 
This unit informs the “top coincidence unit” that it 
has received a 8*-like pulse by sending a pulse which 
opens a gate in the » unit approximately 30 ysec long. 
The second pair of prompt-coincidence pulses from 1 
and 2 due to neutron-capture gamma rays is accepted 
by the neutron-coincidence unit if they have the 
correct energies (>0.2 Mev in each tank with a total 
from 3 to 11 Mev; the neutron bounds were also 
operated in some runs with 1.5 to 7 Mev required 
in each tank). If the second pulse occurs between 
0.75 and 30 ysec after the first, the neutron [unit 
announces the completion of the delayed-coincidence 
event by activating a scaler and triggering the sweeps 
of the recording oscilloscopes. 
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During this process of selection the signals from the 
tanks have been stored on delay lines for presentation 
on the oscilloscope when the signal meets the acceptance 
determination of the 
accidental delayed coincidence rate, the 8*- and n-like 


requirements. To facilitate 


prompt coincidences are recorded on separate scalers. 


Film records of each oscilloscope trace were made on 
35-mm linagraph ortho film. The camera-frame advance 


8* scope 
(a) 


nm scope 


nm scope 
(e) 


s* scope 


8* scope nm scope 
f) 2) 


l'ic. 5. Sample scope pictures. (a) and (b) are acceptable frames 
(possible } events); (c) shows a set of calibration traces; and (d) 
through (g) are not acceptable. (a) Event in top triad. Delay, 
2.5 psec. First pulse, 0.30 Mev in 1, 0.35 Mev in 2. Second pulse, 
5.8 Mev in 1, 3.3 Mev in 2. (b) Event in bottom triad. Delay, 
13.5 usec. First pulse, 0.25 Mev in 2, 0.30 Mev in 3. Second pulse, 
2.0 Mev in 2, 1.7 Mev in 3. (c) 0.5-ysec timing markers on traces 1 
and 2, 5-Mev (m scope) and 1-Mev (8 scope) calibration markers on 
trace 3. (d) Electrical noise, (e) Cosmic-ray event, “neutron triple.”’ 
(f{) Cosmic-ray event ‘‘positron triple.” (g) Event, possible due to 
cosmic rays. Rejected because of an extra pulse but otherwise accep 
table. Frames like this occurred more often than would be expected 
from chance coincidences, but not often enough so that their omis 
sion would affect the results appreciably. 
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was controlled by the scope trigger. Typical anti- 
neutrino-induced events are shown in Figs. 5(a) and 
5(b). Figures 5(c) frames, and 


Figs. 5(d) through 5(g) are examples of rejected frames. 


shows calibration 


CALIBRATION, SYSTEM CHECKS, AND 
OPERATING PROCEDURE 


The energy calibration of the system was obtained 
by means of the peaks in the energy spectrum resulting 
from the h the tanks of 
cosmic-ray u-mesons, ““meson-through peaks.’’ Figures 
6(a) and 6(b) show 
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TasBLe I. Summary of first series.* 


Run 
length 


Calculated 
accidental 
counts 


y flux® 
factor 


Net rate 
(hr™) 


Total 


Triad counts 


(a) Top 1.0: 114 
Bottom . i 95 
31.8 
39.7 
27.6 
35.3 
124.9 
157.2 


0.88+0.10 
0.75+0.10 
0.34+0.14 
0.06+0.13 
0.32+0.14 
0.04+0.14 
0.74+0.08 
0.55+0.08 


(b) Top 
Bottom 
(c) Top é 
Bottom 38 


(d) Top 1.07 - 320 
Bottom 1.07 3 302 


* Listings (a) and (b) are directly comparable. During (c) and (d) small 
changes were made in the operating conditions to reduce the background. 
See Appendix I. 


» The » flux factor is a number proportional to the » flux. 


in the vicinity of the through peak. By matching the 
pulse heights at which the through peaks were located 
with a precision pulser, energy bounds were set on 
discriminator circuits and film calibrations were made. 
The energy scales were set by multiplying the scintil- 
lator depth (~58 cm) by the rate of meson energy loss 
(1.6 Mev/cm) and allowing for a small (5%) increase 
in the peak position due to the fluctuation in energy 
loss and the angular distribution of the incident muons. 

Through peaks were run at regular intervals and the 
system was checked and aligned at weekly interva!s on 
the average. During the five-month period of the 
experiment a downward drift of a factor of 2 was noted 
in the gain of the detectors. The energy calibrations 
given by the through peaks are estimated to be accurate 
to within 10%, and these peaks were used to check the 
stability of the system during a particular run. The 
efficiency of the system for detecting positrons and 
neutrons was determined using positron and neutron 
sources. 


DEMONSTRATION OF REACTOR-ASSOCIATED 
SIGNAL 


The measurenents made to demonstrate the existence 
of a #-like signal and its dependence on reactor power, 
and hence on # flux, were made in two series. In the 
first series some of the parameters were being changed 
to optimize the operating conditions. The results of 
this series are shown in Table IL. The changes were not 
expected to alter the net counting rate greatly, and, 
indeed, the rate stays approximately constant through- 
out the series. Since we do not in this series attempt to 
establish absolute rates, the analysis of the data is 
greatly simplified. For example, in computing acciden- 
tal-background rates we overcorrect the data if we do 
not allow for that fraction of spurious accidental counts 
(e.g., the very occasional traces counting noise-hash) 
which have already been excluded by the process of 
film selection. Since the number of accidentals is slightly 
greater when the reactor is on we err on the side of 
reducing the reactor-associated correlated signal rate by 
overcorrecting the data for accidentals in this way. 
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Fic. 7. Time-delay spectrum first series. Curves show theoretical 
distribution for a=0.005 plus accidental background. Theoretical 
calculations are not considered reliable beyond 10 usec because 
statistical errors in Monte Carlo method increase with decreasing 
sample available in that range. 


For the first part of the series [(a) and (b) ] the total 
net rate (reactor on minus reactor off) was 1.23+-0.24 
hr-'. For the second part [(c) and (d) ] (during which 


‘small changes were being made) the net rate was 


0.93+-0.22. From these data we conclude that there was 
a reactor-associated signal. 

Figure 7 shows the distribution of time-delay intervals 
from these runs. Throughout this series, the cadmium 
concentration was a=0.005, where a is the cadmium- 
hydrogen atomic ratio in the solution. 

At the start of the second series a number of changes 
were made to increase the antineutrino signal and 
lower the background: 


1. The cadmium 
make a=0.010. 

2. The neutron-detection efficiency was increased by 
setting the lower bounds of the neutron gates to 0.2 
Mev with no upper limit requirements and by adding a 
“sum” coincidence system which requires the total 
neutron energy in each triad to lie between 3 and 
11 Mev. 

3. Additional lead was placed above the detector 
tanks, and the target tanks were surrounded by 
approximately 730 kg of paraffin. 

4. The delayed-coincidence gate was lengthened from 
15 to 30 usec to allow a better assessment of accidental 
background. 

5. The long upper gate was shortened to 60 ysec 
and was fixed to stay on for this time following not only 
a too-large pulse but also the end of an overdriven 
“bustle.” See Appendix I. 


concentration was increased to 


The data from series 2 and part of series 3 are given 
in the histograms of Fig. 8, which show the time-delay 
distribution for each triad with reactor on and reactor 
off. Table II summarizes the data for this series. 
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Fic. 8. (a) Top triad, series 2 and 3b. Time-delay distribution 
a=0.010, HeO+Cd. For reactor on: @ flux factor, 1.13; counts 
from 0.75 to 7 wsec, 919; from 11 to 25 usec, 427. For reactor off 
counts from 0.75 to 7 usec, 27; from 11 to 25 usec, 40. (b) Bottom 
triad, series 2 and 3b. Time-delay distribution: a=0.010, H.O 
+Cd. For reactor on: @ flux factor, 1.12; counts from 0.75 to 
7 usec, 815; from 11 to 25 usec, 398. For reactor off: counts from 
0.75 to 7 usec, 119; from 11 to 15 psec, 145 


For a=0.01, over 95% of the neutrons have been 
captured by 11 ysec.* The counts in the time-delay 
interval from 11 to 25 usec were taken to be accidental. 
In this series, the interval from 
ed as signals, and the accidental! 
rate was derived from the counts in the interval from 
11 to 25 usec, multiplied by the correction factor 6.25/14. 

Subtraction of the reactor-independent time-corre- 
lated background 


only the counts in 


0.75 to / usec were coun 


flux factor=0) from the net counting 


* Reines, Cowan, Ha I irter \ Instr. 2 
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rates (flux factor 1.12) gives 1.69+0.17 hr 
for the top-triad signal rate and 1.24+0.12 hr~ for the 
bottom triad. The ratio of to accidental back- 
ground is about 4:1, and the ratio of signal to reactor- 
independent correlated background 1. The 
cidental background 
is less than 0.05 hr 1.e., less than 1/25 of the 
differer distances from the 
reactor to the two target tanks, the i 
expected to be about 10% 

After correction for this fact 


signal 


is about 5 
reactor-associated increase of the 
signal. 
Because of the 
counting rate is 
the upper triad 
io of the rates is 
1.24+0.17, a value not ince stent with unity 
EXPECTED COUNTING RATE 


Although it was not the purpose of this experiment 
to make a precise determination of the #-interaction 


tant to establish 


with 


cross section,® it nevertheless mpo! 


that the counting rates observed were consistent 


the expected cross section. For tl purpose it is neces 


sary to know the efficie neutrons and 


positrons were detected 


Neutron Detection Efficiency 


An allempt was made to determine the neutron 
detection efficiency by studying th 
apparatus to a source 
the neutrons from this source differed 


ways from the neutrons produced 


response of the 
Unfortunately, 
in two essential 


Pu-Be neutro1 


in our reaction: 


1) The 
ranging 


Pu- Be 


about 


neutrons are of higher energy, 


up to 11 Mev;® neutrons from our 
reaction’ are of the order of 10 kev 


2) The 


p-associated neutrons are 


Pu-Be source point source, whereas the 
through 


out the target volume 


The second of tl ( iitiere eliminated in 
part by placing 1 urce in several positions on top 
of the 4 


simple, precise 


target tank 


Lhe response No 


appro » take account ol 


the differing spectr 


First the relative 
measured for various 


50+0.02 
16+-0.07 
146+0.02 1.66+0.08 


) 50+-0.04 0.42+0.09 
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target, as indicated in Fig. 9. Then a measurement 
was made of the detection efficiency for a centrally 
placed source. The neutron source was placed on top 


of target tank B, and the rates measured on the bottom : 


n scaler (Fig. 4). 

Counting rates were measured for pulses satisfying 
the coincidence condition that 2” and 3n separately 
be >0.1 Mev, and the sum (2n+3n) between 3 and 11 
Mev. The measurements consisted of scaler readings 
obtained with and without cadmium in the water target. 
Table III shows the results. 

Since the source strength was 3100 sec~', the acciden 
tal background rates were negligible. With no cadmium, 
a part of the counting rate was due to neutrons which 
would have been captured in the cadmium, a part to 
those which would not, and a part to gamma rays from 
the source. Only part of the counting rate without 
cadmium should therefore be subtracted as back- 
ground. The similarity of the figures in the last two 
columns of Table ITI makes us believe that this source 
of error is unimportant. 

The average efficiency of the detector relative to a 
central source was calculated from these data in two 
ways: first, the positions were weighted according to 
the symmetry they represent, e.g., position 5 was 
given weight 4; and second, all positions were given 
equal weight (thus weighting areas near the center 
more heavily). For unequally weighted points the 
average efficiency was 0.60; equal weighting gave 0.64 
The closeness of these results gives confidence in the 
value 0.60. 


Neutron-Detection Efficiency for the 
Central Position 


In the Be*(a,n)C” reaction, the C” is left in an 
excited state and about one-third of the time returns to 
the ground state with the emission of a 4.5-Mev gamma 
ray. The detection efficiency for neutrons produced by 
the Pu-Be source in the central position (on top of 
tank B) was measured by determining in what fraction 
of cases a 4.5-Mev gamma pulse in tank 2 was followed 
by a neutron pulse in tanks 2 and 3. The bottom 8 
coincidence unit (see Fig. 4) was used as a discriminator 


rasre III. Relative response vs neutron-source position 


Response relative to 
position | 

Net/net for 

position 1 


1.00 
0.50 
0.22 
0.47 
O81 
0.46 
041 
0.91 
321 0.95 


Gross/ gross { 
position | 


1.00 
0.49 
0.25 
0.47 
0.85 
0.49 
0.43 
0.89 
0.97 


irce removed is 6 counts /se« 


ION OF rRI 


E 


750" 
+F 


, , 
Fic. 9. Various source soem TT Ls 


positions on top of the ler 
water target [a 
| 


ae 


for the gamma-ray pulses. Neutrons were detected in 
the usual way with the “bottom » coincidence, delay 
coincidence” unit. The first-pulse rate was, in fact, due 
not only to the 4.5-Mev gammas from the excited 
carbon level but also to neutron-capture gamma rays 
and background gamma rays not associated with the 
source. The first-pulse rate with the source and without 
cadmium in the target water was 329 sec; with 
cadmium in the target water the rate was 390 sec”. 
Without cadmium or the neutron source the first-pulse 
rate was 10 sec’. Since cadmium made such a small 
change, the counts due to neutron capture in the ion 
of the tanks in the vicinity of the source were neglected, 
and the number used for the first-pulse rate due to the 
4.5-Mev gamma directly from the neutron source was 
319 sec. 

With a gate length of 11.5 usec, the counting rate 
was measured to be 43.0 sec~! for pulses satisfying the 
coincidence condition that 2m and 3n separately be 
>0.1 Mev, and the sum (2n+3n) between 0.92 and 
11 Mev. Correcting this number for the fraction, 0.56, 
of these capture pulses with a sum >3 Mev (as deter- 
mined by pulse-height analysis of the capture-gamma 
spectrum) and allowing for the fact that only 0.93 as 
many neutrons are captured‘ in 0.75 to 7 wsec, we find 
the efficiency for the centrally placed Pu-Be source to be 


100 0.56 K 43.0 0.93/319= 7.0%. 


Since only one-half of the neutrons were headed 
towards the target tank, the true detection efficiency 
for the Pu-Be source was 14%. This is a lower limit 
for the detection efficiency of #-produced neutrons both 
because of the difference in the neutron-energy spec- 
trum, and because we used an upper limit for the 
gamma-ray counting rate. 

The detection efficiency appropriate to #-produced 
neutrons will now be estimated in an a priori manner 
and the result compared with the lower limit of 149% 
given above. The efficiency « 
product of three terms 


can be written as a 


(2) 


where €; is the probability a neutron will not leak out of 
the water target, €: is the probability that the neutron 
will be captured by the cadmium in the time during 
which the system is sensitive, and ¢; is the probability 
that the gamma rays resulting from neutron capture 
will satisfy the coincidence requirements. 

The mean free path for 10-kev neutrons in the target 
is 0.75 cm. Assume that all neutrons produced within 
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0.75 cm of the target edge are captured with 70% 
efficiency, and those produced in the central 6.1 cm 
are captured with 100% efficiency. This gives the value 
for €,=0.94. 

From Monte Carlo calculations‘ and a measurement 
of the time-delay distribution with a neutron source, 
the neutron-capture efficiency in the gate time of 0.75 
to 7 usec is €.== 0.86. 

To estimate ¢,; which is the least certain of all, 
consider the gamma rays from neutron capture in 
cadmium. The average multiplicity’ is 4. If we require 
>0.2 Mev on each side, with the sum between 3 and 
11 Mev, then at least one gamma ray must be detected 
by each detector. The probability of this (assuming no 
angular correlation of the gammas or self-absorption by 
the target) is 0.87, which is an overestimate. Even if 
the gamma rays were directed so as to make possible 
a coincidence, this does not ensure neutron detection 
because of the chance that the total energy loss suffered 
by the gammas in the detectors may be <3 Mev. It 
appears from the experiment with the Pu-Be source 
that only 0.56 of these gamma rays, with a total energy 
>0.92 Mev, satisfy the energy criteria (neglecting the 
change in side gates from 0.1 to 0.2 Mev). Hence 

€;=0.87X0.56=0.49, 
and finally 

e,/ =0.94X0.860.49=0.40, 

to be compared with the experimental lower limit of 
0.14. Combining this number with the 0.60 relative 
figure for the efficiency averaged over the target tank 
area, we obtain as a rough estimate for the over-all 
detection efficiency of the system for #-produced 
neutrons 

€,=0.40X0.60= 0.24. 


It seems reasonable to state the efficiency as 
én" 0.17+0.06, 


where 0.06 represents a guess as to the uncertainty of €,. 


Positron-Detection Efficiency 


The positron-detection efficiency was determined by 
dissolving a known amount of 8+ emitter, Cu, in the 


24 26 2 30 32 3 
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Fic. 10. Comparison of Cu“ and Na® 8* sources. 


*C. O. Muehlhause, Phys. Rev. 79, 277 (1950). 
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Fic. 11. Positron-detection efficiency 
vs lower-gate setting in 


and accidental background 
8 coincidence unit. 


water targets and measuring the counting rate of 
prompt coincidences in the pair of detectors next to 
each target. Because of the negligibly short range of 
the Cu® positrons as compared with the more energetic 
8+ from the # reaction, the detection efficiency for 
y-produced positrons was 0.9 times that for Cu® 
positrons (see Appendix III). 

The calibration consisted of two parts: the measure- 
ment of the response to the Cu™ source and the deter- 
mination of the source strength by comparison with a 
Na” standard.® The 8* emitter with which we compared 
the Cu™ sources” was a standard stock solution of 
Na™ as Na”Cl provided by B. J. Dropesky of Los 
Alamos. Our standard had a specific activity of 1550 
+75 disintegrations per second per gram of solution 
when used. Comparisons were made of the Cu™ and 
Na” source strengths by placing the samples in a 
standard geometry near a 1}-in.-diameter, }-in. thick 
Nal crystal viewed by a 2-in. (Dumont 6292) photo- 
multiplier. 

The intercomparison consisted in making a pulse- 
height analysis of the annihilation radiation from 1.023 g 
sec) and 1.44 g 
of solution containing Cu™ as Cu™NQOs. 
the 


associated backgrounds were subtracted. The estimated 


of Na” source solution (1580+80 8 
Figure 10 


shows two spectra obtained after nonsource- 


®* The characteristics of these sources and references to the 


criginal literature may be found in the compendium by Strominger, 
Hollander, and Seaborg, Revs. Modern Phys. 30, 585 (1958 

%” These Cu™ sources were prepared by irradiation in the neutron 
flux of the Savannah River Laboratory test reactor. We wish to 
thank Dr. G. Dessauer and his staff for their cooperation in the 
use of this facility 
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source-associated backgrounds are also shown on the 
figure; the small tail on the high-energy side of the 
Na” curve is probably due to the Na™ gamma activity. 
After background subtraction, the ratio of counts was 
found to be 1.07, giving an initial specific activity for 
the Cu®™ solution of 1170 8+/g-sec. Then 6.47 g of 
solution was put in tank A (7600 8*/sec) and 6.90 g of 
solution in tank B (8100 8*/sec). By the time the 
triads were measured, the sources had decayed to 
1930 8*/sec (A) and 1960 8*/sec (B). The response of 
the system to $*-annihilation radiation seen in coin- 
cidence was measured as a function of the lower-gate 
setting on the coincidence units. Figure 11 shows the 
detection efficiencies of the two triads given by the 
scaler readings and a knowledge of the 8*-decay rates. 
The upper gates were kept fixed at 0.6 Mev and the 
lower gates were moved keeping the two energies equal. 
The accidental backgrounds were determined by 
inserting a 0.27-usec delay in the signals from one 
detector of a pair. Energy gates chosen for the # runs 
with a view to reducing accidental backgrounds were 
0.2 to 0.6 Mev and corresponded to a $*-detection 
efficiency of 17% for Cu® positrons with an uncertainty 
less than +10%. If allowance is made for ieakage of 
8* associated with j-induced events, this figure is 
reduced to 154+2%. 


Cross Section 


Using our experimental numbers, we are now in a 
position to calculate the cross section for the reaction 
p(,8+)n induced by antineutrinos from fission frag- 
ments. As pointed out above, our object is only to 
check whether the cross section which we deduce from 
our experiment is consistent with expectations. The 
cross section, ¢, is calculated from the equation 


R 
enienandl 
3000F N €n€g 


where R=1.5+0.1 hr“, the average signal rate per 
triad, €,=0.17+0.06, ¢,=0.15+0.02, V=1.1X 10", the 
number of hydrogen nuclei in each target tank, and 
F=1.2X10" cm™ sec, the average # flux at the 


TaBLe IV. Lead absorption experiment 


Counts 
from 
7-25 
wsec 


Counts 

Pb Run from 

» flux thickness length 0.75-7 
factor (cm) (hr) usec 


1.00 0 
1.00 0.16 
1.02 0.48 
1.04 0.95 


0 0 
0.95 


Signal + Accidental 
bkd. rate bkd 
(hr~) (hr~*) 


2.1340.07 04940.02 
1.2940.10 0.35+0.03 
0.96+0.13 0.2940.04 
0.48+0.04 0.23+0.02 


0.9340.09 0.50+0.04 
0.32+0.07 0.29+0.04 


383.5 815 542 
118.4 153 118 
54.1 52 45 
311.5 151 207 


128.0 119 185 
59.9 19 50 
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TABLE V. Signa! rates for lead absorption experiment. 


Pb thickness Signal 
cm) (hr™) 


0 1.24+0.12 
0.16 0.62+0,14 
0.48 0.40+0.16 
0.95 0.04+0.07 


detector."' Therefore 
1.5+-0.1 


o= ; = —— mannii 
3600 1.2 10" 1.1 10°°(0.17+0.06)(0.15+0.02) 


, 
o = (1.2_6.47°-7)K 10-" cm’. 


This value is in agreement with the theoretically 
expected value” of (1.0+0.17) 10-* cm’. 


EVIDENCE THAT THE FIRST PULSE WAS 
DUE TO A POSITRON 


An experiment was done to determine whether the 
first pulse of the delayed-coincidence pair was due to 
8*-annihilation radiation. It consisted of putting various 
thicknesses of lead sheet between target tank B and 
detector 2 and observing the diminution of the reactor- 


' associated signal. The results are shown in Table IV. 


The accidental background rates in the 0.75- to 7-yusec 
channel (column 7) were calculated by multiplying 
the rates in the 7- to 25-usec channel by 6.25/18. 

In order to calculate the reactor-associated signal 
rates for each thickness of lead, we need values for the 
total backgrounds. For the case with the best statistics 
(no lead) the accidental background is, within a few 
percent, independent of reactor power. On this basis 
we estimate the total background, including correlated 
events, by multiplying the accidental rates for each 
thickness of lead by the ratio observed with no lead: 
(total background rate)/(accidental rate)=0.93/0.49 
= 1.90. The errors are statistical and take no account of 
the uncertainty in the method of estimating the 
background. This, together with an allowance for the 
small differences in ¢ flux, gives the results of Table V. 
The statistically poorer datum (19 counts) from the 
run with 0.95 cm of lead with the reactor off was 
disregarded in the analysis. 

The reduction in over-all detection efficiency with 
increasing thickness of lead is due primarily to the 
attenuation of the 8*-annihilation radiation and to a 
lesser extent to the at\enuation of the gamma rays 
associated with neutron capture in cadmium. In order 
to determine the first factor, a mockup experiment was 
performed. This experiment consisted in measuring 
the response of a Nal crystal placed above the middle 


" The 7 flux at the detector is calculated from a knowledge of 
the reactor power, the energy per fission, the number of ¥ per 
fission (6.1), and the distance from the center of the reactor to 
the proton target. 

% Carter, Reines, Wagner, and Wyman, Phys. Rev. 113, 208 
(1959). 
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\bsorption experiments with sources 


Relative » signal 


Predicted Observed 


1.00 
0.40 
0.12 
0.02 


1.00 

0.50+0.13 
0.32+0.14 
0.03+0.06 


containing a dissolved Cu®™ source) as 
thickness « 
between tank and detector. The arrangement is shown 
in Fig. 12. 
Table 
The 
] 


crystal 


water tank 
a function of the 


ola 
if lead sheet interposed 


Results of this measurement are shown in 


\ I, columr 2 


difference in the energy resolution of a Nal 
tank makes un- 
certainty in the interpretation of these results in terms 
of the large detector. However, the insensitivity of the 


mockup ratios to tne 


and a large detector for an 


lower energy bound settings 
to be O- The 
in accord with what might be 
expected for the transmission of 0.5-Mev gamma rays 
isotropically incident sheet of the listed 
thickness 

The respons 


indicates this ul Linty less than +205 


tabulated ratios are 
on lead 


of the 
placed at the top center of the water-CdCl, target is 
shown in Table VI, column 3, as a function of lead 
thickness. The for 0.16 cm of lead 


measured, so a calculated number has been inserted in 


lower triad to a neutron source 


hgure was not 


parentheses. The calculations were made assuming at 
in each detector, with a multi- 
per neutron The 
and measured values agreement 
for the other thicknesses of lead. 

The factor by which the detection efficiency may 


least one gamma ray 


plicity of three gammas capture. 


? 1 ° 
calculated were In 


be h xpe ( ted to de 


in columns 2 and 


reduced is the product of the numbers 
3, and is given in column 4. Column 5 
gives the observed ratio, taken directly from Table \ 

The last two columns agree as well as might be expected 


n view of the tainties enumerated above. 


uncer 


These results support the conclusion that the first 


pulse of the de laved coincidence pair is due to #*- 


annihilation radiation, and may be used to rule out 
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Pulse-Height Spectrum 


Ihe pulse-height spectrum of first pulses of 
p-like events was examined to if it was 
with the 


radiation 


consistent 


xpected from 


spectrum to be annihilation 
from each detector were listed 
measured on the 
shown in Table VII 


This spectrum is plotted in Fig. 13(a). The time delay 


The pulses 
separately, the pulse height being 
film. The results of the analy iS are 
distribution of the events from which this spectrum was 
derived was characteristic of n capture 

For comparison purposes, Fig. 13(b) shows two 
spectra, one from a Cu™ source, the other of background 
(Table VII, columns 3, 5 Che ideal background 
spectrum should fall monotonically from 0.2 to 0.6 Mev, 
being cut off sharply at the 

The actual pulse 


noise on the 


two ends of the interval. 
distribution is smeared because of 
; make 


traces. To a direct comparison 


possible, the Cu® film and 
measured in the 
The spectrum of Fig. 13(a) re 


8* source more closely than 


pulses were recorded on 
same way as for the other spectra. 
embles that from the 

background 
shown in Fig. 13(b). This may be taken as evidence 


that the first pulses were due t yn annihilation. 


EVIDENCE THAT THE SECOND PULSE WAS 
DUE TO A NEUTRON 


Evidence that the second puises ol p-like events 


were due to neutrons is provided primarily by the shape 


of the time-delay spectrum and the effect on this 


spectrum of varying the cadmium concentration. Three 


spectra for first pul 
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lic. 13. (a) Pulse-height spectrum, first pulses of 9-like events 


b) Background and 8* source spectra for comparison purposes 


separate runs 
atomic ratios of a 


were made, with cadmium-hydrogen 
0.005, 0.010, and 0. 
The time-delay spectra for a=0.005 and a= 0.010 are 
shown in Fig. 14, in which the data in Figs. 7 and 8 
are replotted, with the vertical scales adjusted to 
make comparison easier. The theoretical curves for 
neutron capture‘ are shown in the same figure, shifted 
vertically by the amount of the calculated accidental 
background. The time-delay distributions are in 
satisfactory agreement with the theoretical curves and 
the increase in cadmium concentration is seen to have 
caused a definite shift of the experimental distribution 
towards shorter capture times, as required. 

In the case a=0 (top triad, no cadmium in target) for 
118.4 hr of running with the reactor at the same power 


-_ 


le @* 0.005 (mGHT SCALE) _ 


& «0.010 (LEFT SCALE) js 


COUNTS / wSEC 


‘ 


, ? 
*\e “a ai\* aa 
| : | i : L L._..J@ 
6 6wwoes 6 8 20 22 24 26 
TIME DELAY ( @SEC) 


lic. 14. Time-delay distributions of signal plus background for 

two different cadmium concentrations. The curves are theoretical‘ 

neutron) distributions plus the calculated random background of 
50 counts per channel for a=0.005 and 0.010 


as for the a 


0.75 to 7 


0.010 case, the number of events from 
and the number from 7 to 27 


psec was 57 
usec was 170. 

The net number in the 0.75 to 7-usec time interval, 
after subtracting the appropriate fraction (6.25/18) of 
the counts in the 7 to 25-usec range, was —2+8.7 or 
a net rate of —0.024-0.07 hr~'. This value is consistent 
with a purely random or accidental background and is 
to be compared with the corresponding figure for the 
a=0.01 case: 1.92+0.09 hr 


Pulse-Height Spectrum 


The pulse-height spectrum of the second pulses of 
j-like events was examined to see if it was consistent 
with the spectrum to be expected from neutron capture 
cadmium. The method of analysis was the same as 
for the first-pulse spectrum, except that the pulse 
heights in the two detectors were added, and the same 
runs were used. The results are given in Table VIII. 


TABLE VIII. Pulse-height spectra for second pulses 


Reactor on 

11-26 Net 

psec signal 
43 38+8 
123 156+15 
75 177415 
70 15it14 
70 163414 
70 179+15 
55 128+12 
66 119412 
50 89+11 
49 6249 
53 3228 
45 14+6 
24 5+4 
34 0+4 
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React 7 f Reactor 
Net associated 
rate signal 


0.9424 42414 
14.945.2 904 28 
11.744.5 125425 
7+4.0 126423 
1+3.6 135+21 
3+3.8 153423 
5+3.0 107418 
5.543.2 93418 
143.4 63419 
2.8+2.9 50+ 16 
2.2 23413 
1.941.8 23+10 
3.242.6 10+13 
1.242.2 7+11 
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Fic. 15. Pulse-height spectrum for second pulses of ?-like events 


The pulse-height spectrum from column 9 is shown in 
Fig. 15, together with a background spectrum from 
column 3. In spite of the poor statistics, the signal 
spectrum can be seen to be different from the back- 
ground spectrum: it appears to peak at around 5 Mev 
and has an end-point near 9 Mev. This supports the 
hypothesis that these pulses are due to neutron capture 
in cadmium, which reieases a total energy of 9.1 Mev 
in gamma rays. 


DEPENDENCE OF SIGNAL ON THE PRESENCE 
OF TARGET PROTONS 


In order to see whether the signal rate was propor- 
tional to the number of target protons, an experiment 
was performed in which 0.47 of the target protons 
were replaced by deuterons. The cross section for 
p(d,2n)8* relative to #(p,m)8* for fission-spectrum 
antineutrinos™ is about 1/15. Since two neutrons are 
produced in the first reaction, the signal rate would be 
expected to be decreased by a factor 


0.53+[ (2/15) X0.47 ]=0.59. 


Target tank A used, with the Cd/H+D) 
atomic ratio a’=0.010. Since the number of electrons 
in the target remained essentially constant, all efficiences 
associated with gamma-ray transmission were un- 
changed. The neutron-moderation properties of the 
medium were different, which resulted in a change in 
the capture time and also altered the leakage of neutrons 
out of the target, and hence the capture efficiency. 
A calculation‘ shows that the same fraction of neutrons 
is expected to be captured in the interval from 0.75 to 
10 wsec in the hydrogen-deuterium mixture as in 0.75 
to 7 usec in the hydrogen target. 

A measurement made of the 
neutron source in position 5 (Fig. 9). The method was 


was 


vas 


response to a 


3 C, L. Cowan, Jr., and F. Reines, Phys. Rev. 107, 1609 (1957) 
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that described in the section on neutron-detection 
efficiency, except that an electronic time-delay analyzer 
was used instead of oscilloscope records. The neutron- 
source counts for the hydrogen-deuterium target were 
measured in the 0.75 to 10-usec interval, those for 
the hydrogen target in 0.75 to 7-usec. The relative 
detection efficiency for (47+ D)/H was found to be 0.9. 
In addition, an estimate was made of the relative 
neutron leakage expected for the two targets (see the 
section on neutron-detection efficiency). The neutron 
mean free path was increased to 1.24 cm for the mixed 
target, with the calculated result that the neutron- 
detection efficiency was expected to drop by the factor 
0.9, in agreement with the source measurement. 

The running time was 477.3 hr with the reactor on 
and a @ flux factor of 1.20, and 59.9 hr with the reactor 
off. Figure 16 shows the observed time-delay distribu- 
tions for these runs. There were 684 counts (reactor on) 
and 51 counts (reactor off) in the 0.75- to 10-ysec 
interval, giving a net reactor-associated rate of 0.58 
+0.13 hr-. 

This figure is to the rate measured 
with a hydrogen target and a=0.010, given in Table II. 
The counting rate for the bottom triad was raised 10% 
to take account of its greater distance from the reactor 
and averaged with the rate for the top triad, giving a 
rate of 1.5+0.02 hr with a mean # flux factor of 1.14. 
The expected counting rate of the hydrogen-deuterium 
target is 


to be compare 


0.59 (1.20/1.14) K0.9&X (1.5+0.2 


0.84+0.11 hr-“, 


and the ratio of the observed to the expected rate is 
0.69+0.19. 

Although the precision of the result leaves something 
to be desired, it has been shown that the reactor signal 
does depend on the presence of protons in the target. 
It is to be noted that the detection efficiency for 
background events slightly altered by the 
replacement of target protons by deuterons. 


is only 


aa — - > 7 
+ + + + + + 
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Fic. 16. Time-delay distribution for D,O-dilution experiment 
For reactor on: P flux factor, 1.20; counts from 0.75 to 10 usec, 
684; from 15 to 25 wsec, 387. For reactor off: counts from 0 to 10 


psec, 51; 15 to 25 usec, 38 
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This experiment also indicates that there is no 
marked contribution to the reactor-associated signal 
from # events which took place in the hydrogenous 
scintillator liquid of the detectors or in the plastic 
target. Contributions from events in the detectors are 
not expected to be important because of the decreased 
probability both of positron and neutron detection in 
such events. Contributions from events in the plastic 
target tank would be expected to amount to less than 
13% or } the ratio of plastic thickness to target 
thickness. 


ARGUMENTS AGAINST NEUTRONS AS THE CAUSE 
OF THE REACTOR-ASSOCIATED SIGNAL 


It was possible for fast neutrons from the reactor to 
cause a delayed coincidence having many of the 
characteristics which we ascribe to an antineutrino 
event. This can be imagined to happen as follows: A 
fast neutron makes a collision with a proton in one of 
the detector tanks and causes a pulse, the neutron 
then passes through the water target, collides in the 
other detector of the triad and makes a pulse in time 
coincidence with the first (i.e., within 0.2 usec, the 
resolving time of the system), and then diffuses back 
to the water target, where it is captured by the dissolved 
cadmium. The sequence pictured is not very probable 
and experiments with fast-neutron sources (Pu—Be, 
Am—Be) external to the H,O target show that the 
primary effect of such a source is to increase the 
accidental background. Less than one-half of the 
delayed coincidences due to the source have the time 
distribution characteristic of neutrons. 

Since the reactor-associated rise in the accidental 
background is not more than 1/25 of the reactor- 
correlated signal, we conclude that not more than this 
fraction of the signal is due to neutrons from the 
reactor. This argument has to take account of the 
difference in the spectrum from the reactor as compared 
to that from the neutron sources since higher energy 
neutrons would be more effective in producing the kind 
of delayed coincidence described above. However, the 
mean energy characteristic of the fission process is 
2 Mev," as compared with that from the neutron 
source of about 4.5 Mev,® and the effect of the massive 
shield between the reactor and the detector is to 
decrease the mean energy of the neutrons which 
penetrate it. 

This argument is presented in addition to the more 
direct total-absorption measurement described in the 
next section. The heavy-water-dilution experiment also 
bears on this question because in it the reactor-associ- 
ated signal dropped greatly although the neutron- 
detection efficiency was essentially unchanged, ruling 
out reactor neutrons. Finally, the lead-absorption 


“ Cranberg, Frye, Nereson, and Rosen, Phys. Rev. 103, 662 
(1956). 
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Fic. 17. Time-delay distribution for sawdust-shielding experi- 


ment. For reactor on: } flux factor, 1.21, counts from 0.75 to 
7 psec, 293; from 11 to 26 sec, 123. Total run time, 127.7 hr. 


experiment proves that the signal could not have been 


_produced by neutrons since they would not have been 


appreciably degraded in passing through a 0.95-cm 
lead sheet. The predicted decrease in signal would have 
been given by column 3 rather than column 4 of Table 
VI, in disagreement with the observations. 


TOTAL-ABSORPTION TEST OF REACTOR- 
ASSOCIATED SIGNAL 


The only known particles other than antineutrinos 
which are capable of being produced by the fission 
process and a secondary reaction external to the 
detector are gamma rays, electrons, protons, and 
neutrons. A direct test of the reactor-associated signal 
is to measure how it is affected by neutron and gamma- 
ray shield. Protons and electrons are automatically 
excluded as the source of the signal if these more 
penetrating radiations can be ruled out. If the signal is 
due to antineutrinos, it will, of course, not be affected by 
the shield. An experiment was done in which the 
correlated delayed coincidence rate was measured with 
and without a shield of 76 cm of wet sawdust in bags 
(density 0.52 g/cm*).'* The signal with the shield was 
measured with the top triad to be 1.86+0.13 hr-', or 
1.74+0.12 hr“ after adjusting it for the difference in 
fluxes for identical runs without the shield. This 
number is to be compared with 1:69+0.17 hr~ for the 
runs with no shield. Figure 17 hows the time-delay 
distribution curve for this experiment. 

The detector was surrounded by a lead shield (Fig. 2) 
and located between two massive concrete walls several 
feet thick. The roof of the detector chamber was also 
a heavy shield of concrete and water; the floor was 
based on the ground. This left two openings which were 
much less well shielded from the reactor, i.e., the front 
and back of the detector. Our sawdust shield was placed 
in front and back, overlapping by a few feet the edges of 
the heavy shielding already there. The sawdust shield 
was 2.5 mean free paths (mfp) thick in the shortest 
dimension for 10-Mev neutrons and some 50 mfp 

* With shield total run time, 127.7 hr; # flux factor, 1.21. 


Without shield (top triad only): total run time, 417.9 hr; flux 
factor, 1.13. See Table II 
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thick for thermal neutrons. For gamma rays it was 
more than 1.5 mfp for energies below 10 Mev and more 
than 3 mfp for energies below 2 Mev. It should therefore 
have reduced fast neutrons from the reactor by at least 
a factor of 10 and gamma rays by a factor of 5 or more. 

The effectiveness of the shield was checked by means 
of an Am—Be neutron source placed in a standard 
position outside the lead shield door. The singles rate 
of the detector response to the neutron source was 
measured in the energy range from 0.1 to 0.5 Mev with 
and without the sawdust shield. Counts in this range 
are due to neutron recoils and capture gamma rays. 
The shield reduced the count rate in this energy range 
by two orders of magnitude. The lack of appreciable 
change in the counting rate after installation of the 
sawdust shield is evidence that the signal was not due 
to neutrons or gamma rays produced outside the 
detector. 


CONCLUSIONS 


We have in these experiments demonstrated in a 
somewhat redundant manner the presence of a reactor- 
associated signal of the expected magnitude and with 
the detailed characteristics of the reaction p(#,8*)n. 
Tests were made of the signal to show that the first 
pulse of the characteristic delayed-coincidence event 
was due to positron annihilation and the second pulse 
to neutron capture in the cadmium of the water target. 
[t was also demonstrated that the signal depended on 
the presence of the target protons in the sense that the 
signal could be diminished by eliminating some of the 
7 targets. A final test of the signal was made by means 
of a classical total-absorption experiment in which 
reactor-associated particles other than antineutrinos 
were ruled out 
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APPENDIX I. DETAILS OF BACKGROUNDS 
Double Compton Scattering 


It is interesting to note that the accidental back- 
grounds in the prompt coincidence gates, Vg and V,, 
were in large part due to double Compton scattering of 
gamma rays, once in each detector. For example, in 
one run (with filled target tank A in position) the single 
counting rates in the 8 gates were: 18, 1030 sec 
28, 530 sec~'. The calculated rate of accidental coin- 
cidences is 2(18)(28)r=2.2 se 0.2 psec 
Va rate ' The 
Vs and NV, rates rose by a factor 2.0 and 1.5, respec- 


where + 
is the resolving time. The was 5.9 sec 
tively, when the target tank was removed, indicating 
an increased correlation be 
this case. 


ween the two detec tors in 


Long Upper Gate 


The characteristics of our amplifiers were such that an 
overloaded pulse had a “‘bustle’’ about 10% of the 
maximum pulse height, and with a length dependent 
on the degree of overload; the bustle length was about 
10 ysec for each factor of 10 overload. At the end of 
this bustle were small pulses capable of tripping the 
discriminators. A “long upper gate,” which paralyzed 
the circuit for a specified time following a large pulse, 
was designed to eliminated false coincidences due to 
small pulses riding on the tails of large pulses (due to 
cosmic rays or electrical noise). The long upper gate 
was at first 28 usec long. It was lengthened to 100 yse 
for part of the first series. During the second series it 
was fixed to stay on until 60 wsec after the pulse had 
returned to the baseline. This reduced both the dead 
time of the system due to the long upper gate, and 
the number of unacceptable films due to pulses riding 
on bustles. 


Cosmic-Ray Background 


Cosmic-ray particles that through the 
detectors in a way that made a coincidence in most 
cases gave pulses close to 100 Mev [ Fig. 6(b) ]. Relativ- 
istic particles passing through the “nonscintillating’’ 
liquid between the photomultiplier faces and the 
plastic window, or through the photomultipliers, made 
pulses by the Cerenkov effect and the residua! scintilla- 
tion properties of these media. These pulses might fall 


passed 


in the “neutron” or “positron” energy gates and thus 


cause a false coincidence. To reduce the number of 


such events, before run 28 the triethylbenzene 
tank 2 
replaced with one-half strength scintillating solution 


pure 
medium behind the plastic windows of was 
It was hoped that pulses which fell in the or 8* energy 
gates in tank 1 or 3 would now be much too big in 2, 
and hence be rejected. These cosmic ray events could 
sometimes be recognized by the appearance of coincident 
pulses in all three detector tanks this 


sort [Fig. 5(e), 5(f)] were rejected. Of course, those 


Pictures of 
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which missed the third tank could not be recognized in 
this way. Since the V, and Ng rates included these 
cosmic-ray events, there was a small overcorrection for 
accidental background, both with the reactor on and off. 
Since the Ng and NV, rates were slightly higher with the 
reactor on than off, the overcorrection was not exactly 
compensated in the on-off subtraction. 


APPENDIX II. NEUTRON ENERGIES EXPECTED 
FROM ¥ REACTION 


The detailed neutron spectrum can be derived from 
the two-component neutrino theory and the # spectrum. 
However, for our purposes we only require limits on 
the expected spectrum to be able to establish a semi- 
quantitative guide for the interpretation of our results. 
It is clear from momentum-balance considerations 
that the large mass of the product neutron relative to 
that of the product 8* will result in only a small 
fraction of the available energy going to the neutron. 

From the energy-momentum conservation laws, the 
maximum energy, E£,, a product neutron can attain 
for a given » energy, &,, is given by the approximate 
expression 


E,= (m/2M){ E,+-[(£,-Q)?— 17, (4) 


where m/M is the ratio of electron to neutron mass and 
(Q(=2.52) is the threshold energy for the reaction 
excluding the 8* rest energy. All energies are in units of 
the electron rest energy and we have neglected £,/£,. 

The neutron produced by an average 3, i.e., with an 
energy about 3 Mev, has an upper limit for energy of 
12 kev. Further consideration of the conservation 
equation shows that the minimum energy a product 
neutron can acquire is 1.9 kev; even at threshold the 
conservation of momentum requires the neutron to 
carry off some momentum and hence energy. 


APPENDIX Ill. EXPECTED $+ SPECTRUM AND 
8+ LEAKAGE FROM TARGET 


In order to estimate the effect on #*-detection 
efficiency of 8* leakage from the target, we must first 
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hic 18 Predicted 
kinetic-energy spectrum 
of positrons generated 
in the reaction p(),8*)n 


° . 38 2. See 
POSITRON KINETIC ENERGY (MEV) 


know the energy spectrum, n(£,). This is deduced 
from the # spectrum, .V(£,), inferred from the fission- 
fragment 8~ spectrum,” n(/,s), and the cross section, 
o(E,), for reaction (1): 

o(E,)= A(E,—Q)L(E, 


V(E,) = BE n(Eg)/o( Es) |, 


V)y?—1)), (5) 


where 
is = | om on 3.52 


The unit of energy is the electron rest energy, Eg is the 
8* kinetic energy, F, is the # energy, and A and B 
are normalization factors with values that do not 
concern us here. The neutron kinetic energy has been 
neglected. Figure 18 shows the predicted positron 
spectrum. An upper limit for the effect of positron 
leakage for the target can be obtained by assuming that 
all positrons that leave the target are not detected. 
Computing the leakage for the average B+ (2 Mev, 


range of 1.5 cm) with an isotropic angular dependence 
generated uniformly throughout an infinite slab 7.6 cm 
thick, we find it to be 0.09. This figure represents a 


gross overcorrection to the #*-detection efficiency 
because those 8* which leave the target can still be 
detected, though with a slightly smaller efficiency. 
Further, neutrons generated near the target surface are 
more likely to leak out than those originating near the 
center, so that 8* generated near the slab surface are 
not favored in contributing to a # event. Leakage from 
an infinite slab probably lowers the #*-detection 
efficiency by less than a few percent. Edge leakage 
from the actual target tanks has a negligible (<1% 
effect on the efficiency. 
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Harmonic Oscillator Wave Functions in Nuclear Spectroscopy*t 
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Pairing energy calculations are generally carried out assuming the nucleon wave functions are those of an 
harmonic oscillator. The two-body interaction is assumed to be some function of #:, 72 and r;—r». Since the 
coordinates appear only in the form r;—r2, it is convenient to write the two-body wave function in terms of 
the relative coordinate, r=r;—r2, and the center-of-mass coordinate, 2R =r, +12. The eigenfunction in the 
new coordinates can be determined by noting that if the two particles are in the same oscillator level, then 
¥(r1,r2), which is an eigenfunction of H,+Hz2, is also an eigenfunction of H, alone. Transforming H, to 
relative and center-of-mass coordinates implies that the operator p- P+mékr-R (where m is the mass of the 
particle and & is the spring constant of the oscillator) must give zero when operating on the wave function. 
This condition plus certain requirements arising from the radial form of the oscillator eigenfunctions is suffi 
cient to determine the wave function in the new coordinate system. 





INTRODUCTION authors* have dealt with the problem of calculating 


these expansion (or Talmi) coefficients. Generally the 
procedure for finding them depends on tedious algebra 
and, moreover, is based on the assumption that the 
nuclear wave function commutes with the two-body 
interaction. 

In this note we give an operator which allows one to 
write down explicitly the form of the two-body wave 
function in terms of r and R provided both nucleons are 
in the same oscillator level. Once this is done one can 
calculate the Talmi coefficients and, further, can easily 
treat the case that the two-body interaction has a 
velocity-dependent part. 


PECTROSCOPIC calculations are generally carried 

out by expanding the two-body interaction in 
terms of Legendre polynomials.' The angular integra- 
tions are then easily performed and the remaining radial 
integrals can be done either analytically or numerically, 
depending on their complexity. In nuclear physics a 
reasonable approximation to the wave functions in- 
volved is provided by the harmonic oscillator potential. 
Talm? has pointed out that for this potential the two- 
particle wave function $(1)x(t2) can be written as a 
finite sum of products of oscillator wave functions of the 
form ¥(r)¥(R), where r is the relative coordinate, 
r=r,— fo, and R is the center-of-mass coordinate, of the 
two particles, 2R=1r,+ 1. Since the two-body inter- 
action isa function of (r;— rz), writing the wave function 
in terms of r and R circumvents the need for expanding 
the potential in terms of its Slater integrals. In fact, Ht; 
since ¥(r) is a polynomial in r multiplied by an angular 


THEORY 


If we write the oscillator Hamiltonian for a single 
particle as 
(p:?/2m)+4kr?’, (1) 


then a solution corresponding to energy E= (h?k/m)! 


factor (which integrates out) one sees that the calcula- x (2y+/+) is given by 


tion of nuclear pairing energies becomes the problem of 
calculating 


“ce 


moments” of the two-body interaction 


weighted by appropriate expansion coefficients. Several 


2!"+2(21+- 2+ 1)! a2 9/248 


W=Xail(ri) V1" (61,01), (2) 


where the normalized form of the radial wave function is 


n (—1)*2*2!(21+-1)!!(ar;? 


Xnt(r1) exp(—ar,’/2)r;! > 


win ![ (21+-1)!! }? k=0 k!(m—k)!(214+-2k+1)!! 
with a= (mk/h?)! and Y ,"(@1,@;) the usual spherical harmonic. Our notation is such that the lowest state of any / 
is denoted with n=0, namely (0/). Also (2/+1)!!=1X3X5&X---X (2/+-1). 

Using Eq. (2) one easily writes down the eigenfunction for two particles moving in the same oscillator potential 
and coupling their spins to a resultant J, with zs component M. If one of the particles has quantum numbers 2, / 


* Work performed under the auspices of the U. S. Atomic Energy Commission 

t An abstract of this work was originally reported at the 1959 Annual Meeting of the American Physical Society [Bull 
Soc. 4, 49 (1959) ]. 

¢t Now at the Argonne National Laboratory, Lemont, Illinois. 

' See for example E. U. Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge University Press, London, 1951) 

21. Talmi, Helv. Phys. Acta 25, 185 (1952) 

3 E. H. Kronheimer, Phys. Rev. 90, 1003 (1953): G. E 
River (unpublished); W. W 
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1954); J. M. Kennedy, Chalk 
1956/57); K. W. Ford and E. J. 


Tauber and T. Y. Wu, Phys. Rev. 94, 1307 
True, Princeton (unpublished); R. Thieberger, Nuclear Phys. 2, 533 
Konopinski, Nuclear Phys. 9, 218 (1958/59) 
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HARMONIC OSCILLATOR WAVE FUNCTIONS 


and the other nl’, then in 7-7 coupling the wave function is 
’ Dae pling 


Vo =Xarlri)Xarr(re)  Cyy(IM’; mm’) yy(1) yy (2), (4) 


mm’ 


where C;j-(JM’; mm’) is the Clebsch-Gordan coefficient which insures that j and j’ couple to J and Y, denotes a 
space-spin eigenfunction in which the orbital angular momentum / and spin angular momentum } are compounded 
to give j. In the absence of two-body forces, the energy of the state ¥,™’ does not depend on J and is given by 


E= (h?k/m)*(2n+ 2n'+1+1'+3). (5) 


Since we wish to write the spatial part of the wave function in terms of r and R, it is convenient to work in the 
L-S coupling scheme. In this representation yy’ given by Eq. (4) becomes 


Wo’ =Xailri)Xwv (re) yt & Crs(JM’'; MM,)V p™X5™, (6) 


L8s MM, 


where X5™* is the spin eigenfunction of the two particles, S taking on the values 0 or 1, Y,™ is the orbital angular 
momentum eigengunction obtained from combining / and /’, namely, 


Y,¥*¥= } Ciww(LM ; mm’)Y (1) ¥ (2). (7) 


mm’ 


Here L=J, J+1, and yz, which are (97) symbols,‘ are the 7-7 to LS transformation coefficients, and have the 


values® 


(—1)#7-- 20 (J4+1)— j(j+1)—7'(7/4+ D1) 


v= | 1+——- 


C+ +(- 1) +9)] 
7 ee ee ee 


(y(J+1)}" 


vas'= (— 1) ———— 


(214+-1)(2l'+-1) 


0 
—w¢'s 


, 


(—1)*-7’-! eee) 


(—1)> i’ 


The first equation holds for all j, 7’, /, and /’. The same 
is true of the second except that when j=/—4 and 
j’=l'—} the equation must be multiplied by minus one. 
On the other hand, the last two equations, aside from 
the phase factors both inside and outside the radical 
sign, hold only for j=/+4, j’=/’+4. To obtain the 
analogous equations when j=/—4 (j’=/’—}), one re- 
places 1 by — (/+-1) [7’ by — (/’+1)] in each of the four 
factors in the numerator of the expressions. 
The problem now is to express 


Oi =Xnilri)Xarv (2) ¥r™ (1,2) 
in terms of the relative coordinate 
r=fr,—f2 (9) 
and the center-of-mass coordinate 
’ R=}3(r4+1). 
*See for example A. R. Edmonds, Angular Momentum in 
Quantum Mechanics (Princeton University Press, Princeton, 
1957). 
5G. Racah, Physica 16, 651 (1950); M. H. L. Pryce, Proc 


Phys. Soc. (London) A65, 773 (1952); Arima, Horie, and Tanabe, 
Progr. Theoret. Phys. (Kyoto) 11, 143 (1954). 


(10) 


2(21-+1)(2N'-+1)(J-+1)(2I-+1) 
HV (44+ I+2)(I-UV 4) (- soe vee 
2(21+-1) (2 +1)J (27 +1) i 


To do this we first note that if Eqs. (9) and (10) define 
our new coordinate system, then the canonical momenta 
conjugate to these are given by 


p= > (Pi-— Po), 
P= Pit Po. 


(11) 
(12) 


Using Eqs. (9), (10), (11), and (12), we see that the 
total Hamiltonian of the two particles, H=H,+2H,; is 
again separable into the sum of two harmonic oscillators. 
Further we have the restriction that the eigenfunction 
represents a state whose energy is given by Eq. (5). 
Thus if (m,,/,) refer to the quantum numbers associated 
with the relative motion and (m»,/2) those for the center 
of mass, it follows that 

2n+ 2n' +141! = 2nyt+ 2neth tle. (13) 


For simplicity we shall abbreviate the combination 


Rnyth(r) Rnaie(R) > Ciyh( LM ; mym2) V y™(6) ¥4™*(O) 


mim? 


={UnjiUnejiw. (14) 
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in mind that in the radial wave 
function Rn,!;(r) for the relative motion, the a occurring 
in Eq. (3) has to be replaced by a/2; for Rn2i2(R), a has 
to be replaced by 2a. In the 
o.™ may then be written as 


It has to be borne 


new coordinate system 


o,™ > a(nl 


finals 


1; Mole) { UnyyUnale) M- (15) 


rhe summation is restricted by Eq. (13). 

We now have to determine the expansion coefficients 
a(myl;; mol). Let us consider two-particle wave functions 
which arise when both particles are in the same oscil- 
lator level (i.e., when both particles have the same 
energy although not necessarily the same radial and 
angular quantum numbers). This wave function must be 
antisymmetric to the exchange of the two particles. 
From this it follows that for isotopic spin one and spin 
zero as well as for 7=0, S=1, @,™ 
even values of /,; (and hence /.). In the case T=1, S=1 
or T=0, S=0, only odd /; and /, occur. Further, the 
space reflection rz — —r, multiplies the wave function 
by (—1)". Since under this transformation r— 2R so 
R:— r/2, it follows that 


can contain only 


a(myly; Nolo) = (— 1)" a(mole; nil,), (16) 


L;+1 
+1 61 
r 


Ey {U nyhUnele) | Ml 


- 1)its 


KW Labels; 1L) 3 Cur 


where the W’s are the Racah coefficients. By use of the form of the radia 


40 (by+1) (2-1) PC 


GOEPPER MAYET!I 
the factor (— 1)” arising from the interchange of /, and 
1, in the Clebsch-Gordan coefficient. 

An important restriction on the expansion coefficients 
in Eq. (15) is obtained by observing that @,™, an 
eigenfunction of H,+A2, is also an eigenfunction of 7, 
alone, and has energy £ 
this, let us transform 7 
coordinates. 


To see the implication of 
to relative and center-of-mass 


P f } pP 
+kR 


491 2m 


H,=}3 +hkr-R. 17) 


However, expressed in the new coordinate system the 
wave function is an eigenfunction of the term in brackets 
and has eigenvalue E/2. Hence the 
terms when operating on the 


zero. This implies 


m\'p-P 
2 ) ( : ber R )o 
h*k 2m 


where the multiplicative factor 
later convenience. The effect of this operator on a 
typical term in the wave function is easily calculated by 
the standard Racah techniques® and gives 


0 l. 
OR R 


sum of the last two 
function must be 


has been introduced for 


144(L,0; OO)Cike(L,0; 00 


LM ; M,M2)¥1.""(0) V 12 


M2((@)). 19) 
Mi M3: 
ftunctior 


| wave , Eq. (3), together with 


the appropriate modification of a discussed previously, and the simple form of the Clebsch-Gordan coefficient 


when all the m’s are zero,® this equation becomes 


Ey {Uni Unele} rw = (— 14 
+ [291 (2lo+ 2m2+3) }Y{Uny—1 
XW (, dit 
+ [ (21;+2n,+3) ( 
XW (h, #1, le, le—1; 


» y+1Une, le 1}, 
1, L)+ (2[ta (+1) {Un tt, 


9[ (me (2d) 4+ 2m, +3) EU ny, 44+ 1Ung-1, ott} cM 

+1Une, le+1} 1 w E(t 1) (4 | 
1, Lo, fo 15; 1, L)+ (20a (me+1) YU ny -1 
21.4 payee 


i+ iu nov! 
v Yile(hi + 1 
1Une—1 


+[ (21; +2n,+1)( 2l.+ 2net+ 3) KU ni, y—1Une, loti} 7 uw LAs +1) 
WW (hi, 4-1, be, be 1; 1, L)+ (2 (+1) (224+ 2n2+1) }! 
K {Uny41, h-1Une, e-1) 1 u+[2(me+1) (21; +2n,+1) }! 


X{Un 


Although the Racah coefficients involved in this equa- 
tion have a simple form,’ 
them out explicitly since many tables of these functions 
exist.* 


we have chosen not to write 


®G. Racah, Phys. Rev. 62, 438 (1942) 

7 See for example Biedenharn, Blatt, and Rose, 
Phys. 24, 249 (1952) 

* See for example K. M. Howell, University of Southampton, 
Research Report US 58-1, June, 1958 (unpublished); Rotenberg, 
Bivins, Metropolis, and Wooten, Tables of the 3-7 and 6-7 Coefi 
cients (Technology Press, Cambridge, 1960 


Revs. Modern 


y—1Une+1 


lo—1}z vu hile PW (1, b; 
Thus we see that the operator E, leads to an inter- 
relationship between the various coefficients appearing 
in the expansion of the wave function. However, the 
wave function is determined uniquely by this operator 
only under very special circumstances. One may easily 
see this by Consider the 
(Of) and (1p) states are 
degenerate. In this case there is only one way to con- 
with L 


taking a specific example. 
oscillator shell in which the 


struct a state 5 or 6, namely from the (Of)? 
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configuration, hence E, gives these states uniquely 
(aside from a phase factor). On the other hand the state 
with L=4 can be derived from either the configuration 
(Of)? or (Of,1p). Since the Ey, operator arises from 
considerations which are independent of the angular 
momenta originally making up the state, it is obvious 
that alone it cannot differentiate between these two 
states. One vould, of course, look at the operator 
L;°+L,?, which gives more detailed information about 
the structure of the state. However, a moment’s reflec- 
tion shows that when this is transformed to relative and 
center-of-mass coordinates and allowed to operate on a 
typical term in @,™ it can change /; to /;+2, 0 and /, to 
l.+2, 0, giving a total of nine terms as compared to four 
arising from the £, operator. However, it is possible, 
and much simpler, to sort out the ambiguities involved 
by considering the form of the radial part of the 
oscillator wave functions. We shall therefore treat the 
various possible: configurations separately, giving addi- - 
tional interrelationships between the expansion coeffi- 
cients which will be sufficient to determine the wave 
functions uniquely. 


ol)? CONFIGURATION 


One can supplement the interrelationships between 
the various a’s of Eq. (15) by considering the radial form 
of the oscillator wave functions, Eq. (3). For the case in 
which both particles have the same / and no radial 
nodes, the radial part of the eigenfunction before the 
transformation of coordinates is proportional to 
r,'r.' exp(—ar,?/2) exp(—ar;*/2). In the new coordinate 
system a typical term in the expansion of the wave 
function must, therefore, have a radial dependence of 
the form 

exp(—ar’/4) exp(—aR*) ¥ b, rR’, (21 


at 


where s+/= 21. This immediately provides us with some 
additional restrictions on the expansion coefficients of 
Eq. (15). For example, if @:™ is to represent a state 
with = 4 compounded from the configuration (0/)?, it 
will contain a term of the form 


{aRjo(r) Ro(R) T bRoo(r)Ry4(R)} 


x i Cou (4M ; mm) Vo"(0) V4" (@). (22) 


mm 


rhe braces contain terms in R*, rR‘, and R*. Equation 
(21) tells us that the coefficient of R‘ must be zero. This 
determines the ratio a/b. We can, of course, have more 
complicated cases in which the brace contains more than 
two terms. However, even in these cases Eq. (21) is 
sufficient to determine the relationship between the 
coefficients. These relationships are given in Table I and 
together with the £, operator and normalization pro- 
vide a complete description, aside from a phase factor, 
of the state in question. 

For many two-body interactions the phases of the 
various components of the wave function, Eq. (6), are 
unimportant for diagonal matrix elements (the tensor 
interaction of course provides an exception to this rule). 
However, the phases are of consequence when off- 
diagonal matrix elements of the two-body interaction 
are calculated. Although the operators we have con- 
structed do not give the phases involved, they are easily 
obtained as follows. 

Let us consider singlet spin eigenfunctions which are 
multiplied by wave functions of isotopic spin one. In 
this case ¢,™, before the transformation of coordinates, 
is given by 


) 1+2,,(2145)/2 
o,™ | ew —alry?+r.?)/2 re! & Cul LM; mm’) V 7" (0,)¥ 7 (62). (23) 
wi(2/+1)!! r 


The limit r; > r, implies that r— 0, R- r,=1,, O— 0 
harmonics of the same coordinates can be written as® 


2l+1 


Y,°Y "= € 71/ 


a. rs 
IxMi [44(2L,+1 


Qi tg (2h+3)/2 


mre 


4;, ® —> d2=¢). If we use the fact that two spherical 


L,0; OOIC rif L; VM: mm')V 1 1 M . 


2l+1 


lim @,; “| - - Je ~aR?*) R®! CLO: 00)V ,4(@) 
— w'(21+-1)!! 


As a function of r and R, this limit is the term R?! in the 


L-2l 
o( 0,0: ; 
) 


[49(2L+1) }! 


expression 


ope. LV oO) ¥ .4(O 


This not only gives the phase of the wave function, (— 1)'*”/?, but also provides an algebraic check since it gives the 
numerical value of one of the coefficients in the wave function. 


’ See for example J. M. Blatt and V. F. Weisskopf, Theoretical N 


uclear Physics (John Wiley and Sons, New York, 1952). 
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Tase I. The expansion coefficients of the wave function, Eq. (15), are limited by the radial form of the oscillator wave functions 
These restrictions are listed for several given oscillator levels 


Term in expansion Configuration Restrictions arising from form of oscillator wave functions 


aRit,;Roly } bRoiy, Rite (OlY , bin 
¢ 


| 2a+3 
aR, Roet+bRiy Rite [ 2(2/,+5)}? (2/,+3)(21,4+5 
+cRoy R22 —— a; c= 
| Qe+3 | (2l2+-3)(2le+5 
{0l, 1(/—2)) [ (2h, +3) (21,4+5) a+[2 (21, +3) (2le+3) }o+[ , ] 
aR3i,Roint+bR2, Rite (oly .3(21,4+7)} 3(21,4+5)(21,+-7) 2M -+7)1(Qe+1)!1! 78 
+R its R2iet+dRoi, R32 —_——  }|a;c= - a 
| 2124-3 (2l2+3)(2l2+5) 2h5+1)!!(2l24+-7)!! 
(Ol, 1(/—2)) [3(2h+5)(2h+7) Pa+2L (2s +5)(2le+3) Pb+[ (2le+3) (22 +5) }e=0 


eal Soa. | 
. ; @ h 











3(21,+1)!! 


(21,+1)!!(2/2+1)!! 


(21, 4+3)!1(2l2+5) 11} (2lg+7)!! 
+| ———_—_———_ | e+ 


3(2l2+1)!! 
{0l, 2(1—4)} or 
{1(/—2)}? IT=0 


aR4i,Roigt+bR3, Rite (oly 214,+9}8 6(21,+7)(214,+9) 
b=—2 a; = 


+¢R2ai;R2te+dR it, R32 
+eRon Rls 





21.43 
(21, 4+-9)!!(2de+1)1! 
d=—2 


(2l2+3) (21, 


-_-— —- a; 

(20; +3)!!(2l2+7)!! 

(Ol, 1(/—2)} IT = [ (20: +3) (2h: +5) oo +[6 (20, +3) (22 +7) d+ [6 (2le+7) (22 +9) e=0 
ITT = [3(2l, 4-5) (20;-+7) b+ 2[2 (2/, +5) (2l2+5) Po+[3(2le+5)(2le+7) Pd =0 
IV =[6(2/,+9) (2, +7) a+[6(2l,; +7) (2l2+3) PO+[ (2le+3)(2e+5) o=0 


(Ol; 2(1—4)) or [2(2le+5) 11 +[ 20, +3 PI =0 
(1(—2)}? [ (2la+3) PUI +[2 (21, +5) }1V =0 


{1(/—2), 2(/—4)) [ (2la+3) (2l2-+5) JIT +[2 (21; +3) (2le4 


ARs; Roi +bR41, Rite (oly 5(21,4+11)}* 10(21,+9 
+¢R3i,R2i2+dR2i,R3ie b= —| ——_———-|a; c= 


+eRit;R4igt+ fROM4KR5i2 2ls+3 (21.+3)( 


[mises 1)!!} 

z=) -—__ - a; e 

(25, 4+11)!!(2lg+1)!!}8 

=e ns ene a 

(2, +1)!11(2h.4+11)!!_ 

V =[10(2/,+9) (2d, +11) }ha+ 2[2 (21, +-9) (2/2+3) }464 
VI = (2 (2d, +7) (2: +9) +2 (2s, +7) (le +5) e+[ (ls 
VII = [ (22,-+5) (214-7) Jeet+-2[ (2h, 4-5) (224-7) Jed +-[2(2l24+7 
VIII = [ (2d; +3) (2,45) d+ 2[2 (22; +3) (2/249) Jee + [10 (2/24 

{Ol, 2(1—4)} or [ (244+7) }V+((2i2+3) #VI=0 

{1(1—2)}? [(2,4+5) }VI+[ (2/2+5) VI =0 

[ (2,+3) PVII+[ (2/.+7) VIII =0 

{1(/—2), 2(1—4)) [ (21 +5) (2s +7) PV +2E (2h: +5) (2l2+3) PVIFL[ (2le+3) (2e+5) VII =0 
[ (2h: +3) (2d, +5) PVI+ 2 (2/:+3)(2le+5) PVII+[ (21, 2l2+7) PVIII=0 


2 1—4)}? (2,47)! }8 (22; +5)!!(212+3) 9 
mono Pitas edie BY) 
(Ai+1)!! (2d,+1)!! 


* (21,-+3) (22+5)!! 4 2, +7)! 
Pe femndhdes testes VIII=0 
(2i2+1)!! (2le+1)!!_ 
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Only odd values of L occur in the ¢,” multiplying the triplet spin eigenfunction. One cannot immediately go to 
the limit r,=72, since the wave function always contains a term ~rV,"(@). In this case it is convenient to expand 


r,'Y ,"(0;) ina Taylor series about the point re, 42, ¢2 so that 
ry! V ™(0;)~re! Vy" (02) + (t1— 82) + (97 Vy) ro +4 (73—72)e(fi— re) (VV Vo”) 2 
2 
at 


dnl 3 
= 92! V y"(02)—rr2'"(21+1) ——| Y (—1)™"Cn(l—1, M; m—m,) V y™ (0) ¥ -1™ (62) 
3(2l—1) J mia 
4nl(1—1)(2/—1)(214+-1)7! 
+r%7,!- Ek sae . Dd C2, 1-2(lm; mym2) V2 (0) ¥ -2™ (02), 
30 mime? 


(26) 


where we have made use of the fact that the m,th component of r,;— r, may be written as a function of the relative 
coordinates only and is proportional to r,™. Although they are unnecessary at present, we have also retained 
terms of order r? since we shall need them when we consider two particles in states with different angular mo- 
mentum. The first term in Eq. (26), of course, gives no contribution when substituted into Eq. (23) since it is 
impossible to combine Y ;"(62) Y ;”’ (62) to total angular momentum L, when L is odd. The second term, however, 


does not vanish so that 


1(21+-1)(21—1) 
lim@,*¥ — cai+n)| 
rire 3 


yielding a phase (—1)*@4*4+», 
il)? CONFIGURATION 


When both wave functions making up ¢;™ have the 
same/and one radial node it follows that the polynomial, 
Eq. (21), occurring in a typical term must have 


W<stt<sa+4. 


For terms similar to Eq. (22), this imposes certain 
restrictions on the expansion coefficients. These are 
listed in Table I under the heading (1,/—2)?. The 
reason for the change in notation from the text is that 
we have written in this table all the possible configura- 
tions arising from a particular oscillator shell. Since the 
ratios of the coefficients do not explicitly depend on /, 
the same formulas hold independently of the angular 
momenta of the original states making up the wave 
function. 

Equations (25) and (27), which determine the phase 
of the wave function, are merely multiplied by 


—( ——) 
ound Rena ' 
2 21+-3 


which gives both phase and numerical value of one 
coefficient. 

There is an additional simple relationship between the 
expansion coefficients for the (1/)? configuration which 
may be seen as follows. One can construct the wave 
function @,™ for (1/)? from a knowledge of the ,” 
arising from (0/)? by merely multiplying the latter 


4 
——_—— Je 1, (10; 00)W (1, 1-1, L, L; 1,2) 


XR!) SF Cit( LM; mm.) V™" (0) ¥ 19), 


mime 


(27) 


quantity by 


+37 dar? 
Cae 
2 243 


2ar,? ) 

2l+-3 
On transforming to relative and center-of-mass coordi- 
nates, we find 


+3 2a 4a? 
.™{(11)?} = | 1 ———-(2R*+ }r*) +__— 
+3 


(214-3)? 
* [(R?+4r?)?+ (r-R)*] }o™{ (01)*}. (28) 


2 


The (r-R)* term is the only one which operates on the 
angular part of @,”{(0l)?} and this leads to the rule 
that if any term in @,”{(1/)*} has an angular depend- 
ence that conservation of energy forbids in the wave 
function ¢,“{ (0l)*}, then that term must be multiplied 
by a polynomial, Eq. (21), of degree 


s+1=2/-+-4. 


For example, the (Od)* configuration coupling to spin 
L=4 has a term 


Roo(r) Rog(R) YoY 4, 


whereas the (1d)? configuration coupling to the same 
spin contains a term 


[aRy2(r) Rog R)+bRoe(r) Rig(R) | 
x > Cu (4M ; mm’) V "VY 4”, 
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The latter term arises from (r-R)? operating on the 
original wave function and hence the interrelationship 
between a and 6 must be the same as for a state with no 
radial nodes. 

Finally the state @, { (1/)?} must be orthogonal to the 
state @1{ (0, /+2)"} 


an additional relationship between the expansion coeffi- 


This requirement provides either 
cients or can serve as an algebraic check. 


2l)* CONFIGURATION 


Again in this case the fact that the polynomial, Eq. 
(21), multiplying a typical term in the wave function is 
limited to be of degree 

W<st+t<2l+8, 
provides certain interrelationships between the ex- 
pansion coefficients which are given in Table I. 

The “‘phase equations,”’ 

merely multiplied by 


Eqs. (25) and (27), are 


taR? ta’? R! 

2]4-3 —— 
(28) leads to the rule that any 
term in @,™{(2/)*} that has an angular dependence 
that cannot by conservation of energy occur in the 
wave function @,™{(1/)*} must arise from the factor 


(r-R)'¢,{ (01)?} and hence the function of r and R 
multiplying it must obey the same requirements as if a 


21+-3) (214-5 


The analog of Eq 


nodeless wave function were being constructed. For 


example in (2d)? coupling to L 
6 in the term 


4, the coefficients a and 


[aR y4(r)Roe( R) + bR 4\7 Rig( R) } 


x > Cus(4M; mm’) VY,” 


mm 


3S C 


mr 


where fn; and gq’ may be obtained immediately from Eq. (3) and the 


antisymmetric wave functions, respectively. 


Let us first consider the symmetric wave function. For L even, we may proceed directly 


obtain for the {0/, 1(/—2)} configuration 


im ¢,™ 
bere 


'!t 4or(2L+1) 


r(21—3 


which gives the phase (—1)!@'*4-2, 


To find the phase of the symmetric wave function with odd L it is convenient to ex all functio 
involved in Eq. (29) about the point rz. When this is done one sees that in genera! ther 


GOEPPERT-MAYI 


must satisfy same conditions as for the nodeles 
function 


{0l, 1(1—2)} CONFIGURATION 


So far we have dealt with the cases in which both 
particles are in states with the same orbital angular 
momentum. We now turn our attention to configura 
tions in which the particles have different /’s but still lie 
in the same oscillator level 

Again the fact that the coefficient of any Y,;"Y,™ in 
the transformed wave function must be a polynomial of 
degree not less than 2/— 2 imposes certain restrictions on 
the coefficients, lable I 

The phase of the wave function is algebraically some- 
what more complicated to find in this 
readily seen by noting that it 
struct a symmetric eigenfunction corresponding to an 


which are given in 


This is 


is now possible to con- 


Case. 


odd value of (a situation which cannot arise in any of 
the previously considered configurations). As a function 
of relative and center-of-mass variables, the symmetric 
eigenfunction, Eq. (15), contains only even values of /; 
and /,. When L is even it is always possible to have a 
term in which /,=0, /,= L. However, for odd L this is 
not possible and /; must be at least two. Thus to find the 
phase of the wave function for symmetric eigenfunc- 
tions with odd 1, we must retain terms of order r* in 
Eq. (26). Since this is the case, 
consider the limiting process not for @,™ but for 


is more convenient to 


op! =o." /exp[ —a(r?2+r2")/2 


VW 
@ exp ar exp aR 


Many of the 
altered other than 
{O/, 1(/—2)}. Thus we shall consider the more general 
configuration {nl,n'l’} and then specialize. In this case, 
g.i™ before the transformation of 
written as 


phase equations” are only trivially 


when we study configurations 


coordinates may be 


LM; mm'){ falter (re)ri're” V m1) Vp (2) en (ni) f, ret ¥ py Ss , (29) 


and ymmetric and 


t as before and 


Cr 1-2(L0; 00)R? (: 


is of r; 


terms which 


can give rise to an r? dependence of the transformed wave function. Thus 


LM - mm’ 


at 
re! V 1" (0s)} + env (re)e 


thY> oa7(V.V ef 


at 


ron (fo)re"t 


ML fnrlregne (ret d ror V.0 iV i") rare 


VJ nijret: Or Vy) rere! Vy (02)+ f,, fe) f° (Vga 


Vy" (02) V vy (02) +3 > raril VV env) eof 
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The first term arises from the expansion of r,'V ," and r,;'V,™ about the point rz and is easily evaluated to give 


PR! (2141)(’ +1) 
R)gnv(R) | - (>> (2(2— 1) (21+ 1)(21— 1) (21— 3) PC -2, » (10; 00) 
2 5 li 


XW (1-2, 1, Le, L; 2,1) —¥ (1) (20 +1) (20 — 1) (20 — 3) Cpa, 1(L20; 00) 


la 


KW —2, 1, Le, £32, D) 3 Core( LM; mymz)V¥2™(0)¥12"(8). (32) 


rhe second and third terms are due to the expansion of /,; and gy’ about rt. They are most simply evaluated by 
noting that 
r'(Vfniro=F nil re) 8 Pe, 


(33) 
Vg, vir G,, ve) 8+ Pe. 


Using this fact, one can show that the first of these two terms gives 


W(2d— 1) (21 +1)(2L+1)7 
Pa R)gwv(RYER™* (2141) | cv (40; 00 


? 
5 


KW11-1,L,2;1,0) SX Cyr(L.0; 00)W( L112; 1L2)C2re( LM ; mymz) ¥2™(0)¥ 12™(0), (34) 
Lamm 
and the second becomes 
I’( 2’ —1)(214+1)(2L+1) }! 
Garv(R) far( R)r’R ara Jc. » (LO; 00 
3 


XW V-A,L,L3A,D d Cic( 1.0; 00)W( L112; 1L2)C2re( LM ; mym2) ¥2™(0)¥i2™(9). (35) 


Lamim2 


rhe fourth and fifth terms in Eq. (31) give no contribution. This is easily seen as follows. The product Y ;*Y »™’ 
gives, according to Eq. (24), a sum of spherical harmonics—each term in the sum having L, even. However, the 
summation over m and m’ implies that L,;= L and hence the terms vanish for odd L 

Thus the sum of Eqs. (32), (34) and (35) gives the dependence to order r? of the symmetric wave function when 
L is odd and holds quite generally for arbitrary n, /, n’ and I’. For the configuration {0/, 1(/—2)} one merely sets 


” 


l'=1—2 and from Eq. (3) obtains ’ 
24% (2l+8)/244 
omen | 
2*-1(21— 1a? /2 48 2aR’ 
r}(21—3)!! |(*-35) 


=|- 1(2]—1)a?! | 
21k = wh(2I—3)!1! Jd 
For the antisymmetric states the minus sign applies in Eq. (29) and the analog of Eq. (31), which in this case 


gives the dependence of the wave function to order r, is 


eM 24 Cy 


LM ; mm’) farlre)gnri ro){r- ~r,'Y.” rofe" Vy" 2 r-(Yr;' | \rore' V "(02)} 
+ (gue (WO fntlea— fait (Vga )eapra't” Vi"(O2) Vy (62). (37) 
Again the first term arises from the expansion of r,'V ," and r,;"V," about r2, and its value is given by 


(21+-1)(21'+1) 
CR Eni R)| 


; 
| rR 1S Ciey(LM; mm) V 1"(0) Vy" (0) { [1(21+-1) (21—1) 8 


mL 


6 


XC rv, -1(1,0; 00)W (1, 1—1, L, Ly; 1, EO — (— 1) 40 (2 +1) (20 — C1 ( 1,0; OO+)W (TL, I'—1, L, L451, 1), (38) 
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whereas the second term becomes 


f (2/+-1)(21'+1) j 
"7 , +1 | bee e(R)Pai(R)~ fuulRIGor(R) 
ZL ) 


XCw(L0; 00)rR* "+! So Cy (1,0; 00)C1z4(LM ; mm) V y"(@)Vry™"(0). (39) 


ami Ly 


For the {0/, 1(/—2)} configuration the requisite values of f and g are given by Eqs. (36). Substituting these into 
Eqs. (38) and (39), and using the fact that /’/=/—2, gives the phase of the wave function and also the numerical 
value of some of the coefficients entering into the expansion. 


{0l, 2(1-4)} CONFIGURATION 
The restrictions on the expansion coefficients [imposed by virtue of the degree of the polynomial, Eq. (21), 
multiplying any angular factor | are again listed in Table I. 
The phase of the wave function is obtained in a straightforward manner from the equations derived in the 
previous section. For symmetric states with even L, the analog of Eq. (30) is 


(2Ii- 


a a (2l—7) ; 4aR? 4a°R* 
lim gp“ — — | - _ Ci, «(05 00)(1- +t )R ‘V,;%(@). (40) 
a fi w4(21—7)!!L4e(2/—1)(2L+1) 2I—5 (21l—3)(2i—5) 


The signs of the symmetric wave functions with odd L are obtained from Eqs. (32), (34), and (35), whereas the 
phases of the antisymmetric states are given by (38), and (39). In these equations /’ is replaced by /—4, f and F are 
given by Eqs. (36), and 


2'-5(2]— 3) (21—5)a(2!-8)/2 4a2R4 
sila -|~ a : —](- ). 
4(21—7)!! 5° (21—3)(21—5 


— 8a f2'-*(21—3)( 21— 5)a‘®' 5/298 2aR? 
wn Sen) 
21—5 i(21—7)!! 21—3 


{1l, 2(1—2)} CONFIGURATION 


Table I lists the restrictions on the coefficients imposed by the degree of the polynomial, Eq. (21). For reasons 
discussed previously, in the table the relationships are listed for the configuration {1(/—2), 2(/—4)}. 

The phase of the wave functions is determined easily from the previous equations. For symmetric wave functions 
with even L, 


lim op“ — 


lites wi(2/—3)!! 


2! leg? 4)/20-2(21+-1)(214+-3)(21—3) 13 
Jeu »(L0; 00) 
m(2L+1) 


2aR? 4aR? 4a*R* 
xee(1- 2 )-; r )r.m(o), 
+3 1 (2/—1)(2/+1) 
with a phase (—1)!@'*4 


For the phases of the remaining wave functions, Eqs. (32), (34), (35), (38), and (39) are applicable with /’/=/—2, 
and 
2'41(21+-3)a2+ 9/248 2aR? 
fam |— 44)! (- ), 
wi(21-+1)!! 21+3 


-3(21—1) (21+ 1)a2-P4h 7 da? 4o?R’ 
pee=[— ————| (1-—+_—_}, 
ri(2i—3)!! 2I—1  (2i—1)(21+1) 


aoe 21+3 | 
214+3b = w8(214+-1)!! 


a bod noha a ~~) 
—_____— | ( 1-—— }. 
21-1 wi(2/—3)!! 2i+1 


Fai 
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DISCUSSION 


In the preceding section we have given prescriptions 
for setting up the wave function for two particles in the 
same oscillator level in terms of the relative and center- 
of-mass coordinates. The equations derived carry one as 
far as the 126 shell. One could, of course, go further but 
at present there seems no need for this. 

When one deals with two particles in different oscil- 
lator levels (for example in the region of 49Zrgo* where 
odd-parity states with J=4 or 5 lie fairly low and arise 
from combining a p~; and a gy particle), the anti- 
symmetrized wave function is not an eigenfunction of 
H, alone and hence one does not have the convenient 
E, operator to work with. In this case one could con- 
struct the operator L,?+JL,’, where L? is the square of 
the orbital angular momentum operator. However, as 
pointed out earlier, it is somewhat tedious to apply this 
operator when it is expressed in terms of relative and 
center-of-mass coordinates. Alternatively one could 
apply the method we have used to obtain the phases of 
the wave function—namely, expand in a Taylor’s series 
any function of r; about the point rz. However, if one 
carries out this procedure it is important to note that 
after the expansion it is, of course, only allowable to 
replace re by R when one is interested in the behavior of 
the wave function as r — 0. If it is desired to retain all 
powers of 7, one has to replace rz by R—r/2 and carry 
through some additional Racah algebra. 


APPENDIX. SOME SPECIAL EXAMPLES 


Some simple and almost trivial examples may help to 
clarify the method. In order to abbreviate the writing, 
we shall introduce the notation 


u,("= Y "(0,6)Railr). (A-1) 


1. Two nucleons with n=0, 1=1 are coupled to spin 2. 

Since the eigenfunction is symmetric in an exchange 
of the two nucleons, only even values of / can occur in 
the expansion of the function in terms of R and r. There 
are only two such terms and we obtain 


1 
toy’ ( 1 ator’ ( 2) =— [ t492?( R) too (vr) — thog?( R)tto2?(r) }. (A-2) 
v2 


That the coefficients of the two terms differ merely in 
sign follows from Eq. (16). It is easily checked that the 
phase is also given correctly and agrees with the value 
imposed by Eq. (25). 

If there exists an interaction potential V(r,;—r2) 
= V(r) between the nucleons, the energy of the state 
with L=2 can readily be expressed in terms of the 
moments /, of the potential, where 


I= f eV exp(—2?/2)x°dx, (x=a'r). (A-3) 


It is easily seen, by integrating the square of the wave 
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function times V(r) over R and the angles, that only 
two moments J» and J, contribute. 

Let us note that for r (in which a is replaced by a/2) 
the normalization coefficient for the radial part of the 
eigenfunction with »=0 and any / is 


i/2 


2a*\? al? 
(~} C(2l+1) 11)" 


_and for R (where a is replaced by 2a) is 


a yt 2!+%q!?2 
) —, (A-5) 

2e/ [(2l+1)!!}! 
It is convenient to use, instead of the moments, the 
“normalized moments” which are merely the J, of Eq. 
(A-3) multiplied by the square of Eq. (A-4). The factor 
a'*! cancels because J», is defined in terms of x rather 
than r. The expressions 


2\! 1 
k»=(-) I, 
a7 (2v+1)!! 


have the property that their value is unity if the po- 
tential of interaction is unity. Since the total eigen- 
function has to be normalized, one obtains an immediate 
check on the expression of the interaction energy in 
terms of the moments, namely, that the sum of the 
coefficients of the K’s must add up to unity. 

In the trivial case (0p),", one obtains 


(A-6) 


E =4(Kot+K,). (A-7) 

2. Two nucleons with l= 1, n=0 coupling their spins 
to zero.—The situation in this case is a little less trivial. 
Again only two terms enter into the expansion, and the 
ratio of the coefficients can be taken from Eq. (16). 
Thus 


1 
; > (— 1) "401" (1) 403-" (2) 
Vv. m 
1 
= — —[t4y9°( R) too? (r) — toe” (R)tye"(r) ].  (A-8) 
v2 


The phase is also given correctly since in the limit r — 0, 
both sides become proportional to +R*. This sign is in 
agreement with Eq. (25). 
The normalized eigenfunctions 9° have the form 
uyo?(r) = (497) 4 (2a*/r)* 
X6-4(3—ar*) exp(—ar’/4), 
uyo°(R) = (4) ~* (a? / 2x)? 
« 4(6)~*(3—4aR*) exp(—aR?*). 


(A-9a) 


(A-9b) 


The normalization coefficient of uoo°(R) is 2V2 times that 
of tuo’(r) [Eq. (A-5)]. Thus it follows that Eq. (A-8) 
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indeed contains only terms proportional to r? and R?, in 
agreement with Table I 

The expression for the energy of the state with L=0 
is somewhat more complicated. On squaring the wave 


function (A-9a), one obtains 


so that 
t(SKo—6K2+5K,], (A-11 
where again the 
unity. 
3. Two nucleons with n 
to L=4. 
the form 


sum of the coefficients of the K’s gives 


0, l=2 coupling their spins 
Here the expansion in terms of r and R has 


Moo” (1) t490"(2) = anos’ (R) oo (r) + buns? (R) 92" (rr) 


+ anoo’(R)u0*(r), 


(A-12 
where we have made use of Eq. (16) by equating the 
coefficients of to4'(R)uoo’(r) and moo®(R)uo4*(r). 

lo determine the ratio a/b we operate on this wave 


function with £,. This yields the restriction 


V2a+v3b=0 


A-13) 
Since the function must be normalized, this implies that 


= +Vv3/2v2, 


b= +}. 


a 
(A-14) 


Che proper sign is obtained from Eq. (25) which tells 


us that @ must be positive. Thus Eq. (A-12) becomes 


l 


Ugo” (1 )tto2”(2) | V3teo4*( R) tto0°(r) 
2v2 


V2 02? (R)uos" 


(7) 


+-V3 10° ( R)toa*(r) ). 


(A-15) 


M 


Since the coupling is still rather in arrive 
at the above result without using Racah algebra. Let us 
consider the case r;=r2 0. At this 
point only the Eq. 
(A-12) is different from is proportional to 
sint@eti*®R4 exp(—ak’ Che left-hand side of the equa 
tion depends on ©, , and R in the same way. Thus, as 
determined from the ratio of the 
cients, 


simple, one 
R, which implies r 


first term adtog'(R)uoo’(r) in 


zero and 


normalization coefh 


Since the eigenfunction has to be normalized, the total 
it given by Eq. (A-15), except 
that the sign of the middle term 


expression can only be thi 
is undetermined 

That the second term has to be negative can be seen 
by evaluating the left-hand side of Eq. (A-12) at 6,=0, 
6,= 2/2, at which point the product 
terms of R and r this means 


angles are equal and the other t 


function is zero. In 


that the two azimuthal 
vO angles are both equal 
to w/2. At this point, then, the intrinsic sign of all three 
terms is the same. 


the coefficient of the 


Since the terms must add up to zero, 


center term must be negative. 


The energy of the state wit then trivially 


obtained in of the 


terms 


\-16 


It is interesting to note that, in all of the energy 
expressions considered here, the coefficients of Ko and 
K max have always been the same. This is quite generally 
true provided we are calculating pairing energies arising 


from states with no radial nodes. On the other hand, if 


we were to calculate interaction 


energies arising from 


states with radial nodes, the above equality would fail 


Vole added in proof After paper was 
for publication we received preprints 
groups who have studied 
Nuclear Phys. 13, 104 


sawa, Progr. Theoret 


submitted 
from iwo other 
Iblem [M. Moshinsky, 

\. Arima and T. Tera 
Kyoto) 23, No. 1 (1960) ] 


Both of these papers derive recursion relationships be 


this pre 
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*hys 


tween the expansion coefficients @(m,l); mel), by 


properties of the Hermite polynomials 


using 





PHYSICAL REVIEW VOLI 


ME iti7, 


NUMBER 1 JANUARY 1, 1960 


Search for Pseudoscalar Interaction in }+ — 4— 6-Decay Transition 


S. CUPERMAN 
Department of Nuclear Physics, The Weismann Institule of Science, Rehovoth, Israel 


(Received July 27, 1959) 


The longitudinal polarization of the electrons emitted by »;TP”’ (4+ 


*4—) was measured by double 


Coulomb scattering. Within the experimental error, a —?v/c polarization was obtained. In order to deduce 
the amount of pseudoscalar contributions, one must know the other nuclear matrix elements. They were 
taken from a theoretical shell-model calculation and a j—j coupling single-particle model. Assuming 
Cs=Cr=0, two-component neutrino theory [which predicts opposite polarization in the case of (V,A) 
and P interactions ], left-handed neutrino, and time-reversal invariance, as well as a surface distribution of 
the nuclear charge, one finds | x|*<4.410 (if Cp/C4>0), with x= —i(Cp/Ca)SBys/S @-t]p (p being 


the nuclear radius). 


ECENT experiments' suggest that in allowed 

8-decay transitions, the major contribution comes 
from (V,A) interactions, and little, if any, comes from 
S,T) interactions. It is well known that the P inter- 
action could be observed in first forbidden transitions 
with AJ =0, yes, where a mixture of (V,A) and P con 
tributions of the same order of magnitude may be 
involved. 

We tried to detect the P interaction in just such a 
case, assuming no contribution from (S$,7) interactions 
We used the fact that the longitudinal polarization of 
the electrons emitted in such a 6-decay transition, could 
give information about the P interaction. Indeed, if the 
two-component neutrino theory is assumed, then the P 
interaction yields polarization opposite to that obtained 
from the (V,A) interactions.? As (V,A) gives negative 
helicity, for a (V,4)—P mixture a polarization different 
from —v/c is to be expected. The departure of the 
polarization from —v/c could therefore be taken as an 
indication for the presence of the P interaction. 

We studied »:TP?”’ (3+ — 4—) * in radioactive equi- 
librium with g2Pb*", both elements having roughly the 
same maximum energy (1.47 and 1.39 Mev, respec- 
tively). 

Double Coulomb scattering* was used to measure the 
longitudinal polarization of the emitted electrons. The 
theoretical value was calculated taking into account 
geometrical corrections.* The longitudinal polarization 
for the equilibrium mixture of s:TP? and s:Pb*™ was 
found to be : 


P(g: TP? + g2Pb*"") = (0.98+0.13)(—2/c). 


Assuming a —v/c polarization for s2:Pb*", and know- 

'M. Goldhaber, 1/958 Annual International Conference on High 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958). 

*T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); 
Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957) 

*Strominger, Hollander, and Seaborg, Revs. Modern Phys 
30, 585 (1958). 

‘de-Shalit, Cuperman, Lipkin, and Rothem, Phys. Rev. 107, 
1459 (1957); Lipkin, Cuperman, Rothem, and de-Shalit, Pro 
ceedings of the Rehovoth Conference on Nuclear Structure, edited by 
H. J. Lipkin (North-Holland Publishing Company, Amsterdam 
1958), p. 400. 


S. Cuperman (to be published). 


ing the proportion of the »,Tl*” and s2Pb*" electrons, 
we obtain: 


P(9:T?) = (0.96+0.23) (—v/c). 

As a check, we measured the longitudinal polarization 
of the electrons emitted by P® (allowed transition). In 
exactly the same experimental conditions, we obtained : 


(pi p®) _ 


(0.974+0.14)(—v/c), 


in agreement with the resulis obtained by other 
methods.*® 

In order to deduce the amount of pseudoscalar con- 
tributions to 8 decay, corresponding to our experimental! 
results, we had to compare the experimental polarization 
with the theoretical one expected for s;T? — —Pb™. 
The nuclear, matrix elements were taken from a theo- 
retical shell-model calculation assuming a j—j coupling 
single particle model. The Coulomb contribution to the 
final state potential has also been taken into account.’* 
Then, from calculations performed with Lee-Whiting’s 
formula for forbidden 8-decay transitions,’ and assum- 
ing: Cs=Cr=0, two-component neutrino theory, left- 
handed neutrino, and time-reversal invariance, as well 
as a surface distribution of the nuclear charge, one finds 


vr'?#<4.4X10 if Cp/C4>09, 


r/?<86K107 if Cpe/C,<0, 


Fv 


of the Rehovoth Conference on Nuclear 


*C. S. Wu, Proceediny 
Structure, edited by H. J. Lipkin (North-Holland Publishing 
Company, Amsterdam, 1958), p. 346 

7 The author is indebted to Dr. M. E. Rose for drawing his 
attention to the great importance of the Coulomb contribution to 
the final state potential (when » — p+-e4-7), for high values of Z. 

*M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1326 (1954 

*G. E. Lee-Whiting, Can. J. Phys. 36, 1199 (1958) 
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Our results are in good agreement with those obtained 
for Pr and Ho'* (0O— — 0+, yes). 
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Calorimetric Determination of the Average Total Kinetic Energy of 
Fragments from Fission of U** and U** by 14-Mev Neutrons* 


P. C. Stevenson, H. G. Hicks, J. 
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. ARMSTRONG, JrR., 


AND S. R. GuNN 


Lawrence Radiation Laboratory, University of California, Livermore, California 
(Received July 17, 1959) 


The fission yields of Mo” from 14-Mev neutron bombardments of U™* 


and U** were found to be 


(5.01+0.15)% and (5.86+0.16)%, respectively. The average total fragment kinetic energies released in 
fission of U™* and U™* were found to be 174+-4 and 17542 Mev, respectively 


I, INTRODUCTION 


HE success achieved in previous calorimetric and 

radiochemical determinations of the fragment 
energy from fission of U*** by thermal neutrons' showed 
the feasibility of extending the measurements to fission 
induced by 14-Mev neutrons. Calculations based on the 
intensities of known sources of 14-Mev neutrons, to- 
gether with consideration of experimental difficulties 
due to expected background effects, make it appear 
impractical to attempt the measurement by time-of- 
flight or pulse-height analysis techniques at this time. 


Il. EXPERIMENTAL 
A. Fission Yields of Mo” 


The determination of the number of fissions that 
took place in a large sample of uranium was made by 
radiochemical analysis for Mo”. Data needed to calcu- 
late the number of fissions from observed Mo” activity 
are the fission yield of Mo” under our experimental 
conditions, and the counting efficiency of our counter 
for Mo” radiations. A measured amount of uranium was 
evaporated onto a 1-in.-diam 0,002-in.-thick platinum 
plate which was placed in a fission counter (Fig. 1). 
Several samples were prepared. The amount of uranium 
used varied from 25 to 100 micrograms. The uranium 
was confined to an area ? inch in diameter. In order to 
check the operation of the counter, the output of the 
fission-counter amplifier was fed simultaneously into 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission 

1 Gunn, Hicks, Levy, and Stevenson, Phys 
(1957). 
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six scaling units, each set to discriminate against pulses 
below a certain amplitude. The level of discrimination 
varied from scaler to scaler. The number of counts re- 
corded in each scaler was plotted against the dis- 
crimination level of the scaler and the linear portion of 
the resulting curve extrapolated to zero discrimination 
level. The counter was considered to be operating 
satisfactorily when the extrapolated number of counts 
at zero discrimination was no more than 10% greater 
than the high-discrimination end of the linear portion 
of the curve. 

The 14-Mev neutrons were produced by the reaction 
H*(d,n)He* using a Cockcroft-Walton accelerator. The 
fission counter was clamped the tritium 
target as possible to obtain maximum flux. The flux 
was monitored by counting the helium ions produced 
in the reaction. A further check counter 
operation as well as reproducibility of position was 


as close to 


on fission 
accomplished by the measurement of the ratio of fission 
counts at zero discriminator bias per ug of uranium to 
helium ion counts for several different fission-counting 
samples. This ratio remained constant to 0.5% [see 
Eq. (4) below | 

The amount of Mo” produced in the fission-counting 
samples was too small! to determine radiochemically. A 
larger sample of uranium metal was therefore placed 
directly under the fission-counting sample. This larger 
sample was j-in. in diameter and 0.001 in. thick, 
wrapped with two layers of 0.001-in.-thick 2S aluminum 
foil. The inner layer served to catch fission-fragment 
recoils, the outer layer to prevent contamination of the 
target packet with unwanted externally-produced ac- 


tivity. The uranium targets were about 1 in. away 





AVERAGE TOTAL 


TaBLe I. Fission yield of Mo” from U™* bombarded 
with 14-Mev neutrons. 





Bombardment Mo” counts/min Kxio-* 


(4.18+0.01) X 10* * 
(4.20+0.03) X 10* * 


Fissions 


3.842 10" 
3.861 X 10" 





U™5+ thermal 
neutrons 


9.19 
9.19 
Av 9.19+0.05° 


U™*+14 Mev 
(normal 
uranium) 


472» 
1003» 
1527» 

472» 


x 108 
x 108 


9.64 
9.44 
9.67 
9.64 
Av 9.62+0.08 


* Average of triplicat determinations. 
Average of duplicate determinations 
¢ From precision of data on Mo* counts/min 


from the tritium target so that the neutron flux was 
not appreciably different in the two targets. The number 
of fissions produced in the large target was calculated 
from the number of fissions measured in the smaller 
sample and the ratio of weights of the two samples. 
Bombardments of 30 minutes to 2 hours duration pro 
duced sufficient Mo” in the large targets for satisfactory 
radiochemical analysis. 

Because of the reproducibility of the fission counter 
operation and positioning, there was no necessity for 
fission counting measurements during irradiation of the 
large sample, provided that the 14-Mev neutron flux 
was monitored with the helium ion counter. Measure- 
ments of the ratio of fission counts per wg of uranium 
to helium ion counts [Eq. (4) ] were taken just prior to 
and immediately following each large foil irradiation. 
The number of fissions produced in the large samples 
was calculated by Eq. (4). The majority of our experi- 
ments were done using the data shown in Eq. (4) and the 
counts recorded in the alpha counter, rather than the 
observed fission counts. The choice was made for two 
first, by this method the thick target was 
placed accurately in the position of the samples used in 
cross-checking the alpha counter versus the fission 
counter, so that the small effect on the neutron flux 
due to the small displacement in space between the fis- 
sion counting sample and the radiochemical! sample was 
eliminated ; and second, the presence of the thick packet 
beneath the platinum fission counting plate was occa- 
sionally observed to give rise to faulty operation of the 
fission counter, apparently due to poor electrical con- 
tact between the platinum plate and the body of the 
counter. 

The large targets with their inner aluminum wrap- 
pings were dissolved in the presence of a measured 
amount of molybdenum carrier. The solution was ad- 
justed to pH 5 with ammonium acetate, and PbMoO, 
was precipitated to separate the molybdenum from 
uranium. The precipitate was dissolved in 9M HC] and 
the molybdenum purified in the same manner as in 
reference 1. The y radiations of Mo”®-Tc”™ were counted 
by an Nal(TI) crystal with conventional amplifier and 
scaling equipment. Counting rates of the samples were 
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observed for at least three half-lives of Mo”. The 
counting rates of Mo” in the samples at midbombard- 
ment were calculated by an IBM-650 calculator. This 
counting rate is proportional (for irradiation times of a 
few hours or less) to the number of Mo” atoms, the 
counting efficiency of the gamma counter, and the 
number of gamma rays from the decay of Mo”-Tc*". 
The ratio of the number of fissions produced in the 
sample to the counting rate of Mo” is inversely propor- 
tional to the fission yield of Mo”. This ratio will for 
convenience be called a “K-factor.” 


K-factor 


fissions produced in sample 


——, (1) 
counting rate Mo” at midbombardment 


Calibration of the counter efficiency (including solid 
angle) was accomplished by the measurement of the 
K-factor for U** bombarded with thermal neutrons. 
The number of fissions produced in the U™* sample was 
measured calorimetrically as in reference 1. Calibrations 
were made concurrently with the 14-Mevy experiments 
and the Mo” samples were counted in the same posi- 
tions and counters used for the 14-Mev experiments. 
The fission yield of Mo” from thermal neutron fission 
of U™** was taken to be (6.14+0.16)%.? The fission 
yield VY, (14 Mev) of Mo” from U™ bombarded with 
14-Mev neutrons was calculated as follows: 


K (U™5+thermal neutrons) 


VY, (14 Mev) = ae 
K (U™*+ 14-Mev neutrons) 


x Y,(U™*+thermal neutrons). (2) 


Normal uranium was used as a target material; the 
correction to the data due to the naturally-occurring 
U™* in the target material is negligibly small and has 
been ignored. The results appear in Table I. 

The fission yield of Mo” was calculated making suit- 
able substitutions into Eq. (2); the ratio of K(U™ 
+thermal neutrons) to A(U™*+14-Mev neutrons), 
which we shall denote as Ky°/Ky44°, is 0.955+0,009. 
The value of the fission yield of Mo” obtained was 
(5.86+0.16)%. Previously reported values are (5.68 
+0.14)%? and (5.58+0.56)%.' 

The experimental results for the U™* experiments 
contain contributions from other isotopes present to 
the extent of a few percent. The approximate com- 
position of the samples used was: U**, 93%; U™, 1%; 
U2, 6%. The data obtained for U™* were corrected for 
the U** contribution as follows: 

Given ys micrograms of L”* exposed to 14-Mev 
neutrons (fission-counting sample), then 


total fissions recorded = [14° = @14l:0343(6.02 XK 107/238), 


total a counts recorded = a;= nd, 


2 Terrell, Scott, Gilmore, and Minkkinen, Phys. Rev. 92, 1091 
1953). 
+ J. G. Cuninghame, J. Inorg. Nuclear Chem. 5, 1 (1957). 
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a X10" Fs’ X1077 


1.066 1 
1.088 
1.038 


0.981 


3 


46 
4.71 
44 
4.1 


/ 


* Average of dup! 
where 7 relates a 
target. Therefore, 

didi =ay/7. 
Then 


(ay 1) Oaua(O O02 107/238) 


Fyx10~ 


H I ¢ 


KS, 


Il. K-factor of Mo” from U™* bombarded with 14-Mev 


Fy’ X10 


1.332 
1.299 
1.263 
1.181 


1.378 
1.346 
1.307 


1.223 


counts to total neutron flux through 


a pigs (6.02% 10°*) 238m. 


Given msg micrograms of U 
trons (radiochemical sample), then 


total a counts recorded = a» 


ato/n)ogms (6.02 X 10°*/238) 


me « xposed to 


14-Mev neu- 


NP i4/ 


aymyas (6.02% 10") /238n. 


Therefore 
I a QomMs Cips) fia”. 
If the counting rate of Mo” is Rs, then 
Kh = Fy 48/ Ris? 


For uranium 93%, | 


3% 6% U™* and 1° 


 U™, it was 


assumed that the fission yield of Mo” and the fission 


cross section of | were the same as for | 


The above equations now bec ome 


Fission-counting sample: 


7" Dial ( 


0.940; 0.0605 


0.9405 


Cais 0.0605 


235 


238 


Radiochemical sample : 
{0.9405 
( 235 


If #s’ is the number of U*"* fissions and Fy’ 
of U*85 fissions, 


O.U6es 


aqm 


” 238 


the n 


Is 
F;’ 


Fe+F;s 


U.OO0a gms 


6.02 10 


78 


288 at 14 Mev. 


xX 6.02% 10 


) xo.02x10 


x 6.02 10 


is the number 


\RMST1 


RONG, 
neutrons 


* 


From Eq. , we have‘ 


F,,° Ox 6.02 X 10 
238n 
i118Sions 


1.70+0.01) X 10 


, (4) 
t X micrograms 


0.06c4m Ops 


If R; the Mo” count from | 
the Mo” counting rate from | ", ther 


ing rate >and R,’ is 
R,’ 
Rs 
R;’ 
K,,° 


F,'/K 
Rs +Rs', 
Rs— Rs’ 
Fy) / Rs. 


0.0604” 


Kid 


R O.06agms/ A 


The results appear in | ible I] 
The fission yield of Mo” was ca 


: the 


culated making suit- 
ratio of Ky,° to K,,? 
fission yield of Mo” 
Table I) 
is reported by Gilmore 


) 


able substitutions in Eq. (2 
is 0.816+0.014. The value of the 
obtained using A,y°=9.19X 10° 
5.01+0.15%. A previous ' 

to be 5.17+0.15%.° 


see 


was 


B. Energies of 14-Mev Neutron Fission 
of U** and U 


The 


uranium during bombardment 


amount of energy liberated in a sample of 


14-Mev neutrons 
was measured with a calorimeter. The number of fission 


witl 


events occurring in the uranium was subsequently 
measured by radiochemical analysis for Mo”, as de- 


scribed above 

The calorimete r was of the twin-resistan e-bridge, 
r in principle to others used 
8: a partial cross section is shown in 


air-conduction type, simila 
in this laboratory 
Fig. 2. It measured the difference between the amounts 
of heat deposited in a uranium slug and a dummy slug 
from Cockcroft-Walton 


located equally distant the 


‘ Experimenta 
] S 


R 


Gilmore 
Gunn 
Univer 


$547, J 


6S 
the 
UCRL 
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target. Use of the twin method, with a dummy slug of 
approximately the same heat capacity and thermal con- 
ductivity as the uranium slug, was necessary to secure 
adequate sensitivity for the measurements; it also 
serves to cancel the effect of neutron-or gamma-heating 
of all parts of the calorimeter other than the slugs. To 
minimize the flux of neutrons of degraded energy, the 
mass thicknesses of all parts of the calorimeter were 
kept to a minimum. 

The slugs were cylindrical, 0.45-in. in diameter and 
0.93 in. long; those of uranium weighed about 45 
grams. Each slug fitted closely into an aluminum form 
on which was wound a heater of manganin wire. The 
heater forms, in turn, fitted closely into an aluminum 
thermel form 4.00 in. long, 0.510-in. 0.d. and 0.010-in. 
wall. The thermel form was supported at both ends by 
Lucite support tubes, 3.06 in. long, 0.510-in. o0.d., and 
0.018-in. wall, which were filled with Styrofoam plugs 
On this thermel assembly were wound bifilarly two 
thermometer coils of No. 40 double nylon-covered 
nickel wire, each having a resistance of about 540 ohms 
The two thermel assemblies were axially positioned in 
parallel copper tubes, 0.875-in. 0.d. and 0.035-in. wall. 
These copper tubes were soldered to a thin copper 
spacer which was machined to fit them closely, main- 
taining excellent thermal contact between them. This 
spacer in turn was screwed to the jacket so as to posi 
tion the tubes 0.25 in. from its inner surface. The 
jacket was a copper cylinder, 20 in. long, 12-in. o.d 
and 0.062-in. wall, closed at each end by copper plates 
of the same thickness and insulated with Styrofoam. 
On about one-fourth of the outer surface area of the 
jacket, adjacent to the interior assemblies, were laid a 
copper resistance thermometer and a heater; these 
were used with a thermoregulator to maintain the 
jacket temperature at a few degrees above ambient 
temperature and constant to a few thousandths of a 
degree. 

The four nickel thermometer coils were connected 
into a bridge circuit which was supplied with a current 
of 5 ma maintained constant within 0.01%. The bridge 
output was measured with a White 10000 microvolt 
potentiometer, Liston-Becker breaker-amplifier, and 
Bristol recorder. One electrical heating calibration was 
performed during each run, either before or after the 
bombardment, at a power level approximately the same 
as that produced by the bombardment. All sensitivities 
thus determined agreed within 0.1% with the average, 
69.92 nv/mw. 

The powers developed during the bombardments 
were usually of the order of 2.4 mw for U™* and 1.2 mw 
for U**. The energy released during the bombardments 
was determined by integration of the thermometer 
bridge output as a function of time, which was approxi- 
mated by summing values at 40-second intervals. 
Numerous tests have shown that in electrical heating 
calibration of instruments of this type, the same value 
of the sensitivity is obtained whether the equilibrium 


RINE TIC 


ENI OF FRAGMENTS 


Taste IIL. A-factors of Mo” from thermal neutron 


bombardment of U™* 


Fissions X10"" K-tactor X10~* 


8.48 
8.59 
8.65 
8.59 


y 8.58+0.02 


3.696 
3.655 
3.436 
3.5901 


3.696 
3.655 
3.436 


3.591 


9.24 
9.35 
944 
9.35 


Av 9.35+40.03 


rage of quadruplicate determinations 


shift in output is divided by the power or the output 
time interval is divided by the energy. All bombard- 
ments were of about 45 minutes duration, and the 
output was followed for an additional 30 minutes, the 
half-time of the instrument with slugs in place being 
about 3 minutes. Shifts of the bridge zero during the 
runs ranged from 0 to 2 wv; it was assumed that the 
shift was linear with time. The same assumption was 
made for the calibrations. 

The dummy slug must have about the same heat 
capacity and size as the uranium slug, and a reasonably 
high thermal conductivity. It must also absorb a negli- 
gible amount of power from the gamma and neutron 
fluxes. The known ratio of neutron-to-gamma yield 
from the Cockcroft-Walton target establishes the 
gamma heating to be negligible for both the uranium 
and dummy slugs. Since the cross sections for all of the 
various processes by which energy might be deposited 
in a slug upon irradiation with 14-Mev neutrons are 
not known for all isotopes of all elements usable as 
dummy slugs, several metals were compared. Under the 
same conditions as the uranium runs, the differential 
powers observed referred to copper were tantalum, 
0.025+0.005 mw; silver, 0.010+0.005 mw; and alumi- 
num, 0.01+0.01 mw. Copper was used as the dummy 
for all uranium runs; it appears probable that the power 
dissipation in it was less than 0.01 mw. The cross sec- 
tions for 14-Mev neutron processes in uranium are 
sufficiently well known to establish that power deposi- 
tion from all other processes is negligible in comparison 
to that from fission. 

The radiochemical analyses for Mo” were carried 
out as above and the K-factors for Mo” in the two 
counters used were redetermined calorimetrically. Cali- 
bration results appear in Table ITI. 


Contribution of secondary fissions caused by neu- 
trons from (,2m) reactions and fission are assumed to 
be negligible in the case of U™* bombardments. The 
value of A,4* was taken to be 8.98 10* for counter 3 
and 9.79X 10° for counter 4 from data of the previous 
section. Previous absorption measurements! had estab- 
lished that absorption of all beta particles would result 
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ase IV. Fission-fragment energy of U™* (natural uranium 


bombarded with 14-Mev neutrons 


Wee 
Mev X10°% Eis*, Mev 


2.338 186 
1.924 185 
1.990 183 
1.954 183 


F,sX10°% 


3 1.40* 
4 1.16" 
4 
3 


Counter Fi X10 


Mev/ fission 


1.26 
1.04 
1.09 
1.07 


an 


1.12 
1.198 


an 


+1> 
+2° 


ee 


- 
< 
— et ee et et 


uv 


® Average of quadruplicate determinations 

>» Experimental precision obtained from agreement between 
cate runs, 

* Uncertainty including u 


quadrupli 


ncertaint 


in the K-factor from Table I. 


in 8 Mev per fission. Because of the mass thickness of 
the cylindrical targets it was assumed that 9 Mev per 
fission was absorbed from beta and gamma radiation of 
the target. The fission-fragment energy was calculated 
as follows: 

Pa= RK 145, 
where the symbols are the same as above. 


Eie=W;s./Fs, 


where £),° is the measured energy for fission uncorrected 
for 6-y absorption and Ws, is the total energy measured 
by the calorimeter 


Mev/fission = /,,3—9. 


As before, the contribution from U** present in natural 
uranium has been ignored. Results from these bombard- 
ments appear in Table IV. 

In the 39 however, correction must be 
made for U*** fission contribution and fissions caused 
by fission neutrons as well as B-y absorption. The §-y 
absorption is again assumed to be 9 Mev per fission 
event. 


case of U 


W;, FigeF ie + Fey FP 18 +E (F ;, 


where W,, is the measured energy; Fi4°, Fig’, and Ey 
are the energies of fission before 8-y correction of U*** 
and U™® with 14-Mev neutrons, and U* with fission 
neutrons (taken to be the same as for thermal neutrons 
167.1 Mev’). Fig®, Fig’, and F; are the number of fis- 
sions in U** and U*** with 14-Mev neutrons and those 
due to fission neutrons. Fission of U** with secondary 
(fission) neutrons is assumed negligible. 


R; (F 44° K ,,4°) +-(F,,8 Ki)+(F, K,;). 


where R;, is the measured Mo” counting rate, and Ky, 
is the same as K thermal. 


F =ciyg(Figet+Fi,8), 


where #,,4 is taken to be 4 for both U** and U™83 
The interaction probability c is estimated to be 


7R. B. Leachman and W. D. Schaefer, Can. J. Phys. 33, 357 
(1955). 
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0.036; this calculation® was performed for a sphere of 
U™ weighing 45 g (« 
of U***, 0.43-in. diam (« 


0.032) and an infinite cylinder 
0.044). 


Wse=Fu(Exb+c5uE) +P uh Evi + cub 


Let us define 


F,,8 0.060% 238 


0.0353+0.0003. (8) 
Fi 0.094¢;/235 F;’ 


F,’ and F;’ were determined from the previous fission 
counting experiment, Eq. (5), the 
Table II. 


Combining Eqs. (6) and (8), 


values listed in 


and (7) and (8), 


W s. Fie Ee gk 45+ 1 T Ze Dyyky l, 


1 1+ 2)cix4 


R; F,,° 
K 


Dividing and rearranging, 


Figo+gE 1454 1+ g)ci4k 


1 T ge Vi4 


\Mev/fissior 

Using the values in Table II for Fs’ and Fs’, g=0.035; 
C¥y4(1+¢)=0.149; Ky, was calculated to be 1.0510 
for counter 3 and 1.15 10° for counter 4; A, values are 
those in Table III. Results are shown in Table V. 


III. DISCUSSION 

The fission fragment energies of U*** and U** bom- 
barded with 14-Mev neutrons are the same within 
limits of error of the experiment, which is in agreement 
with the idea that the fragment energy results largely 
from Coulomb repulsion between the two fragments. 
However, as the excitation energy of the pre-fissioning 
nucleus increases, one would perhaps expect that the 
centers of charge of the distorted nucleus would be 
farther apart on the average at the time of scission. 
The fragment energy should then be less. Instead the 
fragment energy is 7 to 8 Mev greater at the higher 

® Case, DeHofimann, Placzek, Carlson, and Goldstein, /ntro- 


duction to the Theory of Neutron Diffusion (U. S. Government 
Printing Office, Washington, D. C., 1953), Vol. 1 
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TaBLeE V. Fission-fragment energy of U™* bombarded with 14-Mev neutrons. 


Eq. (9), 
term A* 


172.5 
176.6 
180.3 
174.9 


Counter 


3 4.467 
4 4.273 
4 1.574 
4 
4 


We X10-" Ree X1075 


2.464 
2.114 
0.7614 
2.044 


4.092 . 
1.674 


3.407 


* Term A = Wee/(RieK 45). 

b Term B=gl(We/RieKua®) —Evs®]. 

© Term C =—cise(1 +) (We/ReeKs) — Ez]. 

¢ Average of quadruplicate determinations, 

* Experimenta! precision obtained between quintuplicate runs 
‘ Uncertainty including uncertainty in K-factor from Table I. 


excitation energy. It seems unreasonable to assume that 
the centers of charge are closer together at higher ex- 
citation energy. We thus may guess that the fragments 
have kinetic energy at the time of scission in addition to 
that later acquired from Coulomb repulsion. The re- 
maining 6 to 7 Mev from the incident neutron would 
appear to be divided between excitation of the frag- 
ments and the boiling off of at least one more neutron 
per fission. Cuninghame’® has reported # of U™* bom- 
barded with 14-Mev neutrons to be 4.0+0.5. 
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Eq. (9). Eq. (9), 


term B> term Ce Mev / fission 


0.6 5 s 169 
0.8 { 175 
1.0 179 
0.7 172 
0.9 176 
{174+2° 
\1744-4° 


Av 
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New Neutron-Deficient Isotope of Cerium* 


Wituram R. Warett anp Epwin O. Wuc 
Department of Chemistry, University of Rochester, Rochester, New York 
(Received April 1, 1959) 


Cerium-132, a positron emitter with a half-life of 4.24-0.2 hours, has been identified through its generic 
relationship to the known daughter nuclide, La™*. An activity of 30-minutes half-life and 4.2-Mev maximum 
positron energy, which may be due to Ce, was also observed. 


INTRODUCTION 


URING a study’ of the Ce (p,pn) and Ce'(p,29) 

cross sections at proton energies from 60 to 240 
Mev, a new short-lived cerium activity was observed 
with a half-life of less than an hour. This prompted a 
search for Ce™ and Ce™ since these isotopes, and 
especially Ce™', would be expected to have short 
half-lives. 

The problem of establishing the presence or absence 
of Ce and/or Ce™ in cerium targets bombarded with 
protons at 240 Mev was complicated by the large 

* The investigation was supported in part by the U. S. Atomic 
Energy Commission. This report is based on a portion of a thesis 
submitted by William R. Ware in partial fulfillment of the re- 
quirements for the degree of Doctor of Philosophy at the Uni- 
versity of Rochester, 1957. 

t Du Pont Fellow in Chemistry 1956-1957. 


t Present address: National Carbon Company, Palma, Ohio 
1 W. R. Ware and E. O. Wiig (to be published). 


number of cerium isotopes produced at this energy. 
Daughter activities were an added complication, as was 
the fact that La™ and La™ have almost identical 
half-lives. Special counting techniques were thus neces- 
sary to resolve the complicated spectrum of radiations. 


EXPERIMENTAL 


Specially purified cerous oxalate was bombarded in 
100-200 mg quantities in the Rochester 130-inch syn- 
chrocyclotron at 240 Mev for 1 hour. Samples suitable 
for counting cerium activities were obtained by the 
following chemical separation.2* The target material 
was dissolved in a minimum quantity of 10N HNO; 
and lanthanum carrier added, followed by a few drops 


_ *Glendenin, Flynn, Buchanan, and Steinberg, Anal. Chem. 27, 
59 (1955). 
+A. A. Caretto, Jr. (private communication). 
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Fic. 1. The short-lived activity in the cerium fraction and the 
growth and decay of daughter La™ from Ce™. 


of 2M NaBrO;. The oxidized cerium was then ex- 
tracted with three 150-ml portions of methyl] isobutyl 
ketone which had been previously equilibrated with 
10M HNO; containing NaBrO;. The ketone fractions 
were combined, washed several times with 10M HNO; 
(containing lanthanum carrier for the first two washes), 
and cerium extracted from the ketone into 15 ml of 
5% HzO». The H,O, solution was made basic with 
conc. NH,OH, and the cerous hydroxide precipitate 
washed several times with water. The hydroxide was 
dissolved in HCI and cerous oxalate twice precipitated 
from a hot solution with oxalic acid. A counting sample 
was prepared from the oxalate. This will be referred to 
as the “cerium fraction.” 

The procedure for milking lanthanum from cerium 
was adapted from the above method. As soon as possible 
after bombardment cerium was separated from lan- 
thanum as just described and the HzO, solution ob- 
tained. This was divided into as many parts as required, 
and a known amount of lanthanum carrier was added 
to each. These aliquots were allowed to stand for 
various intervals and lanthanum was then separated 
by extracting cerium with ketone as above, adding in- 
active cerium carrier and extracting again, and finally 
precipitating lanthanum hydroxide from the aqueous 
solution. Lanthanum was weighed and counted as the 
oxalate. 

Chemical separations were started about 12-15 
minutes after the end of the bombardment. The prepa- 
ration of the cerium fraction required approximately 
one-half hour, as did the milking procedure. 


CERIUM-132 


Preliminary experiments indicated that the gross 
beta-decay curve obtained from the cerium fraction by 
beta proportional counting was hopelessly complicated, 
as was the gross decay of 0.51-Mev gamma radiation 
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taken with a scintillation spectrometer. Direct evidence 
for the presence of Ce was sought by examining the 
cerium fraction for the positron radiation of La™, 
which has a maximum beta energy of approximately 
3.5 Mev.‘ This was accomplished by using a scintilla- 
tion spectrometer of conventional design with a plastic 
scintillator as detector,® and biasing out all radiation 
of energy less than 3 Mev through integral operation of 
the pulse-height analyzer. Since La™ was the only 
known nuclide with a maximum beta energy greater 
than 3 Mev anticipated in the cerium fraction, a rela- 
tively simple decay curve amenable to analysis was 
expected. The resultant gross decay curve, shown in 
Fig. 1, indicated that the short-lived activity had a 
maximum beta energy greater than 3 Mev. The growth 
and decay portions of the curve could be interpreted 
as the activity of daughter La™ from Ce™. The maxi- 
mum in the curve was consistent with a 4-hour half-life 
for Ce’, assuming 4.5 hours for La.* Points from this 
decay curve, after the short-lived activity had decayed 
away, were subjected to mathematical analysis using 
the well-known parent-daughter relationships and a 
4-hour half-life for the parent was the only assumption 
giving a constant initial activity for the parent. While 
this experiment did not prove the presence of Ce™, it 
provided strong evidence for its existence. 

To confirm the presence of La in the cerium fraction 
the above experiment was repeated using a 180° mag- 
netic beta-ray spectrometer with a Geiger-Miiller de- 
tector. Slits and the magnet current were adjusted to 
provide a window of about 0.5 Mev, cutting out all 
radiation of energy less than 3 Mev. Results identical 
with the above experiment were obtained, indicating 
that the decay curve shown in Fig. 1 was not due to an 
instrumental effect, and that the radiation consisted of 
positrons. 

In order to demonstrate a generic relationship be- 
tween La’ and the 4-hour activity thought to be 
Ce", it was necessary to milk the daughter from the 
cerium fraction and to show that the daughter activity 
as a function of time was in accord with that predicted. 
Using the milking procedure described in the experi- 
mental section, samples were obtained uniformly cover- 
ing a period of 35 hours from the time of initial separa- 
tion of cerium from lanthanum. The samples were 
counted with the scintillation spectrometer biased as 
before to reject beta radiation of energy less than 3 
Mev. The plastic detector was used. Semilogarithmic 
plots of the decay data were linear and gave a half-life 
of 4.8+-0.2 hours for La™. These were extrapolated to 
the time of milking, and corrected for chemical yield. 
The results are shown in Fig. 2. The circles represent 
the observed corrected disintegration rates at the time 
of milking of the daughter activity. The aliquots were 
identical and each was milked only once. Using the 
*M. M. Granden and W. S. Boyle, Phys. Rev. 82, 447 (1951) 

§ Obtained from Pilot Chemical Co., Type Pilot B, 0.5 in. thick 
by 2-in. diameter. 
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observed half-life of 4.8 hours for La™, various half- 
lives were tried for the parent, and 4.2+0.2 hours gave 
a constant initial parent activity for all the experi- 
mental points. In Fig. 2, line A is approached by the 
daughter activity as time becomes large, with the 
t=0 point at N,"\,\4/(Aa—A,) and a half-life of 4.8 
hours. If the milking curve is subtracted from the line 
A, the resultant line B has the parent half-life, con- 


firming the numerical analysis of the data. This result . 


was consistent with the work described above with the 
cerium fraction and is taken as a proof of the generic 
relationship between a 4.2-hour activity and La™, its 
daughter. Ce™ is the only possible isotope. 

The maximum beta energy of La” was determined, 
using the plastic scintillator, from scintillator spec- 
trometer data obtained from the positron spectrum of 
a cerium fraction after the short-lived activity had 
decayed. The spectrum from 3 to 4.2 Mev was scanned 
manually with a channel width of 0.2 Mev, and this 
was done repeatedly as the sample decayed. From the 
set of curves of count rate as a function of time for each 
0.2-Mev interval, the beta spectrum could be obtained 
for any given time. Spectra at various times during the 
decay were analyzed with Kurie plots and gave 3.80.1 
Mev for the maximum positron energy, in substantial 
agreement with the reported value* of 3.5 Mev, since 
aluminum absorption data tend to give slightly low 
values. It was possible to analyze only the tails of the 
beta spectra and thus no information regarding the 
nature of the transition could be derived from the 
Kurie plots. 

The maximum positron energy of Ce™ could not be 
determined. It is clearly <3 Mev, but because of the 
complexity of the spectra of beta radiation of energy 
<2.7 Mev and the fact that several other isotopes in 
the sample had half-lives of about 4 hours, the problem 
was hopeless with the equipment available. Use of the 
Coryell*® beta systematics led to the prediction that the 
disintegration energy of Ce should be about 1 Mev, 
which is consistent with our results. 


CERIUM 30-MINUTE ACTIVITY 


After the identification of Ce™, the curve shown in 
Fig. 1 was analyzed more fully to obtain the half-life 
of the short-lived activity, since the growth portion of 
the curve masked by the decay of this activity could 
now be calculated with confidence (dashed line) and 
subtracted from the gross decay curve. This gave the 


*C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1953), Voi. 2, p. 305. 
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Fic. 2. Growth and decay of La™ daughter. A-decay of daugh- 
ter La™ of 4.8-hour half-life. B-decay of parent Ce of 4.2-hour 
half-life. Circles indicate points determined in milking experiment. 


straight line shown in Fig. 1, which indicated an ac- 
tivity with a half-life of 30245 minutes. 

The identity of the 30-minute activity is open to 
question. Two milking experiments, similar to those 
described above, were unsuccessful due to the fact that 
the yield of 1-hour La™' was too low to be determined 
accurately by beta proportional counting or spectrom, 
eter methods. Although La™ was probably present the 
amount was small compared to other activities present 
in the lanthanum sample and the resolution of the beta 
proportional data was not sufficiently accurate to 
establish a correlation between the predicted daughter 
activity and the observed activity. Also, due to the 
complexity of the radiation spectrum of the samples, 
it was impossible to associate maximum beta energy 
with the activity thought to be La™. 

The maximum positron energy of the 30-minute 
activity was determined through use of Kurie plots as 
described above for Ce™. The value obtained was 
4.2+0.3 Mev. The Coryell® beta systematics gave 3.4 
Mev as the disintegration energy for Ce, a value 
which is not inconsistent with our suspicion that the 
30-minute activity is due to this isotope. 
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Linearly polarized gamma rays were produced with the aid of a special betatron doughnut which made it 
possible to limit the effective thickness of the bremsstrahlung-producing Al and Pt targets. The linear 
polarization of 15.1-Mev bremsstrahlung gamma rays was detected by measuring the azimuthal angular 
distribution of gamma rays which had been scattered elastically from the well-known nuclear level in C" 

For the particular effective thickness of Al that was used, the maximum polarization of 15.1-Mev gamma 
rays in the bremsstrahlung of 25-Mev electrons was 1.53+-0.05. (This corresponds to 21% in the more 


conventional polarization notation.) Both this observed maximum (which occurred at ar 


1 angle of 1.4°) and 


the polarization measured at four other angles confirm theoretical predictions. 

With the platinum target that was used, the observed polarization of 1.28+0.04 was about 10% lower 
than the value predicted by theoretical calculations which use the Born approximation and neglect screening 
However, available screening and Coulomb corrections bring the theoretical predictions into essential 


agreement with the experimental values. 


Since the elastic scattering pattern of gamma rays shows unambiguously that the strong photon scattering 
level at 15.1 Mev in C" is excited by magnetic dipole radiation, this level has spin 1 and even parity 


I, INTRODUCTION 


HE experimental work on polarized bremsstrah- 
lung reported in this paper differs from previous 
work in three respects: 


1. A modified betatron doughnut was constructed 
which made it possible to limit the effective target 
thickness in a reproducible way. The effective thickness 
of a 10.5-mg/cm? Al target was limited to 30 mg/cm? 
while the 5.4-mg/cm? Pt target was limited to 10.5 
mg/cm? despite electron beam divergence or recircu- 
lation. 

2. The elastic scattering of gamma rays was used to 
detect the polarization of medium energy gamma rays 
(i.e., 15 Mev). This polarization detection technique 
has the advantage of giving low background effects 
while producing statistically significant data in a rela- 
tively short time. 

3. Linearly polarized gamma rays produced by an 
electron accelerator were used to learn about a property 
(i.e., the parity) of a nuclear energy level. 


The original purpose of this experiment was to find 
the degree of linear polarization that could be attained 
in bremsstrahlung produced by a betatron. After polar- 
ization had been detected, the experiment was extended 
to check the reliability of the approximate calculations 
then available. Recent improved theoretical calcula- 
tions remove most of the discrepancy between the 
theory and the experimental results. However, even 
the best theoretical treatment available contains ap- 
proximations which discourage the tedious auxiliary 
calculations needed before the experiments can be used 
as a very precise check of the theory. 

In a bremsstrahlung process, the production plane is 
defined as the plane which contains the lines of motion 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
t Visitor from J. Stefan Institute, Ljubljana, Yugoslavia. 


of the incident electron and the emerging gamma ray. 
Partial linear (or plane) polarization implies that the 
intensity of gamma radiation whose electric vector is 
perpendicular to the production plane, J,, is different 
from the intensity whose electric vector is in the pro- 
duction plane, /;;. 

The conventional! definition of the polarization, z, is 


w= (1,—T)/(itTn). (1) 


It will be more convenient, in this paper, to use the 
alternate definition of the polarization: 


P=I,/1,,=(1+)/(1—7). (2) 


P is a function of the incident electron energy, E,, the 
emitted photon energy, /,, and the angle between 
them, 6. For E.>mc? (where m is the electron mass) 
I,>J\, except in a very small energy region near the 
maximum value of /.,; hence, as P is defined in Eq. (2), 
P>1. As a function of £,, P increases as F, decreases. 
As a function of 6, P=1 for @=0 or for &>mc?/E,; P has 
a maximum value at about 6=mc*/E,. Because of the 
dependence of P on @, the maximum polarization can 
be attained only if a perfectly collimated electron beam 
strikes an infinitely thin bremsstrahlung target. In 
most experiments, beam divergence and multiple elec- 
tron scattering in the target before bremsstrahlung 
reduce the achievable polarization. 

In this experiment, P was determined by comparing 
the intensity of photons scattered perpendicular to the 
production plane, N,, to the intensity of photons 
scattered in the production plane, ,,. If the scattering 
were a pure electric dipole process 7, could contribute 
only to V,, but not to N,. (This corresponds to the 
classical fact that an oscillating charge does not radiate 
in the direction of its acceleration.) Similarly, 7), would 
contribute to V, but not to .V,,. For a magnetic dipole 
scattering process, on the other hand, /, contributes 
only to N, while J,, contributes to V,,. Since it is known 
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from theory that /,>J,, if one finds V,>N,, for a 
dipole scattering, this scattering must be magnetic 
dipole. In this case (and for the experiment described 
below), 


P=N,/Ny (magnetic dipole); P>1. (3) 


In order to restrict the scattering to either magnetic 
dipole or electric dipole, it was particularly convenient 
to use the scattering from a single nuclear energy level. 
The 15.1-Mev level in C™ is ideal for this purpose 
because it overwhelmingly dominates the scattering of 
high-energy gamma rays by carbon.' For 15.1-Mev 
gamma rays produced by 25-Mev electrons impinging 
on an infinitely thin Al bremsstrahlung target, theory 
predicts a polarization of P=1.83 for 6=@)=mc*/F, 
=0.02 radian. For a 30-mg/cm? aluminum target, P is 
reduced to about 1.35 at 6=6) and has a maximum 
value of about P= 1.47 at 6=1.66. 

Section II summarizes earlier experiments. The 
available calculations are reviewed in Sec. III. The 
arrangement used in this experiment is discussed in 
Sec. IV which includes measurements of the angular 
distribution of the bremsstrahlung; this angular distri- 
bution is used as a measure of the effective target 
thickness. The polarization measurements are given in 
Sec. V, and comparison between theory and experiment 
is given in Sec. VI. 


Il. EARLIER EXPERIMENTS 


The features of the theory of bremsstrahlung polar- 
ization were verified in experiments with 1-Mev elec- 
trons performed by Motz.’ His results indicate some 
limitations in the theoretical calculations that had been 
made in this low-energy region, but it is not clear what 
this discrepancy implies about the validity of the 
theoretical approximations used at about 20 Mev. 

Although four experiments have been done in the 
energy range from 11.5 Mev to 25 Mev, the results 
cannot be compared easily, and only one of the experi- 
ments can be compared with theory. In all of these 
experiments, photographic emulsions were used to 
detect the angular distribution of photoprotons from 
deuterium. This technique, which had been used 
effectively by Wilkinson* to study complete polariza- 
tion, has limited applicability in the study of partial 
polarization because of poor statistics and background 
effects. 

The first three measurements could not be interpreted 
easily because the bremsstrahlung were produced by an 
internal target in either a betatron or a synchrotron. 
The effective target thickness was uncertain due to the 
possible existence of edge effects in the target, of elec- 
tron beam divergences, and of electron beam recircula- 


1 Fuller, Hayward, and Svantesson, Bull. Am. Phys. Soc. 1, 21 
(1956); E. Hayward and E. G. Fuller, Physica 22, 1138 (1956); 
E. Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957) 

2 J. W. Motz, Phys. Rev. 104, 557 (1956). 

* D. H. Wilkinson, Phil. Mag. 43, 659 (1952). 


BREMSSTRAHLUNG 


FROM 25-MEV ELECTRONS 


Taste I. Values of polarization given by 
Dudley, Inman, and Kenney. 


Earlier results* 

Angle of ‘p 
observa- gas 1) 
tion (P +1) 


Later results 
Tracks P ° Tracks 
0.242 +0.081 396—CI1 
0.1574+0.095 20 1 
0.123 40.102 255 1 


Oo = mct/E, 
1.660 
2 S60 


7 0.38 +015 


64 0.24240.181 396 
; 
28 


* See reference 7. » See reference 8. 
tion. In none of these measurements were data given on 
the bremsstrahlung angular distribution (from which 
the effective target thickness might be inferred). 
Phillips* used a betatron to produce a 20-Mev brems- 
strahlung spectrum from a 5-mil wolfram target. 
Despite poor statistics (a total of 500 tracks were 
measured in four different areas of unspecified position), 
Phillips concluded that photoprotons were produced 
preferentially at both 90° and 20°. Muirhead and 
Mather® used a synchrotron to produce 11.5-Mev 
bremsstrahlung from a 5-mil platinum target. When 
they grouped their 1165 proton tracks into three groups 
corresponding to different gamma-ray energies, they 
found anisotropy only in the 180 tracks arising from 
gamma rays between 7.5 Mev and 11.5 Mev. Since the 
polarization should be higher for the lower energy 
gamma rays, Muirhead and Mather doubted that they 
had a polarized bremsstrahlung beam. Tzara® used a 
betatron to produce 22-Mev bremsstrahlung from a 
0.8-mil target. Using 438 photoproton tracks from 
0.2 am? of D,O-loaded emulsion, and 110 background 
tracks from 0.168 cm? of an H,O-loaded emulsion, Tzara 
reported a surprisingly high polarization, P=3.5+0.5. 
Dudley, Inman, and Kenney’ avoided the ambiguities 
of a circular accelerator by using 25-Mev electrons 
from a linear accelerator to produce a bremsstrahlung 
spectrum in a 1-mil Al target. The photoprotons from 
deuterium, detected in D,O-loaded emulsions, came 
mainly from 4-Mev to 8-Mev gamma rays. The results 
as originally reported’ and those corrected for larger 
background effects (which were found later*) are sum- 
marized in Table I. Although the data clearly show 
polarization effects, they are not sufficiently precise to 
test the theory. 


Ill. AVAILABLE CALCULATIONS 
A. Bremsstrahlung 


The existence of polarization in nonrelativistic brems- 
strahlen was pointed out by Sommerfeld.’ A theoretical 
treatment for the relativistic case was first given by 


‘K. Phillips, Phil. Mag. 44, 169 (1953). 

*E. G. Muirhead and K. B. Mather, Australian J. Phys. 7, 
527 (1954). 

*C. Tzara, Compt. rend. 239, 44 (1954). 

7 Dudley, Inman, and Kenney, Phys. Rev. 102, 925 (1956) 

* Verbal report by R. W. Kenney to Conference on Photo 
nuclear Reactions, National Bureau of Standards, April 30, 1958 
unpublished ). 

* A. Sommerfeld, Ann. Physik 11, 257 (1931). 
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May and Wick” who used the method of virtual 
quanta" together with the polarization dependence of 
the Compton effect to find the expected bremsstrahlung 
polarization. Subsequently, May" calculated the polar- 
ization more accurately using the Born approximation 
(ZK137) for the electron wave functions. Before 
summing over the directions of the emergent electrons 
May specialized his results to the case of complete 
screening. (This corresponds to the approximation 
E.>137Z-*mnce* ; or E>>30 Mev for Al, and E,>16 Mev 
for Pt. This is analogous to the treatment given by 
Bethe” for bremsstrahlung summed over polarization.) 
Gluckstern, Hull, and Breit™:'® derived the same differ- 
ential formula.'* This was summed over the emergent 
electrons by Gluckstern and Hull'® (to give a formula 
analogous to the well-known unscreened Bethe-Heitler 
formula’). Gluckstern and Hull also made a crude 
screening correction which is applicable at very low 
gamma-ray energies. The effect of screening was treated 
more accurately by Fronsdal and Uberall'* who used 
the Born approximation together with an exponential 
form factor to account for screening. (This treatment 
of screening had been used by Schiff in the brems- 
strahlung calculations summed over polarization.) Fi- 
nally, Olsen and Maximon” included both a Coulomb 
correction and a screening correction based on the 
Thomas-Fermi potential. (This more accurate treat- 
ment of screening corresponds to the Bethe-Heitler 
screening correction.'’:*!) These corrections bring the 
bremsstrahlung polarization calculations to the same 
advanced stage that was reached earlier for pair pro- 
duction and integrated bremsstrahlung calculations.??~-*° 
However, even these calculations involve approxima- 
tions which neglect terms of the order of mc*®/(E,—E,) 
which in our case is 0.05 

For the theoretical polarization and angular distri- 
bution of bremsstrahlung from Al we used the values 


”M. May and G. C. Wick, Phys. Rev. 81, 628 (1951). 

"uC. F. von Weizsiicker, Z. Physik 88, 612 (1934); E. J. 
Williams, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 13, 
No. 4 (1935). 

2M. M. May, Phys. Rev. 84, 265 (1951). 

4H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934) 

“4 Gluckstern, Hull, and Breit, Science 114, 480 (1951) 

16 Gluckstern, Hull, and Breit, Phys. Rev. 90, 1026 (1953) 

1 R. L. Gluckstern and M. M. Hull, Jr., Phys. Rev. 90, 1030 
(1953) 

17H. A. Bethe and W 
83 (1934) 

18 C, Fronsdal and H. Uberall, Phys. Rev. 111, 580 (1958). 

%L. I. Schiff, Phys. Rev. 83, 252 (1951). 

* H. Olsen and L. C. Maximon, Phys. Rev. 114, 887 (1959); and 
private communication 

71H. A. Bethe an 
Physics, edited by I 
York, 1953), Vol. 1 

# Bethe, Maximon, and Low, Phys. Rev. 91, 417 (1953). 

3H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954) 

™ Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954). 

*%5 Haakon Olsen, Phys. Rev. 99, 1: 


Heitler, Proc. Roy. Soc. (London) A146, 


1 Julius Ashkin, in J 


Segré (John Wiley 


perimental Nuclear 


Inc., New 


and Sons, 


335 (1955). 

26 Olsen, Maximon, and Wergeland, Phys. Rev. 106, 27 (1957); 
Olsen, Wergeland, and Maximon, Bull. Am. Phys. Soc. 3, 174 
(1958). i 
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given by Fronsdal and Uberall.2” This seemed most 
suitable inasmuch as the Coulomb correction is neg- 
ligible and the entire screening correction is about the 
same size as the error introduced for Z=0 by neg- 
lecting terms of order mc?/(E,—E,). (This is true for 
15-Mev bremsstrahlung from 25-Mev electrons in an 
Al target where the screening correction is only about 
2%; for 5-Mev bremsstrahlung, however, screening 
reduces the maximum polarization by more than 25%.) 
Since the entire screening correction is small, there 
seemed little point in being concerned about whether 
the Fermi-Thomas potential or the exponential form of 
the atomic potential was used. On the other hand, for 
the Pt target both the screening correction and the 
Coulomb correction are appreciable. Therefore, the 
theoretical values for the polarization and angular dis- 
tribution of bremsstrahlung were taken from Olsen and 
Maximon.”® [It is known that the neglect of mc?/ 
(E,—E,) predic ts too low a polarization by about 3% 
for Z=0 at 0=mc*/E,, but no estimate is available of 
the error in polarization or angular distribution at 
finite Z. | 

The theoretical polarizations used are shown as a 
function of angle in Fig. 1 together with the values'® 
for Z=0; the values are for E,=25 Mev and E,=15 
Mev. The corresponding theoretical angular distribu- 
tions of the intensity are shown in Fig. 2. The values 
for aluminum give a slightly broader angular distri- 
bution than is given by the unscreened Bethe-Heitler 
formula. The values for platinum give a still broader 
distribution which, however, agrees very well with the 
formula, V (6) = [1+ (0/4)? } 
mation** to 
Schiff.” 


2; this is the usual approxi- 


the angular distributions calculated by 


B. Effects of Electron Beam Angular Divergence 


Because the polarization varies strongly with angle 
any angular spread in the electrons which produce 
bremsstrahlung will affect the experimentally observed 
angular dependence of po 
angular distribution wer 
together with the theoretical 


If the exact electron 
known, it could be used 
ingular depende nce of the 
total bremsstrahlung intensity to obtain the appropriate 
average of the intrinsi 
ization. 
Although the angular divergence of the electron beam 
is not known if this beam strikes an internal target in a 
circular electron accelerator, the resulting angular dis- 


irization 


angular dependence of polar- 


tribution of the total bremsstrahlung intensity might 
be a reliable i 


guide to the initial electron divergence. 


One way to proceed with the interpretation of data 


would be to use several reasonable guesses of the elec- 


1 


tron beam divergence and to use the measured angular 


27 Obtained from the IBM-704 computer in 
CERN-2 program devised by Fronsdal and | 
ence 18. 

28 L. H. Lanzl and A. O. Hanson, Phys. Rev. 83, 959 (1951). 
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Fic. 1. Theoretical polarization of 15-Mev bremsstrahlung from 
25-Mev electrons. The target is assumed to be infinitely thin. The 
top curve is for Z=0; it is taken from reference 34 and is based on 
the formulas in reference 16. The middle curve which is for 
aluminum (Z=13) is based on references 18 and 27. The bottom 

curve applies to platinum (Z = 78) and is based on reference 20. 


distribution of the total bremsstrahlung intensity to 
select the most suitable electron distribution. Since the 
calculation of the expected bremsstrahlung distribution 
is quite tedious, we used as a sample electron distribu- 
bution one which would be appropriate for an initially 
collimated electron beam after it had been multiply 
scattered in the bremsstrahlung target. For our purposes 
it is not important to know whether this electron distri- 
bution takes multiple scattering into account very 
accurately inasmuch as only our experimental brems- 
strahlung results can justify the use of any electron 
distribution. (Fortunately, as will be shown in Sec. IV, 
our results agreed well enough with these calculations to 
make calculations with other electron distributions 
unnecessary.) However, because an accurate treatment 
of multiple scattering may be useful in other experi- 
ments, we shall comment below on the accuracy of the 
electron distribution we use if it is applied to experi- 
ments involving collimated electron beams and targets 
of finite thickness. 

A good approximation for the distribution of electrons 
which radiate after having been scattered through 
angles, 0 and ¢, into a solid angle, dQ, is given by 


N (6, ¢,m,)d2 = ———_[_— Ei(—6*/2m,70,?) dQ; (4) 


2am ,"0o? 


8= mc*/E,, m, is a constant which depends on both the 
target material and the total thickness /, and 


2 ew 
[— Fi -)]= f —dy, 
EP 


the exponential integral function. (Note that m is the 
electron mass but m, and m, are parameters depending 
on target thickness.) Equation (4) would be appropriate 
if two conditions were satisfied. First, as indicated by 
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Fic. 2. Angular distribution of bremsstrahlung intensity. The 
curves show the angular distribution of the 15-Mev gamma rays 
resulting when 25-Mev electrons strike on infinitely thin target. 
The narrower angular distribution applies to aluminum; it is 
taken from the data of references 18 and 27. Complete neglect of 
screening as in reference 16 would give a slightly narrower distri- 
bution. The broader angular distribution which applies to plati- 
num is based on reference 20. 


the approximate calculation of Williams,” electrons 
which have been multiply scattered by a foil of thick- 
ness, r, should emerge with a Gaussian angular distri- 
bution given by 
1 
f(0,¢,7)dQ= ———— exp[— (6°/2m,"0o") Jd. + (5) 


2am,"6o" 


Incidentally, Eq. (5) shows the physical interpretation 
of m,; it is the ratio of the root mean square scattering 
angle to 1.416: 


m,=[(0,2)m ]}/1.4100. (6) 


The second condition needed for deriving Eq. (4) is 
that m, be proportional to the square root of the 
thickness” : 

m,? = r, (7) 


When a bremsstrahlung target of thickness, ¢, is 
used, electrons will have been multiply scattered be- 
cause of having traversed various thicknesses, 7, before 
producing bremsstrahlung. It is therefore necessary to 
sum the expression given in Eq. (5) over the thickness 
range, O0<7r<t. If Eq. (7) were correct, this sum would 
be given by N (6,¢,t) as in Eq. (4). 

An improved calculation of multiple electron scat- 
tering by Moliére,” and by Bethe," was confirmed 
experimentally by Hanson, Lanzl, Lyman, and Scott. 
Hanson e¢f al. also showed that this more accurate 
theory can be approximated by a Gaussian, and the 
convenient formula which they give®**!* matches the 


* E. J. Williams, Phys. Rev. 58, 292 (1940). 

*® G. Moliére, Z. Naturforsch. 3a, 78 (1948). 

* H. A. Bethe, Phys. Rev. 89, 1256 (1953). 

*® Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951). 

#D. R. Corson and A. O. Hanson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, 1953), Vol. 3, p. 67. 
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accurate theory to within 1% for the target thicknesses 
important in this polarization experiment. Thus, the 
Gaussian electron distribution [Eq. (5)] is accurate 
but the dependence of m, on 7 is not that given in 
Eq. (7). 

Since Eq. (7) is not correct, the accurate value of 
N (0,¢,m,) can be obtained only from numerical integra- 
tion. In order to find the error introduced by using 
Eq. (4) for NV, an accurate numerical integration was 
carried out to find the angular distribution of brems- 
strahlung producing electrons in a 25-mg/cm? AI target. 
The resulting electron angular distribution was very 
similar to that given by Eq. (4) except that a value of 
m,=0.54 had to be used in Eq. (4) whereas the true 
value of m, for 25 mg/cm? is m,=0.56. Thus, using 
Eq. (4) for the electron angular distribution would not 
introduce any appreciable error if the value of the 
parameter, m, is properly reinterpreted. 

For the present experiment the reinterpretation of m, 
in terms of thickness is unimportant because m, can be 
treated as a parameter which is inferred from measure- 
ments of the angular distribution of bremsstrahlung 
and which is then used to calculate the expected angular 
distribution of polarization. Because of this, Eq. (4) 
was used for the electron distribution. [In the remainder 
of this paper, when a target thickness is inferred from 
an m;, value, it will be adjusted upward by 8% in an 
attempt to error introduced by using 
Eq. (4). This adjustment is made even though the 
uncertainty about the actual electron distribution and 
the errors involved in measuring m, exceed this small 
correction. 

After the electron distribution of Eq. (4) was ac- 
cepted, it was necessary to calculate the angular de- 
pendence both of the total bremsstrahlung intensity 
and of the polarization for various values of the param- 
eter, m,. Some of the necessary calculations had already 
been done by Miller* who used the intrinsic brems- 
strahlung angular distribution and polarization given 
by Gluckstern and Hull.'® These calculations, which 
were all that were available while the measurements 
were being made, were an extremely useful guide to 
the experimental work. When the improved theoretical 
approximations became available'*-*°-?7 we made the 
more exact to interpret our 
results. 

Because 


remove the 


calculations necessary 


Miller’s calculations did not include the 
effect of screening, they underestimate the angular 
spread of the intrinsic bremsstrahlung intensity. A simple 
way to supplement Miller’s calculations involves follow- 
ing the procedure of Lanzl and Hanson** who use a 
two-Gaussian approximation to the simple form they 
suggest for the intrinsic “Schiff spectrum.” This pro- 
cedure gave angular distributions somewhat different 
from those of Miller but at least part of the discrepancy 
is due to the approximations made by Lanzl and 


* J. Miller, privately circulated report, C.E.A. No. 655, Centre 
d’Etudes Nucléaires de Sac lay, 1957 (unpublished). 
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Hanson. Our final calculations were done more exactly 
with the aid of the Illiac, a digital computer at the 
University of Illinois. For the platinum target the 
angular distributions were almost identical with those 
of Miller except that the value of m, implied by a given 
distribution was less by 0.1. For the aluminum target 
the exact were somewhat dif- 
ferent. If the measure of m, was taken as the full width 
of the experimental! angular distribution at the 4 maxi- 
mum or { maximum points, the actual m, values were 
less than those predicted by Miller by 0.07 or 0.03, 
respectively. Although the measured angular distribu- 


angular distributions 


tions could not be obtained with enough precision to 
distinguish clearly between Miller’s calculations and 
our more accurate values, the experimental data were 
in somewhat better agreement with the more accurate 
values. (Other calculations of the effect of target thick- 
ness on the angular distribution® are not particularly 
appropriate to this work because they deal with con- 
siderably thicker targets.) It should be emphasized that 
uncertainties in m, are not very important if one wants 
to check the polarization calculations semiquantita- 
tively inasmuch as a shift in m, by 0.05 usually changes 
the expected polarization by less than 2%. 


IV. EXPERIMENTAL ARRANGEMENT AND THE 
ANGULAR DISTRIBUTION OF 
BREMSSTRAHLUNG 


If a betatron is used conventionally, the linear polar- 
ization of bremsstrahlung is probably obscured because 
of the angular divergence of the electron beam before 
the gamma rays are produced. Usually, the main cause 
of this beam divergence is the multiple scattering of 
electrons in the thick) target. Even if an 
especially thin bremsstrahlung target is used, electrons 
without radiating can 
recirculate through the betatron and strike the target 
several additional times,** thereby producing an effec- 
tively thick target. A second cause of electron beam 
divergence may be radial oscillations of the electron 
beam, particularly as it is moved from the stable orbit 
to the target. Precautions which were taken to eliminate 
beam recirculation and excessive radial oscillations are 
described below 


(normally 


which pass through the target 


A. Special Doughnut Including Beam Stopper 


In order to reduce beam recirculation the special 
doughnut shown in Fig. 3 was used in the Illinois 25- 
Mev betatron.” A 60-mil piece of wolfram (2.9 g/cm?) 
which was placed 163° from the target acted as a beam 
stopper to intercept electrons which had been scattered 
in the target. The precise effect of the beam stopper 

* A. Penfold, thesis, University of Illinois, 1955 (unpublis 
A. S. Penfold and J. E. Leiss, University of Illinois Repor 
1958 (unpublished); A. Sirlin, Phys. Rev. 101, 1219 (1956); 

637 (1957). E. Hisdal, Phys. Rev. 105, 1821 (1957); Arch. Math. 
Naturvidenskab 54, No. 3, 1 (1957 
* Fuller, Hayward, and Koch, Phys. Rev 
7D. W. Kerst, Rev. Sci. Instr. 13, 387 


109, 630 (1958). 
1942). 
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Fic. 3. Special betatron doughnut. The thick wolfram beam 
stopper (2.9 g/cm?) is 163° away from the thin bremsstrahlung 
target. The radial distances shown are those used in the polariza- 
tion experiments. For other measurements, the positions of the 
stable orbit, the target, and the stopper were varied. 


depends on how the magnetic field, H, varies with the 
radius, 7, at the position of the target. This variation is 
given by the field index, m, which is defined as 
n= (—r/H)(dH/ar). 

If » were known, the stopper action could be pre- 
dicted by using the convenient formula given by 
McMillan,* which takes into account the effects of both 
scattering and energy loss in the target. For example, 
for 25-Mev electrons, a 10.5-mg/cm? target of alumi- 
num, and a field index of n=%, McMillan’s formula 
predicts that the energy loss would reduce the radial 
position of the beam by 0.7 mm near the target and by 
0.35 mm near the stopper (about 180° away). Scattering 
in the target would not affect the radial shift, Av, near 
the scatterer. For scattering, Ar «sin[(1—m)4@] (where 
6=0 at the target position), and there would be a radial 
shift near the stopper; this shift would be alternately 
positive and negative on successive circulations of the 
beam. Because of this and because the stopper has a 
much larger area, the electrons which are scattered 
excessively at the target should hit the stopper before 
they can hit the target a second time. 

Under normal conditions, the Illinois betatron oper- 
ates with a value of n=? at the stable orbit.*” However, 
in this experiment the value of m was uncertain both 
because the radial position of the target was somewhat 
larger than usual and because the expansion pulse 
might affect m. The target and stopper configuration 
shown in Fig. 3 should have provided effective stopping 
if the field index was near n»=4. Both the target and 
the stopper could be moved in all three dimensions. 

Stoppers of several different shapes were tried ; some 
of them had notches near where the electron beam 
would hit. The notches did not seem to affect the 
angular distribution in the horizontal plane but they 
did improve the vertical angular distribution slightly. 
The stopper which was used for the polarization run 


* E. M. McMillan, Rev. Sci. Instr. 22, 117 (1951). 
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was a 1.7-cm square which had a small semicircular 
notch of 2-mm radius. The vertical position of the 
stopper was adjusted so that the notch was centered 
about the plane in which the electrons moved. The 
target was placed in this same plane. 

The stopper effectiveness was tested at a number of 
different target radii; at each target radius a number 
of different stopper positions were tried. The brems- 
strahlung angular distribution seemed to depend only 
on the relative radial positions of the target and the 
stopper. These studies of the dependence of the angular 
distribution on the radial position of the stopper were 
made to see whether there were gross changes in the 
stopper action. There was little reason for studying this 
systematically with high precision because it was very 
desirable to keep the relative radial distance between 
the injector and the stopper as small as possible. When 
the stopper moves radially inward it attenuates the 
circulating electron beam at injection. 


B. Orbit Expansion 


In the Illinois betatron the electron beam is forced 
to spiral radially outward from the stable orbit to the 
target.” This orbit expansion is produced by sujsplying 
a pulse of current to expander coils which produce more 
accelerating flux and less magnetic field than would be 
appropriate for the stable orbit. (Since the expander 
pulse does affect the magnetic field between the stable 
orbit and the detector, it might affect the field index, n.) 
If a very rapid expander pulse were used, appreciable 
radia! oscillations of the electron beam might result. 
A rapid expander pulse would also have the disad- 
vantage of producing a short duration pulse of electrons, 
thereby complicating the electronic detection of scat- 
tered gamma rays. 

In order to avoid these difficulties, the expander 
pulse was made relatively slow.” A gradual expansion 
was used which required about 200 microseconds for 
the beam to move radially the 1 cm from the stable 
orbit to the target. During this time the electrons 
traveled 6X 10° cm, making about 4.4 10* revolutions; 
this implies a spiral path whose average pitch is about 
2.2X10-* cm. This spiral pitch is consistent with the 
fact that with a beam diameter of about 1 mm, the 
electrons continued to hit the target for about a 20- 
microsecond time interval during each of the 180 pulses 
per second. (Both “pinhole camera” pictures and col- 
limators were used to locate and to measure the size 
of the region where the electron beam hit the target.) 


C. Effective Target Thickness 


The effective thickness of the target was determined 
by measuring the angular distribution of bremsstrah- 
lung and by comparing the full angular width at both 
4 and } maximum with the calculated values. Two 


” T. J. Keegan, Rev. Sci. Instr. 24, 472 (1953). 
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different techniques were used for measuring the angular 
distributions and both gave the same results. The first 
method consisted of measuring the (y,) radioactivity 
induced in long copper strips which were irradiated 
1 meter from the target. An end window Geiger counter 
with a small collimating hole was used to examine the 
copper strip at } inch intervals. (These intervals corre- 
sponded to angular intervals of about 0.0063 radian or 
0.36°; the angle 0)= mc*/ E, was 0.0204 radian or 1.17°.) 
Using this system, a measurement of the vertical and 
horizontal angular distribution required about 25 min- 
utes (including irradiation time). 

The second technique, which was designed to reduce 
the measuring time, used a small cylindrical ionization 
chamber whose diameter was } inch. This cylinder was 
mounted 1 meter from the target with its axis parallel 
to the incident electron beam; the entire chamber was 
moved both horizontally and vertically by remote 
control. An auxiliary beam monitor was used to 
guarantee the constancy of the betatron yield. 

Figure 4 shows the angular distributions obtained for 
three different relative radial positions of the target 
and the beam stopper. The experimental data can be 
brought into excellent agreement with the calculated 
curves by adjusting the parameter m, in the theoretical 
curve and by subtracting a small known isotropic com- 
ponent from the experimental points. Since many other 
sets of experimental data were also consistent with 
calculated angular distributions, it seemed reasonable 
to use these data together with the calculations to 
define the effective value of m, (the target thickness). 
(It was necessary to show experimentally that the 
angular distributions were similar to those calculated 
since there is no simple way to predict that the effective 
electron angular divergence before bremsstrahlung in a 
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Fic. 4. Angular distribution for several target and stopper 
positions. The graph shows the relative intensity (normalized to 
100 at the maximum) as a function of the distance from the beam 
center. The three series of experimental points can be fitted by 
curves similar to the two theoretical curves shown if the parameter 
m, is varied. The solid theoretical curve corresponds to m,;=0.5 
while m,=1.0 for the dashed curve; both of these curves neglect 
screening. 
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betatron will be the same as that in a target which is 
actually thick.) 

The effect, on both the m, value and the yield, of 
varying the radial position of the target for a fixed 
stopper position is shown in Fig. 5. The yield was 
measured with the narrow (}-in. diameter) ionization 
chamber which subtended 0.36° in the center of the 
beam when it was 1 meter from the target. This ioniza- 
tion chamber was calibrated at 20 r/min at 1 meter 
against a Victoreen Ionization Thimble enclosed in an 
8-cm Lucite cube. Since the yield was measured in the 
forward direction and since the beam has a greater 
angular spread for larger stopper to target separations, 
the total yield increases more rapidly than is shown by 
the points in Fig. 5. 

The angular distributions summarized in Fig. 5 had 
full widths at } maximum which varied from 0.050 to 
0.072 radian; a pure intrinsic Schiff spectrum would 
have given a width of 2mc?/E, or 0.040 radian. The 


* YIELO(LEFT 


M+ VALUE (RIGHT SCALE ) 


=_ ow © 


:-. 2s 4 


rol, (in mm) 


YIELD R/MIN AT | METER 


Fic. 5. Effect of relative positions of target and stopper on 
yield and on effective thickness. The dots and the left scale show 
the yield in forward direction. The crosses and the right scale show 
the m, values as inferred from the angular distribution with 
screening neglected. The abscissa is the radial difference between 
stopper and target positions. The radius of the inner edge of the 
target is r;; that of the stopper is r,. (The notch in the stopper 
corresponds to a radius 2 mm greater than r,.) 


corresponding effective thicknesses are 30 mg/cm? and 
91 mg/cm? of Al; the actual thickness was 10.5 mg/cm?. 

The experimental data of Fig. 5 were used to choose 
a target and stopper geometry for the polarization 
tests. The inner edge of the target was set at a radius 
which was a fraction of a millimeter above that of the 
inner edge of the stopper so that the target extended 
slightly into the notch in the stopper. This positioning 
was checked indirectly from time to time by measuring 
the angular distribution; no changes equivalent to 
shifts in m, greater than 0.05 were ever found. 

The data of Fig. 5 do not provide detailed information 
about the recirculation of the beam and the effectiveness 
of the stopper. The increase in the yield as the target 
was moved radially inward with respect to the stopper 
showed clearly that there is beam recirculation if the 
stopper is not effective. (Auxiliary experiments had 
shown that the target positions did not affect the beam 
which circulated in the stable orbit. Furthermore, the 
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expansion pulse was always large enough to deliver 
essentially the entire electron beam to radii as large as 
that of the stopper.) However, it is not possible to 
match the data of Fig. 5 quantitatively by assuming 
simple beam trajectories and perfect stopper action. 
For example, it is clear that the angular distribution 
does not continue to improve (i.e., m, does not continue 
to decrease) as the target is moved radially outward 
into the stopper notch. Since the minimum m;, value 
obtainable with a 10.5-mg/cm? Al target corresponded 
to a thickness of 30 mg/cm’, some effect was causing a 
divergent electron beam to strike the target. One 
possible explanation is that some electrons were scat- 
tered from the edge of the stopper. (It is also possible 
that unknown peculiarities of the field index, , at the 
time of expansion caused divergence or allowed recircu- 
lation. However, this possibility seems unlikely since 
the angular distributions were surprisingly insensitive 
to expander pulse shape as well as to the radial position 
of the target-stopper pair.) 

Bremsstrahlung angular distribution measurements 
were also made in the plane perpendicular to the 
electron orbit. This vertical distribution was very 
slightly broader than the horizontal distributions dis- 
cussed above. The m, values calculated from the vertical 
distributions were about 0.03 larger than those calcu- 
lated from the horizontal distributions. This difference 
is not at all surprising since both the stopper actions 
and the electron beam oscillations are different for 
vertical and horizonta! deflections. 


D. Final Angular Distribution Measurements 


The polarization studies were made for a single 
effective target thickness of aluminum and a slightly 
greater effective thickness of platinum. Figure 6 shows 
the bremsstrahlung angular distribution in the hori- 
zontal plane for each target; Fig. 6(a) is for aluminum 
whereas Fig. 6(b) is for platinum. The aluminum data 
indicate m,;=0.57 while the platinum data correspond 
to m,=0.64. These m, values correspond to effective 
thicknesses of about 30 mg/cm? for the actual 10.5- 
mg/cm? Al target and 10.5 mg/cm? for the actual 
5.4-mg/cm? Pt target. 

These bremsstrahlung angular distributions were 
checked before, during, and after each of the polariza- 
tion runs. In addition, angular distributions were 
measured for the different tangential positions of the 
target which were used to vary the angular position 
of the gamma-ray beam in order to allow different 
portions of the beam through the collimator. The 
variations in m, never exceeded 0.05; this maximum 
variation in m, was not far from the limit of the experi- 
mental precision. (It would correspond to an error of 
about 1/20 inch or 2.5% in the full width of the angular 
distribution pattern at one-quarter intensity as meas- 
ured at 1 meter. Such variation could also be produced 
by making an error of 8% in the monitor reading or 2% 
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Fic. 6. Bremsstrahlung angular distributions from polarization 
targets. Figure 6(a) shows the angular distributions for Al; 
the m, values inferred from this curve is 0.57. The data for 
platinum in Fig. 6(b) imply m,=0.64. The full widths, in units 
of radians are given at 1/2 and 1/4 maximum. 


in the reading of the small ionization chamber.) An 
error in m, of 0.05 would produce a maximum error in 
the value of P of about 2.6% ; however, for most angles 
the shift in P caused by a shift of 0.05 in m, is closer 
to 1%. 


V. POLARIZATION MEASUREMENTS 


A. Experimental Procedure 


The polarization of 15.1-Mev gamma rays was meas- 
ured by detecting the azimuthal angular distribution of 
gamma rays elastically scattered from C™. A scale 
drawing of the geometry of the experimental arrange- 
ment is shown in Fig. 7. The defining aperture of the 
main 2-foot thick iron collimator was about 45 inches 
from the bremsstrahlung target ; the full angular spread 
of the collimated beam was 0.50° or 0.4365 at the elec- 
tron energy of 25 Mev (kinetic energy of electron 
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Fic. 7. Scale drawing of polarization experiment geometry. 


24.5 Mev). The beam passed through a brass pipe 
inserted in the 6-foot thick earth fill which made up 
the rear wall of the betatron building; an auxiliary one 
foot thick iron shield was set beyond this wall. The 
carbon scattering sample was about 14 feet from the 
bremsstrahlung the beam 
diameter was about 1.5 inches. A thick-walled ionization 
chamber placed 4.5 feet beyond the sample served as a 
beam monitor. 

The carbon scattering sample was made of poly- 
styrene; its thickness was 1.93 g/cm?. The front face 
of the 5-in. diameter, 4-in. thick NaI crystal detector 
was 6.7 in. from where the center of the beam hit the 
sample. The effective crystal diameter was reduced to 
3.5 in. by means of 4-in. thick Pb shielding. The finite 
solid angle subtended by the detector introduced a 
correction of from 0 to 2% in the polarization. In order 
to attenuate preferentially low-energy gamma rays and 


target; at this position 


thereby avoid pulse pileup, a composite absorber of 
2.75-in. graphite and about }-in. Pb was used in front 
of the crystal throughout the experiment. (In some runs 
Pb absorber thickness was increased 
when the beam intensity on the sample increased; 
during series II, the betatron yield reaching the sample 
was maintained constant despite shifts in angle, and a 


} 
‘7 


in series I, the 


in. Pb absorber was used for all points.) 

The crystal and phototube were surrounded by a 
cylindrical Pb shield with walls that were 3 in. thick. 
The entire scintillation setup, including the shielding, 
was mounted on a wheel which made it possible to 
change the azimuthal angle while keeping the radial 
distance constant to within }%%. In series IH, two de- 
tectors 180° apart were used. 

The electronic system used to record the scattered 
gamma rays was completely conventional. A 7046 
photomultiplier (14 dynode) was operated at about 
2500 volts with a 180-ohm load resistor. The pulses 
from the phototube were transmitted directly over 
180-ohm cable to a remote counting area. They were 
then amplified with a linear feedback amplifier, and 
sent through a simple diode clipper and stretcher to a 
100-channel pulse-height analyzer. ‘The gain and clip- 
ping were such that the analyzer recorded pulses above 
about 5 Mev and each channel accepted pulses in a 
250-kev energy interval. 

The entire experimental procedure was designed to 
eliminate errors which might result from slow shifts in 
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either gain or monitor Che data were col- 
lected in individual runs were only about 10 
minutes long. Between runs the detector was rotated 
through 90° and a (Na**) was 
observed; a constant attenuator was used so that the 
standard 511-kev gamma-ray photopeak and the 15.1- 
Mev scattered gamma-ray produced equal output 


ensitivity. 
whic h 


radioactive source 


pulses from the amplifier. Each time the phototube was 
rotated through 90°, a ga 
introduced to compensate t of the earth’s 
magnetic field on the phototube gain. Between 8 and 24 
runs were added together to give a 


n shift of about 10% was 


for the effe: 


single value of the 
polarization at a given angle. 

The angular portion of the beam transmitted through 
the collimator was changed by shifting the angle 
between the center of the 
the collimator (i.e., the lin 


main beam and the axis of 

between the center of the 
collimator and the bremsstrahlung target). The angle 
could be changed easily by shifting the tangential 
position of the target with respect to the electron orbit. 
The shifted beam position was located photographically 
at about 1 meter from the target. The beam which was 
about 2 cm in diameter could be located to within 
+4 mm corresponding to an angular uncertainty of 
about +0.03@) at 25 Mev. The center of the main beam 
was always set so that the production plane of the 
gamma rays going through the 


g collimator was hori- 
zontal. 


B. Measurement of Background 


Due to the finite resolution of the Nal crystal, the 
15-Mev ““photopeak”’ extends from about 12 Mev to 
16 Mev. In this energy range the background at the 
detector is quite low and comes almost entirely from 
gamma rays scattered elastically and inelastically from 
the nuclei in the scattering sample. This background 
was determined in three different ways. 

(1) A5.54-g/cm? graphite absorber was placed in the 
collimated beam before the carbon scattering sample. 
The nuclear absorption of this graphite attenuated the 
detected 15-Mev gamma rays to about 30% of their 
original value; the nuclear absorption was obtained by 
correcting for the atomic absorption of 10% and for 
the monitor response. The resultant pulse spectrum, 
although it still had a prominent 15-Mev peak, had a 
small enough peak-to-background ratio to permit a 
reliable estimate of the background. An upper limit of 
11% and a lower limit of 7°% to the ba kground were 


obtained from this curve. From these values, it was 
the 


ounting rates. 


possible to estimate the background as ,9% of 
average of the vertical and horizontal 

(2) An equivalent water sample was placed in the 
beam instead of the standard polystyrene sample. 
Although the nuclear scattering from oxygen might 


well be different from that of carbon, one would expect 
a similarity except for the 
level in carbon. The counting rate 
water sample in place also « 


strong scattering 15.1-Mev 
obtained with the 
rresponded to 9% of the 





15.1-MEV 


average of the vertical and horizontal counting rates 
when the carbon scatterer was used. 

(3) The background due to inelastic scattering was 
estimated from the parameters found by Garwin® who 
studied photon scattering in carbon. Garwin gives the 
integrated cross sections for the elastic scattering by 
the 15.1-Mev level (2.33 mb Mev), and for nonresonant 
elastic scattering from neighboring levels (0.1 mb Mev). 
He also measured the contribution of gamma rays in 
this energy region from the inelastic scattering of 
higher energy gamma rays. Furthermore, Garwin gives 
the ratio of the Doppler width to the total level width 
from which one can calculate the absorption of the 
resonant gamma rays in the polystyrene scattering 
sample. Using these data, one calculates a background 
of 8% for this experiment. This value is in excellent 
agreement with the 9% value which we used in 
analyzing the data. (Garwin’s parameters also pre- 
dicted correctly the effect of the 5.54-g/cm? graphite 
absorber.) 

It is conceivable that the background is different in 
the vertical and horizontal positions of the detector 
because of polarization. If the background came from 
M1 processes, there would be more in the vertical than 
in the horizontal direction, whereas if it came from £1 
processes the background would be larger in the hori- 
zontal direction. Since the gamma-ray background 
above the 15-Mev line was symmetric we had no 
choice but to assume that there were no polarization 
effects in the background. (The measurements made 
with a graphite beam absorber did not have sufficient 
statistical accuracy to give information about whether 
the background in the 15-Mev region was polarized.) 


C. Polarization Data 


Each polarization point was obtained by adding to- 
gether the data from a set of runs. Between each run 
the detection system was rotated through 90° so that 
vertical and horizontal data were taken alternately. 
Furthermore, on alternate vertical runs the detector 
would be either above or below the sample while both 
the east and the west positions were obtained in the 
horizontal runs. (The beam ran from north to south.) 
During the runs of series I the main beam was east of 
the collimator while during series II the beam was west 
of the collimator. The shielding was good enough to 
eliminate differences in the east and west counting 
rates that might have been caused by faulty attenuation 
of the main beam. However, jf the horizontal detector 
had always been set on only one side of the beam, 


a small (1%) correction would have been necessary to’ 


account for the nonuniform bremsstrahlung intensity 
across the target. (If the edge of the target nearest the 
detector received the larger intensity, the effective 
detection efficiency would be slightly larger in the 
horizontal position.) 


“FE. L. Garwin, Phys. Rev. 114, 143 (1959). 
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Fic. 8. Energy spectrum of scattered gamma tays. The illus- 
trated background was measured in auxiliary experiments de- 
scribed in the text. The data correspond to entry 1 in Table II; 
the sum of 12 vertical runs is shown as crosses and 12 horizontal 
runs are shown as open circles. 


The typical set of data (used to obtain a single 
polarization point) shown in Fig. 8 illustrates the 
pulse-height spectrum obtained. The counts in the 
region between 12 Mev and 16.25 Mev are mainly 
those from the 15-Mev gamma ray of interest. The open 
circles in Fig. 8 represent the sum of 12 runs with the 
detector horizontal. The corresponding data for 12 runs 
with the detector vertical are shown by the crosses. 
The background for 12 runs, as obtained from auxiliary 
measurements, is shown in Fig. 8 by the dashed line. 

The counts that were used to obtain the polarization 
were those in the energy interval between 12.25 Mev 
and 16 Mev. (No attempt was made to calibrate the 
energy response or to adjust the energy accepted per 
channel of the pulse-height analyzed. The horizontal 
scale of Fig. 8 and the energies quoted in this discussion 
are only approximate. However, using this energy scale 
gives a much clearer idea of the experimental procedure 
than would a discussion based solely on channels in the 
analyzer.) The particular energy interval was chosen to 
minimize the error that would be introduced by a slight 
shift in the entire energy interval. In order to test the 
possible influence of an energy shift, the 3.75-Mev 
interval was divided in each series of runs into three 
1.25-Mev intervals. Ratios between these three intervals 
were quite sensitive to exact energy limits, and a shift 
of 100 kev in the relative energy scale for the vertical 
and horizontal data usually produced statistically sig- 
nificant distortions. In order to have a fixed, consistent 
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TABLE IT. Summary of polarization data. 


IV 
Polarization* Vv VI 


I! vert. —back 
I Total £ iil (= -— ) 
Target Mev Ea/ma hor. — back 


vert. hor. 


1. Al 25 1.57+0.07 1552 1051 


25 ‘ 1.24+0.09 505 
25 1.02+0.05 
25 , 1236 


18.8 1.17+0.08 539 


2 : 1.30+0.07 771 
) 


1.17+0.05 1363 1191 


Total counts 12.25 Mev to 16 Mev 


25 5 1.52-+0.11 623 433 
378 
900 882 


1.44+0.08 897 647 
470 
25 A 1.30+0.05 933 740 
610 


Vil Nill jx ‘ XI XII 


Total x11 


time intensit Resonant” counts/r 


back minutes runs *b inches vert. hor. 


Series I (1 counter) 


117 300 
48 180 
40 76 
80 &9 
111 161 
54 370 
35 315 
75 194 
62 307 
115 190 


Series IT (2 counters) 


1251 
1267 
1598 
1531 
1392 
1158 


1.49+0.06 
1.47+0.06 
0.87 1.33+0.05 
0.36 1.08+0.04 
0.0 0.97+0.04 
1.61 1.27+0.05 


1780 
1773 
2052 
1641 
1358 
1424 


1.61 


15. 
16. 


MaMuauw 


M NM DN DY dO bO 


* Polarization values given 
Pb absorber in front of Nal scintillator. 
analysis procedure, we adjusted the relative energy 
scale in each run so that the counting rate ratios from 
the three 1.25-Mev channels were the same. The 


required shift was always small, if a shift was necessary 


at all. Furthermore the shift never produced a sig- 
nificant change in the ratio of the counts obtained in 
the entire 3.75-Mev interval. 

A summary of the polarization data is given in 
Table II. Column I gives the bremsstrahlung target 
material, column II the total electron energy including 
rest mass, and column III gives the angle between the 
main beam and the center of the scattering sample in 
units of @. Column IV gives the final value of polariza- 
tion corrected for background and for the finite solid 
angle subtended by the detector. The errors shown are 
statistical. Columns V, VI, and VII give the data from 
which the polarization was calculated. The background 
shown in column VII should be subtracted from both 
the vertical and horizontal counts shown in columns V 
and VI, respectively, in order to get the 15-Mev 
gamma-ray contribution. Columns VIII to XI indicate 
the experimental conditions under which the data were 
obtained. About 4 of the time shown in column VIII 
and exactly half of the r shown in column IX were 
used for the vertical runs which were one-half the value 
given in column X. Column XI gives the thickness of 
Pb absorber used in front of the scintillator. Columns 
XII and XIII give the number of resonant counts 
(with background subtracted) that would have been 
obtained per r if the Pb absorber in front of the 
scintillator had been } in. Columns XII and XIII 
should average about a common, nonpolarized value. 
In almost all cases the averaging was perfect. However, 
there are several entries which indicate a slight slow 


136 191 
137 305 
164 170 
143 138 
124 134 
116 141 


are corrected for the finite solid angle of the detector as well as for background 
> The relative number of scattered 15-Mev gamma rays per roentgen on the target is corrected to the value t 


btained with a }-in. 


shift of the monitor response. (The monitor response 
was not corrected for air temperature and pressure 
because the temperature did not fluctuate significantly 
during any series of runs that corresponded to a single 
entry in Table II.) These shifts in no way affect the 
calculated polarization. 

The data taken from row 5 of Table II were obtained 
with the detector at angles midway between the vertical 
and horizontal positions. These data combined with 
those of row 1 are shown in the polar plot of Fig. 9. 
Since the incoming gamma ray beam is polarized with 
its electric vector at 0° and 180°, the pattern shows 
that the scattered radiation is M1 (magnetic dipole) 
Since the C™ ground state is 0+, the scattering state 
must be 1+. 

If the background, which was taken as 9% were as 
high as 11% the polarization would increase by less 
than 1%. If the background itself had maximum 
anisotropy due to polarization the inferred polarization 
would change by 2% or less depending on whether the 
background was dominated by £1 or M1 transitions. 


VI. COMPARISON WITH THEORY 


The experimentally observed polarizations of 15.1- 
Mev gamma rays from 25-Mev bremsstrahlung are 
shown by the points in Fig. 10. The solid curves are 
those resulting from calculations which used the values 
discussed in Sec. ITI [i.e., the bremsstrahlung polariza- 
tions shown in Fig. 1, the trahlung angular 
distributions shown in Fig. 2, and the electron angular 
distribution of Eq. (4) ]. The theoretical curves in 
Fig. 10 differ somewhat from those given by Miller* 
partly because he used the unscreened Born approxi- 
mation values for bremsstrahlung, and partly because 


brem 





15.1-MEV BREMSSTRAHLUNG 


his procedure for determining the thick-target polar- 
ization overestimates the resultant polarization. 

Two minor modifications were made to the data of 
Table II in order to obtain the points shown in Fig. 10. 
First, in the four cases in which it was appropriate, the 
data obtained in series I were averaged with the corre- 
sponding data of series II; the lines in Table IT which 
were combined are 1 and 11, 2 and 12, 4 and 15, and 9 
and 16. The second adjustment was a slight shift in 
angle which was made in order to take into account the 
finite angular interval (0.4309) across the scattering 
sample. Due to this finite angle, the expected polariza- 
tion would not be that at the angle corresponding to 
the center of the beam but rather at some nearby angle. 
Rather than correct the theoretical curves for this 
finite angle, we chose to shift the experimental points 
to the angle at which the polarization should be the 
same as the average polarization over the actual finite 
angular interval. The appropriate angle was calculated 
by using the measured angular distribution of brems- 
strahlung and the theoretical curves shown in Fig. 10. 
For example, the polarization observed in the angular 
interval from 0.664) to 1.094 which is centered at 0.8765 
was plotted in Fig. 10 at 0.844. Other points were 
shifted by similarly small angies which varied from 
0.0165 to 0.046. 

In addition to the statistical errors which are shown 
in Fig. 10 there are a number of other possible sources 


of small errors. The uncertainty in the background 
would introduce an error of less than 1%; if the back- 
ground were completely polarized the error might be 


Fic. 9. Azimuthal angular distribution of elastically scattered 
15-Mev gamma rays. This is a polar plot in which the radial 
scale is in counts per r. The inner circle corresponds to 10 counts/r; 
the outer circle corresponds to 20 counts/r. The average value of 
the 8 data points is 19.2 counts/r. Background has been subtracted 
and 1% detection efficiency corrections have been made to com 
pensate for the position. The solid curve is given by: (counts/r) 
= 15.4(1+0.51 cos*y). This corresponds to P=1.53; 0.51 is 
appropriate rather than 0.53 due to the finite solid angle of the 
detector. 
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Fic. 10. Polarization as a function of angle. The experimental 
points shown are for 15.1-Mev bremsstrahlung gamma rays 
arising from 25-Mev electrons. The crosses surrounded by circles 
are for the Al target with m,;=0.57; the small circles are for Pt 
with m,=0.64. The statistical errors are shown. The solid curves 
are those given by the calculations discussed in the test. 


2%. The angular position of the beam is uncertain to 
+0.03@. Gain instability or channel shift could be 
responsible for errors of 1.5% or less. The value of m, is 
probably known to 0.05; shifts of m, during the course 
of the experiment of 0.03 would have gone undetected. 
It is impossible to put exact limits on the errors that 
would be introduced if the actual electron angular 
distribution were somewhat different from that of 
Eq. (4) without doing tedious, unfruitful calculations. 


‘However, not much error is involved as is indicated by 


the very good agreement between the experimental 
results and the theoretical calculations for the angular 
distribution of both the total bremsstrahlung intensity 
and the polarization. One final possible source of error 
is the uncertainty in the exact energy of the electron 
beam. This energy was determined as 25 Mev (or 24.5- 
Mev kinetic energy) by using a linear extrapolation of 
the Illinois betatron calibration. Previous experiments 
at Illinois have shown the betatron to be linear to 
20 Mev and we could find no evidence for significant 
saturation or nonlinear effects. An error of 0.5 Mev in 
the initial electron energy would introduce an error of 
about 0.04 in the peak value of P for an infinitely thin 
aluminum target. This error would be increased slightly 
due to the change in expected angular distribution. 
The polarization data taken with the aluminum 
target and shown in Fig. 10 are in excellent agreement 
with the theoretical curve. The m, value deduced from 
the angular distribution of bremsstrahlung was m,=0.57 
+0.05. The data taken with the platinum target have 
polarizations only slightly below whai is expected for 
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Fic. 11. Polarization from infinitely thin platinum target. 
The curves apply to 15-Mev gamma rays in 25-Mev brems- 
strahlung. Curve A uses Born approximations without screening 
(references 16 and 34). Curve B is for Born approximation and 
exponential screening correction (references 18 and 27). Curve C 
is for Born approximation with Thomas-Fermi screening, while 
curve D includes both Thomas-Fermi screening and Coulomb 
correction (reference 20). Terms of order (mc*/E,—E,)=0.05 
were neglected in calculating both curve C and curve D. 


m,=0.64+0.05. (The polarization data, in this case 
imply a value of about m,=0.75.) Although the experi- 
mental results are by no means good enough to estab- 
lish any inadequacy in the theory, one possible source 
of this slight disagreement is the approximate nature 


of the theoretical calculation for platinum. Figure 11 
shows the predictions of different approximations for 
the polarization expected from 15-Mev bremsstrahlung 
produced by 25-Mev electrons in a platinum target. 
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Curve D (which is also shown in Fig. 1 as the curve on 
which the calculations of Fig. 10 are based) is obtained 
by neglecting terms of order mc?/(E,— E,) which is 0.05. 
For Z=0 calculations, this neglect reduces the polar- 
ization; if this approximation always tended to predict 
too low a polarization, the disagreement in Fig. 10 
would be worse. 

The data taken at 21.2 Mev and 18.8 Mev with the 
aluminum target (see Table II, entries 6 and 7) were 
not compared quantitatively with the theory. Semi- 
quantitative checks which were made showed that the 
decreased polarizations were about what would be 
expected for 15-Mev bremsstrahlung gamma rays pro- 
duced by these lower energy electrons. 

If one would like to check the theory of brems- 
strahlung polarization more precisely and establish the 
effect of neglecting mc*/(E,—E,), better experiments 
should be performed using collimated electron beams 
and targets of known thickness. On the other hand, 
these experimental results clearly establish the validity 
of the theory as at least a sem 
a quantitative guide. 


iquantitative and probably 
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The excitation spectrum of real and virtual excitations is discussed from the point of view of the pertur- 
bation series expansion. The effect of the rearrangement energy terms in the single-particle virtual excitation 
spectrum is evaluated and seen to be very small. It is also noted that the virtual particle energies are real 


due to the effects of off-energy-shell propagation. 


Starting from the reaction matrix approximation for the ground state energy, the energies of real particle 
and hole excitations are defined which satisfy the separation energy theorem. It is shown that the energies 
so defined depend on an infinite sequence of terms giving the rearrangement energy for multiple excitations. 
Appropriate termination and evaluation of this series are discussed. 





I. INTRODUCTION 


T has been shown by Brueckner' and by Hugenholtz 
and van Hove? that an approximate theory of a 
many-body system of strongly interacting particles will 
usually lead to a violation of the equality between the 
mean binding energy and the separation energy of the 
last particle. The equality follows quite generally from 
the linear relation between energy and total particle 
number for a saturating system. These authors have 
analyzed the origin of this difficulty from the particular 
viewpoint of the many-body theory in the approxi- 
tnation of Brueckner and also from the general view- 
point of perturbation theory. 

In this paper we shall first discuss from a perturbation 
viewpoint® the excitation spectrum of real or energy 
conserving excitations and of virtual excitations, the 
latter spectrum determining the energies required to 
evaluate the reaction-matrix. Such virtual excitations, 
since they typically exist only for the very short times 
characteristic of two-body collisions, are changed only 
slightly by rearrangement effects. A consequence of 
this is that the convergence of the cluster expansion for 
the ground-state energy is nearly unaffected by rear- 
rangement terms in the single-particle virtual excitation 
spectrum. 

We next consider the definition of real particle and 
hole energies, starting from the reaction matrix ap- 
proximation for the ground state energy. We shall 
show within this framework how single-particle energies 
can be defined which automatically satisfy the sepa- 
ration energy theorem and also how they may be 
evaluated. 


* Supported in part by a grant from the National Science 
Foundation. 
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*D. J. Thouless [Phys. Rev. 112, 906 (1958)] has also given 
a detailed discussion of particle energies from the viewpoint of 
perturbation theory. 


II. SINGLE-PARTICLE ENERGIES IN 
PERTURBATION THEORY 


In this section we consider the single-particle energies 
from the viewpoint of perturbation theory. This dis- 
cussion will not be intended to lead to a quantitative 
theory, which can be done only starting from a more 
rigorous formulation, but rather to indicate some 
characteristic features of the spectra. In particular we 
shall be interested in showing the changes in the 
energies which occur when the off-energy-shell effects 
typical of virtual excitations are included. 

The single-particle energy in the first two orders of 
perturbation theory is given in Fig. 1, not including 
the effects of exchange explicitly. The matrix elements 
corresponding to a and 6 in Fig. 1 are included in the 
usual definition of the K-matrix.*‘ The single-particle 
energy computed in this approximation will be complex, 
since an excited particle can transfer energy to the 
unexcited medium and bring about energy-conserving 
transitions. These transitions lead to a finite lifetime and 
hence a complex energy. 

The process represented in Fig. 1(c) arises from the 
identity of the particles. It can be viewed as the 
correction for the alteration of effects of the exclusion 
principle on a ground-state pair. In the presence of a 
particle in a formerly empty state, a ground-state pair 
can no longer make transitions into this state. This is 
shown in Fig. 1(d) which gives an equivalent diagram, 
the matrix element corresponding to this diagram 
having the same structure as that corresponding to 


Fic. 1. Single-particle energies in the first [(a)] and second 
[ (b)— (d)) orders of perturbation theory. 
4K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). 
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(9) 


Fic. 2. Hole energies in the first [(a)] and second [(b) and (c)] 
orders of perturbation theory. 


Fig. 1(c). This correction term has been called a 
rearrangement term,® since it arises from the effect of 
the change in the state of one particle on the energies 
of the other bound particles. The rearrangement 
corrections vanish at low density in comparison with 
the K-matrix terms in the energy, since, in the former 
terms, an additional intermediate state is involved in 
which transitions into levels of the Fermi gas are 
required. 

The energy of a hole in the first two orders of pertur- 
bation theory is given in Fig. 2. Again the matrix 
elements corresponding to Fig. 2(a) and Fig. 2(b) are 
included in the definition of the K-matrix. In the hole 
energy, in contrast to the particle energy, the K-matrix 
terms are real since no intermediate state conserving 
energy is possible. The matrix element corresponding 
to Fig. 2(c) is similar to that corresponding to Fig. 1(c) 
since again it occurs only because of the identity of the 
particles. The presence of a hole allows transitions to 
occur from other hole states and so alters the energy 
of other bound particles. This type of term is conse- 
quently also called a “rearrangement” term and van- 
ishes at low density compared to the other K-matrix 
terms. The hole energy is complex due to the occurrence 
of this term since the hole-hole transitions which it 
includes can conserve energy and so lead to a finite 
hole life time. 

We next examine the change in the matrix elements 
giving the single-particle energies when they appear as 
insertions into the ground-state energy, which is repre- 
sented by the second order term of Fig. 3(a). The 
contributions from the insertions represented by Fig. 
3(b) and Fig. 3(c) are similar to Fig. 1(a) and Fig. 1(b), 
except that the system is off-the-energy-shell by the 
excitation energy 


AE=E;+-E,—Eyv— Ey. (1) 


Thus the K-matrix term represented by Fig. 3(c) must 
be computed “off-the-energy-shell.” The off-energy- 
shell corrections arising from this change in the K- 
matrix have been discussed in detail and evaluated by 
Brueckner and Gammel.‘ There is a considerable shift 
in the energy resulting from this effect and also, more 
important, the X-matrix so computed is real since the 


*K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 
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off-energy-shell energy shift makes intermediate-state 
energy-conserving transitions impossible. 

The rearrangement energy corrections to the particle 
energy are given in Fig. 3(d). We also give three other 
topologically equivalent diagrams in Fig. 3(e), Fig. 
3(f), and Fig. 3(g). These give corrections to the 
energy of the same form as Fig. 3(d) and, to be con- 
sistent, must be included. They can be generated from 
the diagram of Fig. 3(d) simply by reordering the time 
sequence of the vertices. The separate appearance of 
these diagrams is a characteristic complication of the 
introduction of hole theory and is readily avoided in, 
for example, the ordinary Rayleigh-Schrédinger formu- 
lation of the perturbation theory.® 

Before collecting all terms of rearrangement energy 
form together, we first note that Fig. 3(d) and Fig. 3(g) 
as well as Fig. 3(f) and Fig. 3(e) arise from each other 
simply by reflection of the diagram about its vertical 
axis. Both sets of diagrams should therefore not be 
separately counted when summing freely over all 
particle coordinates. The rearrangement terms of Fig. 
3(d) and Fig. 3(e) can easily be written out explicitly. 
They combine to give the simple result 


Viki’ k’ 


1 
Ey +E, — Ev — Eyl E 


E;+E,.— Ey— Ey 


The quantity in the square bracket is precisely the 
matrix element corresponding to Fig. 1(c), with no 
correction in the energy denominator for the excitation 
energy of the rest of the diagram. This decoupling of 
the energy denominators is a consequence of the 
combination of the various contributions coming from 
different time sequences. We thus obtain the important 
result that the matrix element giving the particle 
rearrangement energy is unaltered by off-energy-shell 
effects when inserted into a ground-state diagram. 
Consider next the hole energy. The insertions into 
the ground state energy are given in Fig. 4. The 


Fic. 3. The ground-state energy diagram (a) with first (b) and 
second (c)-(g) order corrections to the virtual particle energy. 


*K. A. Brueckner, Phys. Rev. 100, 36 (1955). 
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Fic. 4. The ground-state energy diagram with first (a) and second 
(b)}-(i) order corrections to the virtual hole energy. 


K-matrix hole energy diagrams are given in Fig. 4(a-e). 
Again we see that Fig. 4(d) and Fig. 4(e) give the same 
matrix elements as Fig. 4(b) and Fig. 4(c). The matrix 
elements of Fig. 4(b) and Fig. 4(c) combine to give a 
K-matrix insertion for the hole energy which is not 
altered by the excitation energy of the rest of the 
diagram. Thus the X-matrix contribution to the hole 
energies is not affected by off-energy-shell propagation. 

The hole rearrangement term is given in Fig. 4(f). 
In this case, in contrast to the particle rearrangement 
energy, there are no other matrix elements of similar 
structure but different time sequence. Consequently 
the matrix element is 


1 


Vil’ kl 


x[ rar = 
+E +E;— ty — Evp— Ey 


1 


*E+E— Ry~ Ey 


Ua 7’ a5 5 (3) 


where the quantity in the square brackets differs from 
the rearrangement energy of a hole [Fig. 2(c) | since 
the denominator includes the excitation energy of the 
rest of the diagram. The presence of this energy 
removes the possibility of energy-conserving transitions 
and the hole-rearrangement energies become real. 

To summarize these results, we observe that in the 
first two orders of perturbation theory, the contribu- 
tions to the single particle energies have the following 
properties : 


A. Real excitation: The particle K-matrix energy is 
complex ; the particle rearrangement energy is real ; the 
hole K-matrix energy is real; the hole rearrangement 
energy is complex. 

B. Virtual excitations as ground state insertions : The 
particle K-matrix goes off-energy-shell and becomes 
real; the particle rearrangement energy is unaffected; 
the hole K-matrix energy is unaffected; the hole 
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rearrangement energy goes off-energy-shell and becomes 
real. 


This asymmetrical behavior of particles and holes in 
the K-matrix approximation has already been taken 
into account by Brueckner and Gammel‘ in their study 
of nuclear matter. The asymmetry is also trivially 
apparent in the Rayleigh-Schrédinger form of the 
linked cluster expansion.® 

We now note some consequences of these corrections 
to the real excitation energies. The off-energy-shell 
corrections to the K-matrix particle energies are repul- 
sive and give an appreciable upward shift to the single 
particle energy for states above the Fermi surface. On 
the other hand, the rearrangement corrections are 
repulsive and are made less so for the hole energies by 
the off-energy-shell effects (to which we return in more 
detail later). Consequently the virtual hole and particle 
energies are shifted in opposite directions. relative to 
the energies of real excitations. 

Another consequence of the off-energy-shell correc- 
tions is to alter somewhat the singularity near the 
Fermi surface which may for some states be present 
for attractive forces. If, as has been done in the studies 
of nuclear matter, the excitation energy of Eq. (1) is 
replaced by an average value, then a large energy gap 
appears in the virtual excitation spectrum at the Fermi 
surface. This prevents the occurrence of “dangerous 
denominators” in the K-matrix equation which in this 
approximation can then be solved without difficulty. 
These comments are, of course, not intended to imply 
that the characteristic singularities near the Fermi 
surface associated with attractive forces are necessarily 
absent, but only that in a practical calculation, the 
difficulty well may not appear. 

We finally turn to the question of the magnitude of 
the effects of the rearrangement terms on the ground- 
state energy. To do so.we restrict ourselves to the second 
order rearrangement terms only, although higher order 
terms also contribute appreciably. A typical term of 
third order, for example, is shown in Fig. 5(a) together 
with its appearance in Fig. 5(b) as an insertion into the 
second order ground-state diagram. This term can be 
viewed as a correction for the depletion of the Fermi 
gas as a result of interactions, the particle with mo- 
mentum i’ in Fig. 5(a) interacting not with the unper- 
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‘16. 5. Third order rearrangement energy diagram (a) and its 
insertion into a ground-state diagram (b). 
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Fic. 6. Rearrangement energy as a function of momentum, for 
real and virtual particle and hole excitations. 


turbed Fermi gas but instead with particles and holes 
excited by the interaction. An exactly equivalent 
description, which will turn out to be more useful in 
the next section, is that the effective mass of the bound 
particles is altered by the presence of an excitation. 
The effective mass change then in turn causes a change 
in the bound-particle binding. 

Restricting ourselves to the second order rearrange- 
ment effects, we have evaluated their magnitude and 
energy dependence using a Yukawa interaction of 
meson Compton wavelength range. We have also for 
simplicity normalized the rearrangement energy for the 
excitation of a real hole at the Fermi surface to the 
computed value of 12.5 Mev as determined by Brueck- 
ner and Gammel.‘ To determine the rearrangement 
energy of the virtual holes, we have set the mean 
excitation energy of Eq. (1) equal to the full excitation 
energy of the Fermi gas, i.e., 


(Ei + Ei— Ew — Ex:) my —2[ E(pr)—-E(0) ]}=—A. (4) 


This is probably an underestimate since, due to the 
great strength of the interactions, the typical excitation 
is considerably greater than the energy spread of the 
Fermi gas. 

In this approximation, the rearrangement energy 
appearing in Eq. (3) is 

1 
Er(t) : > Vel 


ow . ~~ * . . . 

kil’ E,.+£,— E;- FE, —A 

We use the effective-mass approximation for the 
energies, i.e., 


E;= p2/2M*-+constant. 


The evaluation of Eq. (5) is carried out in Appendix A. 
The result is given in Fig. 6, for on-energy-shell and 
off-energy-shell propagation. In the former case, we 
give only the real part of the energy, defined by taking 
the principal part of the singular integral involved. 
For the hole states, the off-energy-shell rearrangesnent 
energy is reduced by a factor of about 2.8 at the Fermi 
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surface and 5.3 in the lowest state. The virtual rear- 
rangement energy also becomes nearly constant at 
about 7 Mev, changing by only about 10% from the 
Fermi surface to the lowest state. 

The correction to the energy spectrum arising from 
the rearrangement effects is given in Fig. 7, taking for 
the uncorrected spectrum that obtained by Brueckner 
and Gammel.‘ Their results are given for propagation 
which above the Fermi momentum is off-the-energy 
shell by the amount given in Eq. (3), ie., the full 
excitation energy of the Fermi gas. The appearance of 
a marked gap at the Fermi surface in the virtual 
spectrum is apparent. We also note that the rearrange- 
ment effects are rather smaller than the other off- 
energy-shell effects. The effect on the ground-state 
energy of these shifts in the X-matrix energies has been 
shown by Brueckner and Gammel* to be somewhat 
less than 1 Mev, so that the smaller rearrangement 
effects must certainly give a shift in the ground-state 
energy of no more than a fraction of a Mev. These 
corrections are of at least fourth order in the linked 
cluster expansion for the energy, and their magnitude 
thus is consistent with the estimates of convergence of 
the linked cluster series, which in third order gives a 
few tenths of a Mev correction. 

To conclude this section, we summarize our results 
which are that (a) the virtual particle and hole energies 
are real due to the effects of off-energy-shell propaga- 
tion, and (b) that rearrangement effects in the virtual 
excitation spectrum can be neglected within the accu- 
racy of the K-matrix approximation, which determines 
the ground-state energy with an error of less than a 
Mev. 


Ill. NONPERTURBATION THEORY OF HOLE 
AND PARTICLE ENERGIES 


As we have seen within the framework of perturbation 
theory in the preceding section and as also has been 
shown in other work on the nuclear matter problem,*? 
a good approximation to the ground-state energy can 
be obtained in the K-matrix approximation. The total 
energy in this approximation is 


Kyi 


In Eq. (6) and Eq. (7), m; is the expectation value 
the number operator for the state 7, and is equal to one 
for an occupied state and 0 for an empty state. The 


effect of the appearance of the number operators in 


7H. A. Bethe, Phys Rev. 103, 1353 
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Fic. 7. Rearrangement corrections to virtual excitation spec 
trum. The solid curve gives the self-consistent spectrum calculated 
by Brueckner and Gammel in the K-matrix approximation 
The dashed curve shows the rearrangement correction. 


Eq. (6) and Eq. (7) is to restrict the sums to states in 
the Fermi gas or above, respectively. 

The single-particle energies as customarily defined 
in the existing applications of the theory to nuclear 
matter and liquid He’ are (ignoring the complications 
of off-energy-shell propagation) 


E,=k?2/2M+-> 5 j(Ki;,i3—K ij, 33). (8) 


This definition, as we have shown in the perturbation 
approximation of the preceding section, is a sufficiently 
accurate definition of the virtual particles and hole 
energies which are required in Eq. (7) to evaluate the 
K-matrix. The definition leads, however, to violation 
of the expected equality 


E(kr)= (1/N) Erctai- (9) 


We now seek a more exact definition, based on Eq. (6), 
for the energies of real excitations. As we have shown 
in Sec. II, these will in general be somewhat shifted 
from the energies as defined in Eq. (8). 

Instead of Eq. (8), we now adopt the following 
physically reasonable definition of the real single- 
particle energies. We regard the energy Eyota: as a 
tunction of the occupations numbers n;, and define the 
energy of a particle in state a as 


E,™ = OE rotai/ Ong. (10) 


This clearly is the energy required to remove a particle 
from the system, leaving a hole in the state a, and so is 
equivalent (within the K-matrix approximation for the 
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total energy) at the Fermi surface to the definition of 
energy given by Hugenholtz and Van Hove. We shall 
now show that, using the definition of Eq. (9), we find 
new terms in the single-particle energy not included in 
the previous definition of Eq. (8). These terms corre- 
spond in the leading orders to the corrections discussed 
in Sec. II. More generally, additional terms appear as 
an infinite series of corrections which must be termi- 
nated to give a closed expression. 
To proceed, we carry out the differentiation indicated 
in Eq. (9). The result is 
a 
E™ =E,4+}4 > an;—(Kij.is— Kis.i), 


ij One 


(11) 


with £, as defined in Eq. (8). The rearrangement 
effects appear in the last term of Eq. (11). To evaluate 
this term, we use the definition of the K-matrix in 
Eq. (7), and find 


OR 5,43 a | (1—n,)(1—,) 


> a Vij,mn— . ae J Kansit (12) 
Ona mr an, | E;+E;—E,—E,, 
This equation is of a form often encountered in scat- 
tering theory, and is readily solved with the result 
OR ¢; 4; : ro (l—n,)(1—n,) 
> Ki P| —1Knnéj, (13) 


One mn On, E;+E;—E,,—I 
where 


(1—n,)(1—,) 
, ’ - 
Kij.mn Vij.mat 2D. Vij ke 
kl 


Raisin: 
z E, = ky 


(14) 
E;+E, 


That Eq. (13) is the solution of Eq. (12) can be seen 
most easily by substituting Eqs. (13) and (14) into 
Eq. (12) 
Carrying out the indicated differentiation in Eq. 
(12) gives 
OK 45,4; (1— Mm) 
=—2)>) Kijma 


1 Rane ij 
E;+Ej— En— Eo 


One 


(1—n,,)(1—n,) 


(E;+E,;— E,,— E,) 


0 


x (E; + E;- En” Ba) Rana (15) 


One 


The first term in Eq. (15) arises from the change in the 
exclusion effect as the state a is emptied, a new inter- 
mediate state transition becoming available. This term, 
which is second order in the reaction matrix, corre- 
sponds in the perturbation approximation to the second 
order rearrangement term already considered in Sec. II. 
The second term in Eq. (15) comes from the change 
in the self-consistent spectrum or, equivalently, in the 
effective mass, as a particle is removed from state a. 
To evaluate the derivative we use Eq. (8) for Z,. The 
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result is 
Ok; 0 


¥ = K iste ; (K;,13— Kij, 54). 


Ong Ong 


(16) 


More generally, if the rearrangement effects had been 
included in the virtual hole and particle energies, Eq. 
(16) would also include the second derivatives of the 
K-matrix with respect to the number operators. The 
equation for the second derivative then would lead to 
an equation involving the third derivative. The first 
derivative is related to the rearrangement energy due 
to single-particle excitation and can be pictured as the 
diagrams in Figs. 1-5. The higher derivatives are 
similarly related to the rearrangement energy for 
multiple particle removal. The coupled nature of this 
succession of equations makes it impossible to utilize 
exactly the definition of particle energy in Eq. (10) and 
consequently the relationship between E(k) and 
En = (1/N)Etorai cannot be exactly satisfied if we start 
from the K-matrix approximation. 

To reduce the problem to manageable size, we make 
the approximation of neglecting the rearrangement 
energy of more than one particle. The justification for 
this approximation lies in the rapid convergence of the 
K-matrix method. Previous work‘ has shown that the 
one-particle rearrangement energy shifts the single- 
particle energy at the Fermi surface by about 20%. 
Similarly, the two-particle rearrangement energy may 
be expected to shift the single-particle energy by the 
order of a few percent. The neglect of the two-particle 
(and higher) rearrangement energies is aiso equivalent 
to the assumption that these energies do not depend 
on the momentum of the particles involved, since in 
this case the rearrangement terms cancel when energy 
differences are computed. 

We now rewrite Eq. (16), dropping all but the leading 
terms, as 

OE / Ong=K ia. iam 


K ia, ais (17) 


and find for Eq. (14) 
OK G5 ,3; (1 


« —? — K , 
One m 


Non) 
ar 
E;+-E;—E,—E. 


(1—n,,)(1—n,) 
; 
—> K i300 


- - CK ja.iat 
mn (E;+-E;— En 


F > : Mi te.te 
;\2 
n/ 


— Kma,ma— Kna,nat exchange terms)Kmaij (18) 


A similar equation holds for the derivative of the 
exchange term K,;,;; In the form of Eq. (18), the 
correspondence of the last term to the third order term 
described in Sec. II and Fig. 5 is now obvious. 

In the evaluation of the first term in Eq. (18), a 
problem previously encountered arises in the possible 
singularity of the energy denominator. If a particle is 
removed from the state a, a transition may occur in 
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which the intermediate state energy is the same as the 
initial energy. In Eq. (18) this would mean that the 
energies E;+; and £,,+£, may be equal, which was 
not possible in previously evaluating the single-particle 
energy. The occurrence of this singularity is, of course, 
related to the finite lifetime of the real hole and particle 
states, so that the singularity should be defined by the 
addition of a small positive pure imaginary term to the 
energy denominator. 

The solution to Eq. (11) and Eq. (18) includes the 
second and third order terms given in Figs. 1-5 together 
with the higher order terms which would arise from a 
perturbation expansion of the K-matrices and energy 
denominators in these equations. The energies so 
obtained will at the Fermi surface satisfy Eq. (9) very 
accurately and so, within the basic framework of the 
K-matrix approximation, provide the basis of an 
improved determination of the properties of the systems. 

To apply these methods in the actual solution of the 
basic K-matrix equations is of course nontrivial. Even 
if the perturbation solution only is needed, the second 
and third order terms in the rearrangement energy 
can be estimated to give comparable contribution 
and can be evaluated only if detailed knowledge of the 
diagonal and nondiagonal elements of the K-matrix is 
available. Fortunately, the differentiation of the K- 
matrix in Eq. (12) can be carried out readily in the 
course of the numerical K-matrix 
equation, without using the explicit result of Eq. (18). 
This can be done by making a definite shift in the 
population of the Fermi gas near the desired momentum 
and so determining 0K,;,;;/An_. of Eq. (12) from the 
finite shift in the K-matrix. Such differencing is easily 
carried out within the framework of the general 
numerical method. The derivative so evaluated can 
then be used to correct the single-particle energies 
according to Eq. (11), and the process repeated to 
improve the accuracy of the result. This study is now 
being carried out: the results will be reported in a 
separate communication. 


solution of the 


APPENDIX A. EVALUATION OF THE 
REARRANGEMENT ENERGY 
(EQ. (5)] 
The expression we wish to evaluate is 


l 
E;—Ey—A 


(A.1) 


Er(pi,A) = a Vel il 


E.+E£; 


%1,«1" is the Fourier transform of the two-body inter- 
action. It depends solely on the momentum transfer 
between the vacant state / and the excited state I’. 
Thus a natural coordinate to take is 


x= (pi— pi 


In terms of x, for a Yukawa potential of the form 
V (r) = — Voe—*/*/r, we find (for units of #=1) v(x) 


= — f(x)/Q, with f(x) = —4rV o/ (2*+ 0%). 





THEORY OF 
Substituting Eq. (A.2) in Eq. (A.1) and summing 
over the state & yields 


1 
Er(pi,A)=> — — . (A) 
zt (P —p,;-x+p,-x—M*A 
Replacing the summations of Eq. (A.3) by integrations, 
we obtain 


Er(pi,4) 
i f'(x)M* 
:——— fcxap, eee , 
(29r)® |\pi—x| Spr X-p;—x-p,— M*A 


lpr —x| Spr 


(A.4) 


The restrictions on the integrations arise from the 
conditions that peSpr and py2pr. To evaluate the 
integral over p,, we make use of the rapid convergence 
of the integral over x. If x is much smaller than pr, then 
pr—2pixud pr’, (A.5) 
where w=cos(p;,x). If x is small, then Eq. (A.5) 
together with the condition that p;S pr shows that 
pi= pr—O(z). 
From Eq. (A.5), to order x, we then find 
pi= pr+ux, (A.6) 
and for this inequality to hold, ~ must always be 
negative. Thus we can rewrite Eq. (A.4) approximately 


as 
M* 


Er(pi,A)= — f f?(x)dx 
(2m)® |pi—x| Sor 


0 Qr Pr 
xf soc Stee 
at prxu—x-pi—M*A prt+ux 
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The angular integral is now easily evaluated, with the 
result (we now drop constants since we intend to 
normalize to the value at the Fermi surface) 


Er(pi,4) =constant dx f*(x) 


“lpi zl Sor 
xpr+x:-pi+M*A 


In — | (A.8) 
x py+M*tAa 


x p+ M*A 
x[1- 


Xpr 


At the Fermi surface, if A=0, then 


2pp 
Er(pr,0)=constant2r f vf? (x)dx 


“6 


1 1+y’ 
x f aus s'n—], (A.9) 


0 Mh 


where »’=cos(p,,x). This integral can be evaluated 
analytically and gives 


TT 2pr 
Er(pr,0)=constant— tanj'{ — 
2a : a 


2apr 


- | (A.10) 
a’ +4pr*. 


If we take the normal nuclear density and the meson 
Compton wavelength for the Yukawa range, then 
pr/a2. Equation (A.10) then fixes the value of the 
multiplicative constant. 

The evaluation of Ex(p;,4) for other values of p; 
and A is now straightforward and will not be given in 
detail. 
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Cross Sections and Angular Distributions for the B'’(«, d)C” 
Reaction from 3.2 Mev to 3.8 Mev 


Kazvo Ono anp Kercut Kvropa 
Institute for Solid State Physics, University of Tokyo, Tokyo, Japan 
(Received July 29, 1959) 


In order to investigate the possibility of direct interactions in (a,d) reactions, the B'°(a,d)C™ reaction has 
been studied for alpha-particle bombarding energies from 3.1 to 3.7 Mev. The yield curves are rather flat 


and show no typical resonance structures. The angular distributions show a peak at about @..m 


70° and 


an increase of intensity in the backward direction over the entire alpha-particle energy range. These results 


indicate that the B"(a,d)C™ reaction proceeds mostly by direct processes, probably 


knock on) and heavy-particle stripping ones. 


N order to investigate the possibility of direct inter- 

actions in (a,d) reactions, the excitation functions 
and the angular distributions of the deuterons from 
B"(a,d)C® have been measured at incident alpha- 
particle energies from 3.2 Mev to 3.8 Mev. 

The alpha particles were supplied from the 16-inch 
variable-energy cyclotron.' The beam has an energy 
spread of about 0.69%. The targets were prepared by 
depositing B,O; (enriched to 96% in B") on a thin 
gold foil or a thick Be plate (for measurements at 
backward angles). They were within an equivalent 
thickness of 40 kev for 5.3-Mev polonium alpha par- 
ticles. The outgoing particles were detected by a thin 
CsI(Tl) crystal. The resulting pulses were sorted by a 
seventy-channel pulse-height analyzer. The main back- 
ground reactions are B"(a,p)C™* (0=0.981 Mev, Q 
=0.391 Mev, and Q=0.211 Mev), B"(a,p)C™pouna 
(O=0.781), and Au(a,a)Au. Because there is a fairly 
remarkable difference between the range-energy rela- 
tions of deuterons and protons and that of alpha 
particles, most of the particles were resolved with a 
silver absorber of adequate thickness placed in front 
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Fic. 1. Excitation functions, in the center-of-mass system, of 
deuterons from the ground-state transition in B”(a,d)C™ at angles 
of 0° and 55° (center-of-mass system) 


1 Kumagai, Ono, Hayashi, Shéno, and Kuroda, J. Phys. Soc. 


Japan 14, 1 (1959). 


both stripping (or 


of the detector. However, this simple method is not 
effective in distinguishing deuterons from protons hav- 
ing slightly lower energy, for example, in the case of the 
deuterons and the protons from B"(a,p)C™* (0=0.391 
Mev, and Q=0.211 Mev 
Therefore, at @..>90°, 
errors were large 

The yields at @..1,=90 are shown in 
Fig. 1. Although there are small peaks or slow varia- 
tions, the curves show remarkable differences from those 
of reactions involving a compound-nucleus mechanism. 
For example, the yield curves of B" (a,p)C™, Al*’ (a,p)Si®, 
and P*'(a,p)S* obtained by us? at the same bombarding 
energy show typical resonance structures and the peak- 
to-valley ratio is very large. 

The angular distributions have also been measured 
at alpha-particle energies of 3.80 Mev, 3.61 Mev, 
3.52 Mev, 3.38 Mev, and 3.27 Mev. All of them are 
similar and show a peak at about 6.._.=70° and may 
also show an increase of intensity in the backward direc- 
tion. Except for the measurement at E,=3.80 Mev 
shown in Fig. 2 which has been taken with the energy 
resolution of the detector system as high as possible, 


emitted at large angles. 
the resolution was poor and 


and Cn. we 55° 
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Fic. 2. Angular distribution, ir 


nter-of-mass system, of 
deuterons from the ground-state 


B"(a,d)C" at an 
of 3.80 Mev, fitted by 


transition in 
alpha-particle energy (laboratory syster 


j2(KR)|? with R=5.4X10-" cn 
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the deuterons from B"(a,d)C® and the protons from and Hussein® at relatively high-deuteron bombarding 
B"(a,p)C®* (0=0.981 Mev and Q=0.391 Mev) were energy of 8.9 Mev. The forward peak can approxi- 
hardly resolved in the backward direction, @....>90°. mately be fitted to | j.(KR)|? with R~8x10-" cm, 
In Fig. 2 the theoretical angular distributions calculated which is somewhat larger than the value employed for 
from a simple stripping equation derived by Bhatia the B"(a,d)C" reaction. The difference in the values of 
et al.* are compared with the experiment, the theory R between the two reactions may be due to the differ- 
being assumed to be applicable to the (a,d) reaction. ence in the bombarding energies employed and to in- 
We have calculated only |j2(KR)|*, considering the completeness of the calculation. 

form factor nearly constant. In order to fit the calcu- In conclusion, the results obtained in the present 
lated functions to the experiment, it is necessary to ‘ work indicate that the B"(a,d)C" reaction at our rela- 
assume lg=2, R=5.4X10-" cm. The value required tively low bombarding energy proceeds mostly by a 
for R is a reasonable one that is used for interpreting direct process as in the case of (a,p) and (a’) reactions 
the (d,p) stripping reaction.‘ The fact that good agree- at high bombarding energy. The results also suggest 
ment is found between the calculated distribution and that the probabilities of finding a deuteron and an 
the experimental one in the forward direction provides alpha particle at the nuclear radii in B® and C®, re- 
strong support for a direct process. The increase of in- spectively, are fairly large. These features are very 
tensity in the backward direction suggests that heavy- interesting in terms of a nuclear model, especially a 
particle stripping may exist. Although the absolute cluster model in a light nucleus. 

differential cross-section measurements are not highly A more detailed report is in preparation and will be 
precise, it is to be noted that their magnitudes are published in the Journal of the Physical Society of Japan. 
fairly large and comparable with the largest values in 

B"(a,p)C" reactions. ACKNOWLEDGMENTS 

Re. ry sngine eamageatseynee af te aa Pe pra The authors wish to thank Professor T. Muto and his 
C"(d,a)B", has been measured at @<60° by El Bedewi co-workers for many valuable discussions. 


* Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1953) oa 
*R. Huby, in Progress in Nuclear Physics, edited by O. R. 5 F. A. El Bedewi and I. Hussein, Proc. Phys. Soc. (Lendon) 
Frisch (Academic Press, New York, 1953), Vol. 3, p. 206. A70, 233 (1957). 


PHYSICAL REVIEW VOLUME 117, NUMBER 1 JANUARY 1, 1960 


Stability of the Adiabatic Motion of Charged Particles in the Earth’s Field* 


TuEeopore G. Norturop AND Epwarp TELLER 
Lawrence Radiation Laboratory, University of California, Livermore, California 


(Received July 20, 1959) 


The motion of charged particles in a magnetic field such as that of the earth or that of a magnetic mirror 
machine is discussed. It is shown that during the motion and drift of a relativistic particle, not only the 
magnetic moment, but also a longitudinal invariant and an additional flux invariant are adiabatically con- 
served. These conservation laws lead to retention of the particles in the field. The derivation of the adiabatic 
invariants leads to a set of equations of motion which describe the average drift of the particles from one 
force line to the other, and which also describe the changes that occur in the energies and periods associated 
with the motion. In the absence of scattering, loss of particles from the magnetic field will be due to the 
violation of the adiabatic laws. 


I. THE PROBLEM It follows from the simplest considerations of the 


OTION of charged particles outside the atmos- motion of particles in magnetic fields that many 
phere in the geomagnetic field has received charged partic les will oscillate between the north and 
recently increased attention because of the discovery ‘uth polar regions along magnetic lines and that they 
of the Van Allen radiation belts and also because of the Will be reflected by the mirrors formed by the stronger 
artificial temporary generation of exceedingly low magnetic fields in high latitudes. It is also well known 
intensity belts of this kind by small nuclear explosions.' that due to the inhomogeneity of the earth’s a 
Pa ns field electrons will drift from west to east and positive 
a Work was performed under auspices of the U. S. Atomic jons from east to west, giving rise in this manner to a 
ies enpelieente have become known under the code name, corpuscular radiation belt. 
Argus. For description and results see, for example: N. C. Chriss — mae 


tofilos, University of California Radiation Laboratory Report Argus Symposium held at the National Academy of Sciences. 
UCRL-5548 (to be published). Also, see the Proceedings of the April 29, 1959 (to be published). 
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Fic. 1. Lines of force in a 
magnetic mirror machine. 


If one assumes that the earth’s magnetic field 
possesses azimuthal symmetry and is independent of 
time, then it is obvious that after a circuit of the earth 
each particle returns to its original magnetic field line 
and will therefore not get lost by drifting away from 
the earth or else by drifting toward the atmosphere 
where it would be absorbed. In fact, however, the 
earth’s magnetic field is not symmetrical about any 
axis. Furthermore since the field varies with time, the 
reason for the continued existence of a radiation belt is 
less obvious. 

Similar questions arise in connection with the mirror 
machines which have been used in an attempt to 
confine plasmas for the purpose of generating controlled 
thermonuclear power. The lines of force of a mirror 
machine having azimuthal symmetry about Z are 
shown in Fig. 1. Long containment times have been 
found? for charged particles in such a laboratory-size 
mirror machine, and this containment time does not 
change when small azimuthal asymmetries are 
introduced. 

We shall show in this paper that long containment 
times are indeed to be expected, provided that the 
variation of the magnetic field with position and time 
is sufficiently slow. 


Il. THE ADIABATIC MOTION OF 
CHARGED PARTICLES 


The concepts of guiding center motion and of 
adiabatic invariants are very useful in predicting the 
motion of a particle in a slowly varying field. In a 
magnetic field with time and space variations small 
compared to the period and radius of gyration of the 
particle, the particle moves approximately in a circle 
with a center moving rapidly along a line of force and 
drifting slowly at right angles to the line. 

The equations for this guiding center motion have 
been given by Spitzer* and by Alfvén‘ and are written 
here in a form which remains valid for particles with 
relativistic’ energy. The rapid motion along the line 
is given by 

dP M dB 
--+eE-n, 1) 
dl y Os 


where B and E are the magnetic and electric fields, 
M=P/2moB is the well-known magnetic moment, 
P, and Py are the components of the particle’s rela- 


~ 9G. Gibson and I 
4 L. Spitzer, Astrophys. J. 116, 299 (1952). 


Lauer, Bull. Am. Phys. Soc. 3, 412 (1958). 


*H. Alfvén, Cosmical 
Oxford, 1950), Chap. I 

* If electric fields are it, particle energy is constant, and 
the trajectory of a relativistic particle can be obtained from the 
nonrelativistic equation of motion for a particle of the same 
velocity and same total mass. 
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tivistic momentum P perpendicular and parallel to B, 
and mp is the rest mass. The quantity y equals total 
mass divided by mo; n is the unit vector B/B along the 
line of force, and s is the distance along the line of 
force. 

The drift velocity uz which moves the guiding center 
to a neighboring line is given by 


r ( P;/?? on 
VB ). 
ve ye mo OS 


The first term of uy is the velocity of a frame of reference 
in which the component of the electric field perpen- 
dicular to B is eliminated. The second term comes 
from the variation in the magnetic field over the circle 
of gyration. The third term is the drift due to the 
centrifugal force affecting a particle of velocity no,;. 

For Eq. (1) to be valid, the parallel electric force 
eE-n must not dominate the magnetic force term 
(M/y)(0B/ds). If the parallel electric force is not 
small, the change in the magnetic field in one period 
of gyration is large and the guiding center concept is 
not valid. In addition, the magnetic moment M, which 
has been extensively studied by Kruskal,® will not be an 
adiabatic invariant. Also the derivation of (1) requires 
that the component of E perpendicular to B be small. 

Equation (2) is valid only if the three terms on the 
right-hand side are small compared to », the velocity 
of the particle. If the first term is not small, the guiding 
center concept and invariance of M are still valid, but 
there are additional drift terms coming, for example, 
from the acceleration (d/di)(cEXn/B), which are 
comparable to the VB and 0n/ds terms. In this paper 
we assume that E is small.’ 

Invariance of M predicts that, at a field of magnitude 
Br=F?/2Mmo, P,, will vanish and that the particle 
will be reflected. If there are no electric fields, kinetic 
energy, hence P?, are constants of the motion and the 
particle will always reflect at the same magnitude of 
magnetic field, B= Br. The surfaces of constant B for 
the earth’s field have the general shape shown in Fig. 2. 
The field is intentionally shown as nonazimuthally 
symmetric. 

The statements made so far (conservation of M and 
P?, constancy of Br) do not the conclusion that 
a particle, after drifting around the earth, must return 
to the line of force from which it started. Actually 


lead to 


Fic. 2. Surfaces of con- 
stant magnetic field 
strength and lines of force 
about the earth. 


*M. Kruskal, Princeton Universit 
Report PM-S-33 (NYO-7903), March, 1958 
7 Or following Kruskal, E is assumed t 


Project Matterhorn 
unpublished 


» go to Zero aS mo/e=e. 
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in the absence of azimuthal symmetry, there are field 
gradients and components of line curvature in the 
azimuthal direction, and by Eq. (2) these give drifts in 
a generally radial direction. In a static field it is never- 
theless true that the particle returns to its original line 
so long as the or longitudinal adiabatic 


invariant,® 
Ja g Pads, 


is conserved. Here ds is the element of length of the line 
of force. The integral is taken over a complete oscil- 
lation along the line. In the next section we will prove 
that J is an adiabatic invariant if during a period of 
oscillation T the effects of the drift uz and the fractional 
change of B due to time dependence are small. The 
quantity J is the action variable for the parallel 
equation of motion (1) and it seems plausible that the 
number of quanta of action should be conserved in a 
slow process. But because of the slow drift off the line 
there is no strict analogy with one-dimensional motion 
and the proof in the next section seems necessary. Also 
the proof gives insight into the mechanism by which 
the particle drifts conserve J and supplies us with 
equations of motion for the average drift. But first we 
shall discuss consequences of the invariance of J. 

In a static field invariance of J makes it unnecessary 
to integrate the guiding center equations of motion (1) 
and (2) to locate the particle after it has drifted once 
around the earth. If a particle starting from an interior 
line Q returned to line R of Fig. 2, it would have a 
larger J than if it returned to Q. In a dipole field J 
increases faster than the first power of ro, where ro is the 
distance at the equator from the dipole to the line of 
force. The first power of ro comes from the scaling of ds 
in $ Pyds. The “faster than” arises because P,, is 
somewhat larger on R than on Q at a given latitude, 
since in the absence of electric fields, P;,= P(1— B/Br)* 
and B is less on R. For the actual nonazimuthally 
symmetric field a qualitatively similar situation is 
encountered. Therefore, as has been pointed out 
previously,® the particle must return to line Q after a 
circuit of the earth. As the particle drifts in longitude 
it sweeps out a “longitudinal invariant surface.’’ Such 
an invariant surface is sketched in Fig. 3. 

The five quantities P,, P,,, and the coordinates of 
position r at some time ¢ are sufficient to specify the 
motion of a guiding center and therefore to specify the 
invariant surface on which it moves. The perpendicular 
momentum P, can be replaced by M, and J can be used 
in place of P,,. Therefore J, M, and rf are also sufficient 
to specify a surface. In specifying a surface the position 
of the particle between reflection points on a given line 


second 


* According to Chew, Goldberger, and Low, Los Alamos 
Scientific Laboratory Report LA-2055 (unpublished), the existence 
of J was initially suggested by Rosenbluth. 

°E. Teller, University of California Radiation Laboratory 
Report UCRL-5257, July 3, 1958 (unpublished). 
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is not of interest, nor is the particular line on the surface. 
Thus two of the five quantities are unnecessary and we 
expect the invariant surfaces to form in general a 
three-parameter family, two of the parameters being J 
and M. 

In static fields, the total energy K = (P*c*+ m¢*c*)'+- eg 
is constant and constitutes the third parameter, ¢ being 
the electrostatic potential. Then the longitudinal in- 
variant is given by 


K- ep 2 ; 
J= 4\( ) —mic* -2MmeB ds. (4) 


The three constants of the motion J, M, and K are 
then the three parameters which specify an invariant 
surface. 

If there are no electric fields, the system of surfaces 
is degenerate. For if ¢=0, the momentum P is constant 
and (4) reduces to 


J P= $i ~ B/Br)Ms. (5) 


The two parameters J/P and Br= P?/2Mmp are then 
sufficient to specify a surface. Varying /* while holding 
P*/M and J/P constant changes the speed with which 
the particle traverses the same surface. For in the 
absence of electric fields, Eq. (2) can be written 


n P% (VB B\én 
ae—-X—— +2(1 —— -)=| (6) 
B 2wveml Br Br/ ds 


It is apparent that the drift velocity is proportional to 
P?/y for a given Br. 

In the presence of static fields an infinite number of 
invariant surfaces intersect along a finite length of a 
line of force. Consider a particle as it rapidly oscillates 
between reflection points and drifts slowly at right 
angles to the line with velocity ug. The time average 
of the drift over a period T gives the adjacent line on 
which the particle is to be found at the end of the period. 
In the next section we prove that this time average 
of the drift conserves the longitudinal invariant J. If 
two particles with the same M and K are started at 
different points on the same line, they will be on the 
same adjacent line one period later, but not at times in 
between. For only after one complete period have both 
particles experienced the same drifts (although in 
different time sequence). They have the same average 
drift and by Eq. (4) they have the same J. But suppose 
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the two particles have different M or K. They then 
have different reflection points and different periods of 
oscillation. They do not experience the same drifts and 
their average drifts do not carry them to the same 
adjacent line. They therefore must be on different 
invariant surfaces. This conclusion is again in agreement 
with (4), since the J integral along a given line is a 
function of M and K. After each particle has drifted all 
the way around the earth, it will return to its original 
line. 

If a collection of particles with a distribution of M 
and K is injected along a line of force by an Argus-type 
explosion, then when the particles have drifted around 
on their respective surfaces there will be a layer of zero 
thickness at the injection longitude, but of greater 
thickness at other longitudes. We have estimated the 
maximum layer thickness to be of the order of the 
radius of the earth times the fractional azimuthal 
asymmetry of the magnetic field, or approximately 
300 km. 

To treat the case of the time-dependent field, the 
third or flux invariant ® is needed, where @ is the flux 
of B inside the invariant surface on which the particle 
is located. In Sec. V it will be proved that if the field 
varies slowly compared to the time for the particle 
to drift around the invariant surface then d®&/di=0. 
Although J and M are also constants, their invariance 
is not sufficient to prescribe the particle motion, 
because K is no longer a constant. However if the 
variation is slow enough, ® replaces K as a constant. 

To illustrate the use of the third invariant, consider 
an initially static field which undergoes slow changes 
and then at some later time returns to its original 
configuration. All the magnetic surfaces obviously 
return to their original geometry and any particle will 
be back on its original surface provided its K returns 
to its original value. But unless K has returned to its 
original value, ® will be different since ® is a function 
of J, M, and K. An example is furnished by the earth’s 
rotation coupled with the azimuthal asymmetry of the 
field about the geographic axis. In a nonrotating frame 
an observer sees a time-dependent B field and an E 
field due to dB/dt. The time scale of the variation is 
~ 24 hours. A particle which drifts around the earth in a 
fraction of an hour might satisfy the requirement for 
the invariance of ®. The particle will then appear to 
move rapidly around a surface like that of Fig. 3, and 
the surface rotates slowly and rigidly with the earth. 

If time fluctuations are comparable to the drift 
time around the earth, but slow compared to 7, then 
is lost as an invariant, but J and M are retained and 
may furnish useful information. If the fluctuations are 
comparable to T but slow compared to the gyration 
frequency, only M is invariant. One would therefore 
expect that, of the three invariants, M should be the 
most difficult to destroy. 
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Ill. THE LONGITUDINAL INVARIANT, J= £Pids 


The particle (i.e., guiding center) motion has a 
component no, along the line of force on which the 
particle is instantaneously located, and a perpendicular 
drift uz towards an adjacent line. Because J is an 
integral along the line, it is not changed by the parallel 
motion, but is changed by uy. It will be shown that 
dJ/dt does not in general vanish, but that the quantity 

Cc 1 ds dJ 
a =f 0, dl 
does vanish,” where the integral is to be evaluated 
along the line of force. 

In Fig. 4 is shown the line of force Z» on which the 
particle is located at some instant of time. The particle 
is assumed to be on the arc element ds and drifting 
towards the adjacent line 2; with velocity ug. On ZL, 
the element of arc which is opposite ds will have a 
different length than ds because of the curvature. Also 
P,, will be different on the adjacent arc element because 
of VB and because of electric fields. The gradient of B 
changes the distribution of P? between P;,? and P,? 
without changing FP? itself during the drift to the 
adjacent line. Electric fields change P?. Both the change 
in P,, and in ds affect J. Since J on the adjacent line is 
an integral along that line, one must calculate the 
variation in P,, and arc length not only for ds, but for all 
other arcs ds’ on Lo between the reflection points. At 
any other arc ds’ let V(s,s’) be the velocity which 
carries a point from Lo to LZ, in the same time that the 
actual particle on ds goes from Lo to Ly. It is this 
velocity V, not the drift velocity uy’ at s’, that is 
needed to compute d//di at the instant the particle is at 
s. The velocities V(s,s’) and uy’ are not even in the same 
direction, except for the sper ial case where the particle 
always drifts towards the same adjacent line at all 
points of its rapid motion along Lo. When the particle 


actually arrives at s’, it will not be drifting towards Ly, 
but towards some other line Z». However in the follow- 
ing analysis it will be shown that: The change in J due 
to ds’ while the particle is on ds and drifting towards L, 
just cancels the change in J due to ds while the particle 


is on ds’ and drifting towards Ly. This cancellation 


applies to all pairs of arc elements on L» and is the de- 
tailed mechanism by which the drifts make the net 
change in J between reflections vanish. 

There is a convenient way to describe the divergence- 
free field B and its vector potential A. One sets A=aV8, 
where a and @ are two appropriate functions of r and ¢. 
Then B=VXA=VaXV8. The flux of B through a 
surface is § A-dl around the boundary of the surface, 


%” What is actually proved is that (d//dt)=0+O(é), so that 
times of order 1/e are required for J to change. Then J is constant 
for times of order 1/¢, which is the time to drift around the earth. 
If E, did not go to zero as «, the drift off the line would not be 
negligible and 7(dJ/dt) would not approximate the change in J 
per period. 
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Frc. 4. Particle at ds on line of force Lo drifts towards L). 


and this becomes SaV8-dl= $adf. This can also be 
written as { /dadf over the surface, and dad8 then 
represents the flux through a surface element. 

In order to determine the effect of the motion of the 
particle at s on the contribution at s’ to the J integral, 
it is convenient to use a quantity which is conserved 
by the motion along a line of force. If the field is static, 
the total energy K is such a quantity. We shall show 
that in the nonstatic case K can be generalized to 


K=(P*c+mec)i+e(o+y), (7) 


where y= (a/c) (08/01). To verify that this is the suitable 
generalization, we calculate the rate of change of K due 
to the guiding center motion 


} : M 0B 
K=e(v,n+u,)-E+ +e(v,,n+u,) 
y al 
Fr 0 
-Viodty)+e—(o+y). (8) 
al 


The first term in (8) is the change in the energy term 
(P*c?+-mc*)! due to work done by the electric field 
on the guiding center. A static magnetic field has no 
effect on the energy ; however, the induction effect of a 
time-dependent field gives rise to the second term, 
which is proportional to 0B/dt and is due to the curlE 
acting on the gyrating particle. The last two terms are 
the total rate of change of e(@+y). The two terms 
containing 2, in (8) cancel, since 


1 0A 
n-B=—n-( -+v6) 
c al 


0 fads 0 
=< (: —+6)=——(6+¥). (9) 


Os\c dt Os 


Because the 2, terms cancel, we conclude that 0K/ds 
must be zero. Thus K is not affected by the rapid 
particle motion along the line. Actually K can be 
considered as the energy integral of the parallel equation 
of motion (1). After cancellation of the »,, terms, K 
becomes 


: ra) M € 0g da 
K (ety B)4 ws ( —Va— va). (10) 
al ve c at al 


The quantity [ (08/01) Va— (@a/01)¥8 } will appear fre- 
quently and will be denoted by w. 
With the generalized definition of K in (7), 
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J=J(a,8,K,M,f) is given by 


“([K—e(ot+y)f ' 
J -g \|- | —mte— 20m ds’, (11) 
Cc , 


where the radical is P,,. At the instant the particle is at 
s, dJ/dt is 


dJ/dt P (Pulses + P,(s’)da’), 


(12) 


where the dots mean the time derivative including 
terms due to the velocity V(s,s’). It is easily seen 
geometrically that if 6x is a displacement along the 
radius of curvature of the field line, then the change 
in arc length is 

5(ds’) 


—bx(ds'/R), (13) 


where R is the radius of curvature and equals |@n/ds|~, 
Therefore 


di’ _ y. (dn ‘ds’)\ds’. (14) 


In obtaining P;,(s’), the value of K at s must be used. 
If we solve (7) for P,*, replace P? by 2MmoB, and 
differentiate with respect to time, we obtain 


1 (| K—e(o+y)’ 
P,,'\ 


x(K(s)—e(¢ +¥)'}- Mob}, (15) 


P,,(s’) - 


where the primes mean evaluated at s’. Here B’ 
= (0B/dt),.+V-(VB),- and similarly for ¥/ and ¢’. Now 
[K—e(+y)'//2= my’, so that [K—e(¢+y)'’/ Pu'2 

1/v,;’. Substitution of (14) and (15) into (12) gives 


dJ ds’ a MB\’ 
¢ -{K(s)—e (+ +y+ —) 
dl D1)" al ye 


M ony 
- v-[er(o4 y+ B)-+euPr—| ; (16) 
ve Os 


where the prime on any quantity means evaluated at 
s’. The vector V must now be evaluated explicitly. 
Since V is perpendicular to n and is defined so that 4 
and 8 at s’ are the same as at s, we have 
a(s) = (a/dt+ ug: Va), = (da/dt+V-Va),:, 
B(s) = (88/dt+uz- VB),= (08/dt+V-VB).°, 
O=n’-V. 


(17) 


We will now verify that the solution of (17) for V is 
V=[(aV@’—8Va’)+w’ ]Xn'/B’. (18) 


The scalar product of (18) with Va’ is [after substi- 
tuting w’ = (08’/d1) Va’ — (da’/dt) VB" | 


da’ \ VB’ <n’ 
V-Va’ (« - ) Va’. 


- (19) 
al B’ 
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But because B’=Va'’XVp’, the factor (V8’<n‘'/B’) 
‘Va’=1, and the first equation of (17) is verified. 
Similarly, multiplication by V6’ verifies the second 
equation (17). The third equation is satisfied since the 
right-hand side of (18) is perpendicular to n’. 

Let us now return to expression (16) for d//di and 
eliminate V(@+y) in terms of E. 


10d 
E= —-—(aV$)—V@ 
cal 


‘ w 
=-Vig-t+y)+—. 
Cc 


Using (20) to eliminate V(¢+y) from (16) gives 


dJ ds’ 3 0 M F 
= $ —K(s)—e (o+v+ B) 
dt « »,,'| al ve 


t 
e Mc on ‘| 
—V. | cE4 VB+-0P + "| fe 


The first three terms in the square bracket occur in the 
drift velocity (2), and when expression (18) for V is 
substituted and the dot and cross interchanged, one 
obtains 


dJ ds’ : rs] M ’ 
= ¢ —1R() -¢ (o+v+ B) 
dl On al ve 


€ nX<w\’ 
—-(aVp’ -B¥a!+w’)-( wet) : 
B 


(21) 


c 


C 


Then by use of VaX V8 
result is 


dJ y ; ) M é ‘ 
FS lnr-[2 oreo 
dt ran’ Ol ye " 


c 


e OB\’ e da\’ 

- a( ws-v84 ) 4. a( ws-va+—) . (22) 

c ot c al 
Here the quantities @ and 8 are evaluated at s. These 
quantities are multiplied by factors which contain the 
drift velocities and therefore these factors are & and 8 
evaluated at s’. The expression in the brackets in (22) 
is according to (10) equal to K(s’), so that 


dJ ds’ ) ; 
= g —{ K(s)—K(s’) 
di - t 


+—[8(s)ae(s’) ~é(s)a(s’)]| 


B and the definition of w the 


[B(s a(s’ a&(s)8(s’) | ‘ (23) 
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where dé’ is the time element ds’/»,,’ spent in ds’. We 
see that the integrand is antisymmetric in s and 3’. 
Equation (23) can also be written 


dJ eT 
’ : [a(B 


| Ba) | (24) 


( 


where the average (---) means $ds/n,,(---). There is 
no reason for d//dt to vanish in general. However, 


dJ dsds'| . : 
(—\-¢ $ {K()—K(s) 
dt ~ Vii 


‘ 
+--[B(s)a(s’)—a&(s)B(s’)]}=0. (25) 


Cc 


The average rate of change of J thus vanishes because 
of the antisymmetry of the integrand of (25), and it is 
because of this antisymmetry that the contributions of 
ds and ds’ to the change in J cancel over a period T. 


IV. EQUATIONS OF MOTION FOR THE 
AVERAGE DRIFT 


Equation (2) gives the instantaneous value of the 
drift velocity. In case the oscillation along a line of force 
is fast compared to the effects of the drift, one will be 
primarily interested in the line on which the particle 
finds itself and what energy it possesses. One is therefore 
interested in the average drift which transfers the 
particle from line to line (i.e., the change in @ and £), 
and in the change of the kinetic energy, derivable from 
the quantity K. Equation (22) permits one to obtain 
the motion of a particle in the a, 8, K space. By differ- 


entiating J=/(a,8,K,M,/) with respect to time we get 


dJ oJ oJ oJ 
K- t at (26) 
dt OK al Oa 08 
Comparison of this d//dt with (24), which also holds 
at all places and times, gives 


c OJ 
(a) =—- 


eT 38 


a,8,K,M,t ), 


Cc aj 


eT da 


: 1 d/ 
K) -, 
it at 


1 d/ 
T AK 


The last of these four is obvious from Eq. (11). The 
first three are the required equations of motion with the 
longitudinal motion eliminated. 
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On the average the particle drifts towards that 
adjacent line on which J is unchanged. In the special 
case of a static field, K=0; if in addition a/8= (a)/(8) 
at all points of the motion along the line, then all 
instantaneous drifts will be directed toward that same 
line and d//di=0, by Eq. (24). 

The equations in (27) for the rate of change of a and 
8 can be written in vector form. Suppose (V) 
= (1/T) $ (ds/v,)V(s,s’) is calculated. Physically (V) 
is the average drift at s’. Substitution of (18) for V into 
the integral defining (V) gives 


(V)=[(a) Vp’ — (8) Va'+w’]xn’/B’. (28) 


Substituting (@) and (8) from (27) and dropping the 
primes gives 
c wXn 
(V) vJxXn+— 
eBT B 


(29) 


as the average velocity at any point." The vector V/ 
is to be obtained at fixed values of K, M, and #. 

The equations of motion can be expressed differently. 
The equation J=J(a,8,K,M,/) can be rewritten as 
K=K(a,8,J,M,1). By implicit differentiation we obtain 
0J/d8= — (dK /d8)/(dK/dJ), etc. Then 

coK 
(a) = —-—(a,8,J,M,i), 
e 0B 


 @a 
(B)= oe 
é 0a 

(K) 
1=7T(dK/dJ). 


0K/dt, 


These equations are of canonica! form, where a and 8 
play the roles of momentum and spatial coordinate, 
respectively, and cK/e plays the role of Hamiltonian. 
The Eqs. (27) are not of canonical form because the 
factor T is a function of (a,8,K,M,jt). 

In terms of K the average velocity can be expressed as 


(V)= (c/eB)nX VK+ (wXn)/B. (31) 


The second term in (31) may be considered as the 
velocity of the line of force. In fact if an observer moves 
with this velocity, then the label a will change at the 
rate 

da/dt=da/dt+-[(wXn/B)- Va. 


By the definition of w this is zero. The same holds for 
8. If we adopt this interpretation of the second term, 
then the first term in (31) gives the average drift of the 
particle with respect to the moving line. One should 


" B. B. Kadomtsev has derived the first two equations of (27) 
for the case of static fields. See Plasma Physics and the Problem 
of Controlled Thermonuclear Reactions (Akad. Nauk USSR, 1958), 
Vol. III, p. 285. In the present paper we have given a proof for 
the more general case of relativistic particles in nonstatic fields, 
and the results are contained in Eqs. (27) and (28). 
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Fic. 5. Flux tubes defined by a collection of particles 
at two different times. 


realize of course that the velocity of a line of force is 
arbitrary except for the requirement that the velocity 
field must lead to the correct fluxes” and therefore to 
the correct values of B., 

Two flux conservation laws follow from (27) and (30). 
Suppose we observe a collection of particles with the 
same J and M distributed on a bundle of magnetic 
lines of force which form a finite flux tube (Fig. 5). 
These particles will have different K, since they will 
have different a and 8, and each will drift according 
to Eqs. (27) or (30). At any later time the particles will 
be found within a new flux tube. It will now be shown 
that the flux of B is the same at the later time. The 
rate of change of the flux of any divergence free vector 
U through a closed curve whose boundary moves at a 
velocity (V) is given by” 


d “aU 
a u-as~ f|- — Vx ((V) XU) |. (32) 
al 


dt eurface 


The 0U/dt term gives the change in the integral due to 
the change with time of U at all points within the loop. 
The second term, which comes from the distortion of 
the shape of the loop with time, is observed by applying 
Stokes’ theorem to the loop integral of (V) U. We set 
U=B, and (V) is given by (31); then (32) reduces to 


d | OB 
fas 
dt | al 


C 


wXn 
-vx| (ax vA) xB +a] -dS, 
eB B 


and since n: VK=0K/ds=0, the integral becomes 


d OB c¢ 
faa f —-VX VK 
dt Oo see 


0p da 

+Vx | —Va— va) | 2s. (33) 
ae. al at 

2 W. Newcomb, Ann. of Phys. 3, 347 (1958). 

%M. Abraham and R. Becker, The Classical Theory of Ele- 


tricity and Magnetism (Blackie and Son, Ltd., London, 1950), 
second edition, p. 40. 
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The first and third terms of the integrand cancel 
because B= VaX V8, and the second term is zero, thus 
proving the theorem. 

The flux of the vector 7B is conserved by the motion 
in a static field of a collection of particles having the 
same magnetic moment M and energy K and distributed 
on a flux tube of finite size. These particles will have 
different a and £8, hence different J, in contrast to the 
case above, where they all had the same J but different 
K. In a static field K is a constant of the motion, so 
that if the particles initially have the same K, they 
always have. The proof is similar to that above for the 
flux of B. However, first it must be established that 
7B has no divergence, and that it indeed is a property 
of a tube of force. This is true, since V-(7B)=B-VT 
+7V-B and B-V7=B(0dT/ds)=0. In this case w=0, 
and if the velocity (V) from (29) is substituted into 
(32), then 


d 


— { 7B-a -— f ¥x((V)x7B)-d8 


dl 
Cc 
. ~ fvx{<cerxayxa) a8 
e 


c 


frx VJ -dS, 


e 
which vanishes. 

A Liouville theorem exists in (a,8,/,M) space, since 
the equations of motion (30) are canonical. Let 
Q(a,8,J,M,t) be the particle density in this space at 
time ¢. Each point in the space represents a particle 
somewhere on the line (@,8) at time ¢ with magnetic 
moment M and longitudinal invariant J. The equation 
of continuity in this space is, since J and M vanish, 


ov @ D ais 
+—(Q(4)) +—(Q(8)) =0. 
0a 0g 


(34) 
ot 


By (30), (0/da)(&)+ (0/08) (8)= 0, so that 
dQ 


Oa 


dQ aQ _ 00 
+(B) =(), 


0g 


a 
dl al 
and Q is conserved under the velocity (a), (8). 
Physically, Qdad8 is the number of particles of 
moment M and longitudinal invariant J in the flux 
tube db=dad8 at time ¢. Suppose now there is a 
steady-state particle distribution in the (a,8,/,M) 
space, so that 00/d/=0. This will occur if we have a 
steady-state in configuration space, with static fields. 
Then (35) becomes, after eliminating (@) and (8) by 
(30) 
0(Q,K), 0(a,8) = 0. (36) 
Since this Jacobian vanishes, Q is a function of the 
constants of the motion J, M, and K in the steady 
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state, a familiar result for a canonical system. Then (0 
is constant on a longitudinal invariant surface—i.e., 
on a surface of fixed J, M, and K. 

Next let us consider the particle density in configura- 
tion space. Let m(r,K,M,i) be the density at point r 
of particles with energy K and magnetic moment M. 
If a steady state exists along a given line of force, we 
can write 

(37) 


It is obvious that » should vary inversely as »,, along 
a line; the factor B corresponds to the inverse depend- 
ence of m on the cross-sectional area of the flux tube. 
The quantity X, which is independent of distance along 
the line, can be evaluated by integrating (37) between 
reflection points with respect to distance s. 


n ds XT 
f ds xf - 
B %, «+2 


Since dad8 is the of flux, we have dadf 
= BdV ,/ds, where dV, is the volume element in the 
flux tube and dV,;/ds is therefore the cross-sectional 
area. Then (38) becomes 


fray, dadB X T ‘a }, 


The left-hand side is the total number of particles of 
moment M and energy K in dad§. Let this total number 
be denoted by NV (a,8,K,M,i)dad8. Then X =2N/T and 
(37) becomes 


(38) 


element 


(39) 


n= (2B/0,,)(N/T). (40) 
The quantities NV and Q are related by NdK =QdJ, or 
N=Q0J/0K. By Eq. (27), T=0J/0K, so that N/T=Q. 
Then (40) becomes 
n= (2B/0,,)Q. (41) 
Because Q is constant on a longitudinal invariant 
surface in a steady state, Eq. (41) says that in a steady 
state, the density m is a constant times B/»,, on an 
invariant surface. In the special case where electric fields 
are absent, 2,,= (1/myy)[ (K?— mec*)/A— 2M moB }' and 
n becomes a function of B for a given J, M, and K. 
In a steady state with no electric fields present, contours of 
constant B on an invariant surface are also contours of 
constant particle density n. 


V. THIRD ADIABATIC THEORY AND THE 
THIRD OR FLUX INVARIANT ® 


The equation of motion of a charged particle gives 
the guiding center equations of motion (1) and (2) and 
the adiabatic invariant M after an average has been 
taken over the rapid gyration around the field line. In 
the previous section it was shown how the guiding 
center equations of motion and the invariance of M 
lead to the equations of motion (30) in a, 8, and K, and 
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Fic. 6. The representation in (a,8,s) space of a 
longitudinal invariant surface. 


to the invariant J. An average over the rapid oscillation 
between reflection points was used. In this section it 
will be shown how the (@,6,X) equations of motion lead 
to the third invariant ® by means of an average over 
rapid motion in a and 8. 

This third invariant ® has been defined as the flux of 
B enclosed by the invariant surface; the invariance of 
® has been used in Sec. Il. To prove its invariance, 
consider the representation of longitudinal invariant 
surfaces in (a,8,s) space (Fig. 6). Each surface is a 
cylinder of finite length with elements parallel to the s 
axis. At any time ¢ the three parameters (/,M,K) are 
needed to specify a surface. Since the line length 
between reflection points is a function of (a,8), the 
elements of the cylinder are not all of equal length. In a 
static field a particle rapidly oscillates between the 
ends of the cylinder and slowly drifts around it. If the 
field is nonstatic with a time dependence slow com- 
pared to the time to drift around the surface, the 
particle moves slowly from one cylinder to another 
characterized by the same J and M, but different K. 
Then d@/di can be found at each instant of the motion 
around the cylinder, and the time average of d®/di over 
one circuit of the cylinder can be shown to vanish. This 
is analogous to calculating dJ/dt at each instant of the 
lowest order motion along the line of force and then 
showing that (d//dt)=0. 

Since the differential of flux is db=dad8, # is the 
cross-sectional area of the cylinder, and invariance of ® 
is equivalent to invariance of the cross-sectional area 
of the cylinder on which the particle is located. Figure 7 
shows the intersection of the cylinder with the (@,8) 
plane. Suppose that at some instant of time the particle 
is on dl and drifting slowly at right angles to it while 
moving rapidly around the surface. At any other arc 
element dil’ let Y(/’) be the velocity which is required 
in order to remain on the same (J,M,K) surface as 
the actual particle during its slow drift off di. The 
velocity Y(/’) is the analog of V(s’) for the longitudinal 
invariant. By using K=K(a,8,J,M,t) we find that Y 
must satisfy the equation 


(K):= VasK (I) -¥(U')+.0K (l’)/at, (42) 


where Vg means the gradient in the a, 8 plane. Since K 
is constant on the closed curve of Fig. 7, then VasK (/’) 
is perpendicular to the line element dl’, , and the rate 
of change of area is (assuming that VagK is towards the 
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Fic. 7. Cross section of a longitudinal invariant 
surface in (a,8,s) space. 


outside of the loop) 


db Y(1’) - VasK (V’) 
= g dl’ “ 
dt | VoaK (2") | 


dl’ - | aa 
$ cei(®-F). 

| Vag’ at 
where the primes mean evaluated at /’. By (30) aK'/at 
=(K)’, and (c/e)|VasK’| =[(4)"+(8}, which is the 


velocity of the particle parallel to the loop at /’. Denote 
this velocity by tg’. Then 


df “$ dv 

dl ée Yap 
This is the analog of (24) and does not in general 
vanish. However, 


e db dl 
G)- g- di Vap 
‘ 
IF: 


Because of the antisymmetry in / and /’ of the inte- 
grand in (45), it follows that the effects of di and dl’ on 
® cancel. This is the analog of the cancellation of the 


(43) 


K),—(R)v). (44) 


did’ 
—((K)—(R)v)=0. (45) 


aflap 


_ effects of ds’ and ds on J. 


Equation (44) can be written as 


d® cr ' 
—=—(((K))—(K)), (46) 
dt e 

where ((K)) is the time average of (K) during the 
motion around the surface, and r= {dl/tag is the time 
to drift around the surface. Since 6=(J,M,K,!), 


db o> 
—=—(K)+—. 
dt aK 


(47) 


Comparison of (46) and (47) gives 


e OP 
r=—-—(J,M,K¥), 
coK 


e OP 
(K))=—— 
CT at 
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Fic. 8. Cross section of a 
double-leaved longitudinal 
invariant surf ace. 


as the equations of motion, analogous to those in (27); 
they can be solved to give K and r as functions of time. 
The second equation in (48) can also be written as 


OK (#,J,M,1) 
. (49) 
al 


which is the analog of (30). 


VI. CONTAINMENT OF PARTICLES IN THE 
EARTH’S MAGNETIC FIELD 


In the previous sections we have derived the equations 
of motion for the drift of particles from line to line and 
we have also discussed the flux inside the invariant 
surfaces in a time-dependent field. We are now pre- 
pared to discuss the question to what extent the charged 
spiralling particles will be retained by the earth’s 
magnetic field. 

In Sec. II we have given reasons that particles are 
retained provided the quantities M, J, and %, the 
magnetic moment, the longitudinal invariant, and the 
flux through the invariant surface remain time in- 
dependent. Because of the rapidity of the spiralling 
action we must expect that M indeed is conserved in 
extremely good approximation.*:"* Magnetic disturb- 
ances probably due to solar activity could have short 
enough periods to interfere with the conservation of the 
longitudinal invariant. On the other hand, the third 
invariant ® requires that time variation should be slow 
compared to the period in which the particle encircles 
the earth. This period lies in the vicinity of a half hour 
for a 1-Mev electron. One will expect that in a magnetic 
storm particles will diffuse from one invariant surface to 
another and may eventually get lost either by diffusing 
away from the earth or diffusing down into 
atmosphere. 


the 


We shall conclude our discussion by considering 
other ways in which the actual situation might differ 
from the simple adiabatic one presented in the previous 
sections, since such differences might conceivably lead 
to a loss of particles. Thus, in the previous discussion we 
have assumed that each invariant surface is a single 
cylinder as shown in Fig. 6. This is not necessarily true. 
For example an invariant surface might be double, as 
shown in Fig. 8 in an (a,8) plane. Neighboring constant 


M4 A. Garren ef al., University of California Radiation Laboratory 
Report UCRL-8076, March, 1958 (unpublished); and Proceedings 
of the Second United Nations International Conference on Peaceful 
Uses of Atomic Energy, Geneva, 1958 (United Nations, Geneva, 
1958), Paper P/383. 
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Fic. 9. Variation of field strength 


B as a function of s 


J contours are also represented. The intersections of the 
two surfaces with the same J value, which occur at a 
and b, represent lines of stagnation on which (@) and 
(8) must vanish. Because they vanish, the equations of 
motion (27) show that d//da and 0//d8 must also 
vanish at a and b. One possibility is that the surface 
J=J(a,8) has saddle points at @ and 6; the arrows 
showing particle motion in Fig. 8 have been drawn in a 
manner consistent with such a topology. 

The time for a particle to approach a and b along a 
branch diverges logarithmically. For expansion of J 
about the saddle value J» gives 


0 Je 
+ Aa Af 


~~ 9 
Oa 


Jy (ABs)? Jo 
r dene 


0ad8 2 08’ 


Then in the vicinity of @ or 5 


c OJ Cc Ps» PI 5 
= (40 rag— ). 
eT 08 eT do? Os? 
Along the invariant surface given by J=Jo, Aa is 
proportional to A, as is seen from Eq. (50). Therefore 
on this invariant surface, Eq. (51) for (@) takes on the 
form (&)=kAa, where k is a constant. By integration, 


(51) 


{= (1/k) InAa. (52) 


This expression is approximate since higher powers in 
the expansion (50), as well 
been neglected. 

Another assumption which we have tacitly made in 
our earlier discussion is that t 


as the variation of T, have 


he field strength B has a 
single minimum as a function of s between the two 
mirror points Br, as illustrated by curve G of Fig. 9. 
Suppose that a particle is initially on a line of this type, 
and suppose that the particle is then brought into a 
configuration corresponding to the line F. This can 
happen in one of two ways, either the magnetic field is 
time dependent and it happens to acquire a maximum 
within the original range of the longitudinal motion 
of the particle or else the particle drifts toward a 
configuration with a maximum. One will offhand 
suspect that when this happens the original orbit of the 
particle will split into two smaller segments s, and s2 
and that the original value of the longitudinal in- 
variant J will be replaced by one of two new values J; 
or J, where J; +/,=/. If this were the case, there would 
clearly be a reason for a change in the longitudinal 
invariant. Furthermore, one will expect that the dis- 
appearance of the maximum along the magnetic line 
will lead to a change which is qualitatively the reverse 
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of the change which we have discussed. There exists, 
however, the possibility that the drift along the two 
segments s; and s_ will have carried particles to two 
different flux lines and that, when the maximum 
vanishes, s; and 52 will join new flux lines instead of being 
reunited. This indeed could lead to a permanent change 
in J and one might expect that as a consequence a 
significant radial motion in the earth’s magnetic field 
might be set up. 

We shall suggest the reason why the types of processes 
which we discussed above may require an infinite time 
in the approximation which has been made throughout 
this paper. 

When an appearance of the maximum in the magnetic 
field is about to sever the longitudinal oscillation into 
two portions, the particle will have a large period of 
oscillation, and in particular it will spend a long time 
near the maximum, at time which tends toward 
logarithmic infinity at the time of severance. However, 
for the time-dependent field case the increase of mag- 
netic field near the maximum will by its inductive 
effect increase the energy of the particle. Thus a particle 
will not be trapped on either side if it is near the maxi- 
mum, but will instead acquire enough energy to remain 
above the maximum. Actual trapping is likely to occur 
only if the particle is not near the maximum as severance 
is reached. However, the probability that the particle 
is not near the maximum decreases as severance is 
approached. 

In the case of a static purely magnetic field where 
the particle drifts toward a region where its longi- 
tudinal orbit could be severed, we shall again find that 
during the drift the particle will spend increasing time 
intervals near the maximum of the magnetic field and 
again the time spent near the maximum will tend 
toward logarithmic infinity. During the proximity of 
the particle to the maximum, its drift due to the 
centrifugal force will approach zero. The drift due to 
the inhomogeneity of the magnetic field will persist 
but will be directed at right angles to the gradient of 
the magnetic field and move the particle at right 
angles to the direction of approach toward a line of 
severance. Again, as in the previous case, the approach 
is likely to depend on the periods that the particle 
spends away from the proximity of the maximum in 
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the magnetic field, and again the fraction of time that 
the particle spends in these regions will tend to zero 
as the line of severance is approached. 

We expect that in a more exact and detailed theory 
the processes to which we have assigned infinite time 
in the previous two examples will actually be ac- 
complished in finite but long times. We cannot exclude 
the possibility that near points @ and 6 in Fig. 8, 
particles might be transferred between zones I, IT, III, 
and IV, a possibility which does not exist according to 
the strictly adiabatic theory. Likewise, we must expect 
that in the time-dependent case, the growth of the 
maximum in the magnetic field such as shown in Fig. 9 
will actually give rise to a severance of a longitudinal 
orbit. Our present purpose is only to show that a simple 
application of our equations of motion gives arguments 
against the ready occurrence of these more complex 
patterns of motion. 

The observed radiation around the earth has a 
marked structure,'® with maxima at 10000 km and 
22 000 km equatorial distances separated by a radiation 
minimum at approximately 15000 km. It might be 
tempting to assume that these two radiation belts are 
due to some complexity of the earth’s magnetic field. 
However, preliminary observations have shown that 
the particle energy spectra differ in the two belts. 
Thus it is likely that the two belts have a different 
physical origin. The discussion which we have given 
here indeed does not open up any simple explanation 
why two such belts should be due to purely kinematic 
causes. 
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Positive-pion proton differential cross sections have been measured at 41.5 Mev for six angles. The angles 
in the center-of-mass system are 53°, 69.1°, 100.4°, 128°, 141.7°, and 163.5° and the corresponding cross 
sections in mb/sterad in the center-of-mass system are 0.252+0.020, 0.354+-0.025, 0.777+0.038, 1.145 
+0.067, 1.495+0.084, and 1.750+0.110. Negative pion elastic cross sections have been measured for the 
first five of the above angles and are, respectively, in mb/sterad in the c.m. system: 0.338+-0.047, 0.281 


+0.038, 0.148+-0.029, 0.112+0.042, and 0.085+0.25. Phase-shift analyses of these data and those of other 


authors lead to the following expressions for the low-energy behavior of the T=} phases: ag,* = 
+0.004)n*, a3” = — (0.1145+0.0026)n, and cotas;” = $y* (0.0877 +0.0014) /[w* (1 { 


0.0418 


o*/2.17) ] 





I. INTRODUCTION 


HE pion-proton interaction, being fundamental to 

an understanding of classical nuclear physics, 
has been vigorously investigated since the first pion 
beams became available for experiments. In these, 
differential and total cross-section measurements have 
been made at ever increasing energies and with in- 
creasing accuracy. Early analyses employing S and P 
waves and assuming charge independence led to various 
sets of phase shifts. Later studies selected the Fermi- 
type set with its positive and dominant a33 which 
accounted for the first resonance observed in positive 
pion scattering. The signs and the energy dependencies 
of the other major phases were set but the minor ones 


were less well specified. The work reported here is 
limited to a study of the behavior of the phases at 
energies below the T7=J- 
ported below of recent data of this laboratory’ and 
other laboratories*~’ taken at energies up to 150 Mev 
show agreement with the energy dependencies generally 


= $ resonance. Analyses re- 


assumed for the 7 =} phases but show some differences 
from those for the T=} phases and appear to define 
even the minor phase shifts within this energy region. 

Part I of this paper is devoted to the measurements 
of positive and negative pion-proton differential cross 
sections which were made at a mean energy of 41.5 
Mev. This is followed by a discussion of the phase-shift 
analysis used and then analyses of various combina- 
tions of data are given. These lead (a) to the conclusion 
that no fault can be found with the momentum depend- 
encies usually assumed for the T7= 4 phases and (6) to 
a fairly precise determination of ag. 

In Part II we describe the two differential measure- 
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ments that were made to complete a x~ distribution at 
30 Mev and proceed to the analysis of the x distribu- 
tions which are available at 30, 41.5, 98, and 150 Mev. 
These individual analyses indicate certain empirical 
momentum dependencies for the T =4 phases in the 
energy region from 20 to 150 Mev but are not considered 
to have any validity for higher energies. Various quanti- 
ties are then calculated and compared with published 
experimental values. 


Il. EXPERIMENTAL ARRANGEMENT 


The pions for the 41.5-Mev scattering experiments 
emerged from a thin window in the cyclotron tank and 
traveled a helium path through a 3-ft brass shield on 
into a magnetic deflecting and focusing field, and from 
there through further lead shielding to the approximate 
focus, where they emerged into air and were counted 
by a conventional incident telescope of two small disk- 
shaped Scintillon counters 1). The available 
currents amounted to 1 to 2.5X10* pions per minute. 
Since the current of scattered pions depends upon the 
incident current, the the number of 


(see Fig. 
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Layout of cyclotron and shielding 
for 41.5-Mev meson beam 
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Fic. 2, 45° scattering 
layout. 


target protons/cm?, and the solid angle of the scattering 
telescope, and each of the firsi three quantities was 
small, it was necessary to make the last large. This 
was done by building a special scattering telescope of 
large solid angle for each angle of scattering. The mean 
angles in the laboratory system were 45°, 60°, 90°, 120°, 
135° and 160°. The detecting telescope for pions 
scattered at 45° and 60° consisted of pairs of annular 
crystals; those used for the other angles had somewhat 
less than 2 annularity. The upper limit to the solid 
angle in each case (except that of 160°) was set by the 
requirement that the angular spread dé@ of the pions 
accepted by the scattering telescope should be small 
enough to exclude pions scattered from the walls of the 
hydrogen target. Since further gains in solid angle 
accrued from the use of different shapes of targets for 
particular angles of scattering, 3 liquid hydrogen 
targets were used and are referred to here as the 
cylindrical, ‘‘spherical,” and “plane” targets. 

Figure 2 indicates the arrangement used in the 45° 
measurements where all the pions scattered from a 
central point in the “‘spherical’’ hydrogen target in the 
angular range from 37° to 53° were detected without 
the inclusion of any pions from the target walls. This 
spherical target was also used for scattering at 60° and 
135°; see Figs. 3 and 4. It was replaced in the 90° 


Fic. 3. 60° scattering 
layout. 
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scattering arrangement by a cylindrical target shown 
in Fig. 5. Figure 6 gives the 90° scattering arrangement. 
The cylindrical target was again used in the 120° scatter- 
ing runs, the geometry being indicated in Fig. 7. 
Finally a “plane” target was constructed for the 160° 
measurement, the arrangement of crystals, beam, and 
target being shown in Fig. 8. In this case the detecting 
telescope received pions scattered by the target walls 
as well as by the hydrogen. 

Figure 9 is a simplified block diagram of the elec- 
tronics. A signal from a photomultipler passes first 
through an adjustable delay and attenuator and then 
is amplified. Further amplification is provided by a 
Clark amplifier (not shown) just before the trigger 
generators. The trigger circuits use secondary emission 
EFP-60 tubes and produce a standard output pulse of 
30 mysec in width. The trigger generator marked with 
a star produces a pulse of about 75 mysec duration. 
The coincidence circuits are of the Rossi type and have 
an effective resolving time (27) of about 45 mysec 
(about 100 mysec for the anticoincidence—denoted by a 
bar over the number). These numbers refer to the full 
width of the delay curves. The output from the 12345 
coincidence causes the gated amplifier to operate, feed- 
ing the signal from counters No. 3 into the 24-channel 
analyzer. 
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Counts corresponding to a (1234) coincidence, 5 anti- 
coincidence are called “fulls” if obtained when liquid 
hydrogen filled the scattering chamber—‘“empties” if 
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Fic. 5. Cylindrical liquid hydrogen target. 


Fic. 4. 135° scattering 
layout. 


the chamber contained either hydrogen vapor or a 
mixture of He gas and hydrogen vapor at atmospheric 
pressure. The number of hydrogen scattering events 
in any run assumed to be closely related to the 
difference between the Full and Empty counts. Since 
the validity of this assumption must improve as the 
to the Fulls, 


efforts were made to keep the former small. 


Empty counts diminish with respect 


The “‘no wall scattering” feature together with the 
extensive shielding used reduced the empty counts to a 
few percent of the full counts for w* scattering. The 
full to empty counting ratio was further improved by 


making a pulse-height analysis of the counts from one 


of the two crystals in the scattering telescope. The 
scattered pion pulses formed a peak which was con- 


tained in roughly half the channels, 


while the empty 
pulses were distributed more or less evenly through all 
channels so that the full and empty ratio was approxi- 
mately twice what it would have been without the pulse- 
height analysis. Figure 10 displays the pulse-height 
distributions observed in a typical 60° scattering run. 
These curves are representative; at some angles the 
pulse-height resolution was better, at some it was 
slightly poorer. When the pion-hydrogen cross section 
backward scattering, the 
empty counts at times amounted to a third or even a 
half of the full counts. In taking the difficult backward 


x~ points, the run was begun with positive pions to 


was least, that is in the x 


establish the shape and position of the pion pulse- 
height distribution, then the magnetic fields were 
reversed to give negative pions and the scattering of 
the negative pions first from the full, then the empty 
target was for 
which the run was interrupted for a check with positive 


recorded several alternations, after 


pions. 
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Fic. 6. 90° scattering 
layout. 
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Ill. ENERGY AND CONTAMINATION 
OF THE PION BEAMS 


The energy of the pion beam was determined in the 
usual manner from a range curve. The effective con- 
tamination of the beam by muons and electrons 
depended upon the gains of the two counters of the 
incident telescope. The electron contamination was 
determined as follows: the gains of counters No. 1 and 
No. 2 were set at a high value and a range curve taken. 
The tail of this curve showed a large and accurately 
measurable number of electrons. A pulse-height dis- 
tribution of the pulses of one of the counters in the 
incident telescope was then taken. This distribution 
consisted of two peaks satisfactorily separated, the 
lower being due to electrons, the upper to muons and 
pions, and so gave the fraction of doubles counts in the 
incident beam which were due to electrons. This fraction 
was compared to the number found in the tail of the 
range curve and the ratio recorded. The gains of No. 1 
and No. 2 were then lowered until the tail of a range 
curve showed only a small number of electrons and the 
above ratio was applied to give the fraction in the 
incident beam. The gains of No. 1 and No. 2 were care- 
fully held at this last setting during the run, and 
occasional interruptions were made to check that the 
contamination had not changed. The muon contamina- 
tion of 342% was directly apparent from the range 
curve taken with No. 1 and No. 2 running at their 
operating gains. 


Fic. 8. 160° scatter- 
ing layout. 
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IV. EVALUATION OF CROSS SECTIONS 


The number of scattering events per second is given 
by 


N =oef n yn dV, 
» 


where m, is the number of hydrogen nuclei per cm’, n, 
is the incident pion flux in particles cm~ sec, Q is the 


Fic. 7. 120° scattering layout. 


solid angle subtended by the detecting telescope at the 
point concerned, o is the differential cross section in 
cm? sterad™, ¢ is the efficiency of detection of the scat- 
tered pions and the integral is taken over the volume 
of the liquid hydrogen target. 

The region of the target that contributes to the 
integral is defined by the beam diameter and by the 


“| LIQUID HYDROGEN rence | 
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Fic. 9. Simplified block diagram of the electronics, 


detecting crystals 3 and 4 only, except in the case of 
scattering at 160° where the beam diameter, crystal 3, 
and the ends of the target define the contributing region. 
In each case the integral may be used to define a 
quantity S given by: 


SN Mn, -f non dV, 
" 


where NV, is the total number of incident pions per 
second. If we now define v as the number of scattering 
events per million incident mesons, which is a con- 
venient experimental quantity, it may readily be shown 
that, for a liquid hydrogen density of 0.071 g cm~, 


o= 2.357 10-*(v/eS) mb sterad™. 


S was evaluated for each scattering angle by both 
graphical and numerical methods. The agreement be- 
tween the two methods was better than 2%, and the 
mean value of the two was taken. The value of S was 
calculated on the assumption that the solid angle was 
determined by the mid-planes (or the mid-surfaces) of 
the relevant detecting crystals 3 and 4. 

A meson passing through the mid-plane, even if it 
emerged through an edge rather than through the front 
or back faces, would give a pulse whose height was 
greater than half of that of a meson which passed 
normally through the crystal from front to back (a 
“normal” pulse). Ideally only those pulses should be 
accepted which were greater than half the “normal” 
pulse. In practice the bias on channel No. 4 was not set 
at this point, but a small correction was applied based 
on a calculation of the edge effect in that crystal. This 
correction never exceeded 2%. The bias in channel 3, the 
pulse-height channel, was always a set at about a 
quarter of the “normal” pulse height, but only pulses 
greater than half, and less than one and a half, times 


RING, MIYAKE, AND KINSE 


COUNTS PER CHANNEL 


S 0 5 
RELATIVE PULSE HEIGHT 


10. Pulse-height distribution of mesons scattered 
at 60° during a typical run 


the “normal” pulse height were included in the totals. 

A correction was also necessary for the high pulse- 
height cutoff. This correction was calculated from the 
theory of Symon® to be about 14%. Support for this 
figure was also found from analysis of our #* data, 
which showed that the pulses due to hydrogen which 
exceeded the high pulse-height cutoff were (2.0+1.0)% 
of the total counts due to hydrogen, of which an esti- 
mated 0.8% would be due to stars. The corresponding 
figure for the x~ data was (0.6+2.9)% when corrected 
for stars. Consequently a correction of (1.5+1)% was 
added for this effect. 

The x 120°, and 135° were 
evaluated in terms of their ratios to the #* cross sections 
at the same energy, by comparison of the number of 
counts in corresponding pulse-height analyzer channels. 
The reason for doing this was that, in general, the 
background counts in the low channels were relatively 
much greater in the x~ runs. Consequently, by elimi- 
nating the low channels from the data, the background 
was much reduced and the statistical accuracy im- 
proved. The channels included in the analysis are 
indicated in Fig. 10.° 


cross sections at 90°, 


*K. R. Symon, in B. Rossi, High-Energy Particles (Prentice 
Hall, Inc., New York, 1952), Sec. 2.7, p. 32; K. R. Symon, thesis, 
Harvard University, 1948 (unpublished 

® We have assumed that the background counts were unaffected 
by the presence or absence of hydrogen in the target. This was 
based on the following facts: (a) The overcount, that is the number 
of counts greater than one and a half times the most probable 
pulse height, was the same with target full or empty, apart from 
the expected small contribution from the high-energy tail of the 
pulse-height distribution. (b) The number of “full” minus “empty” 
counts between the low-energy cutoff and the hydrogen peak 
could be quantitatively explained in terms of the expected edge 
effect in the pulse-height crystal. (For *~ mesons there would be 
an additional contribution from electrons in this range.) (c) Calcu- 
lation of the background indicated that probably the greatest 
contribution would arise from two-pronged stars in crystal 2, the 
two prongs passing through crystals No. 3 and No. 4, respectively. 
This was qualitatively borne out by examination of the back- 
ground to the 135° * run in which there is a bump beginning 
directly below the hydrogen peak. This bump, and the accompany- 
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Taste I. Geometrical factors and data from typical runs.* 








Ss 
(steradians, » (x*) 
6 rn) c.m. system) Full 


Empty 


Full Empty 





53.0 20° 0.878 13.51.2 
69.1 27° 1.626 35.542.1 
100.4 29° 0.935 27.042.1 
128.0 21° 0.294 12.4+0.8 
141.7 18° 0.974 52.6+1.9 
163.5 30° 0.421 31.6+1.6 


2.4+0.8 
5.741.2 
0 
0.9404 
9.24+1.2 
9341.2 


21.4+2.0 
40.23-3.5 
5.1+0.8 
2.0+0.6 
4.340.8 


5.341.6 
19.542.5 
0.4+0.3 
0.5+0.4 
2.0+0.6 








* @ is the mean c.m. scattering angle. A@ is the base width of the onl ar saniatinna ein. which is eporoatengtaty triangular for all angles. S is the 


effective target 


th multipli 
of counts registe 


Small corrections were applied for counting losses 
and for the fact that the target during an “empty” 
run was full of hydrogen vapor at 20°K, which has a 
density of 1.7% of that of liquid hydrogen. Corrections 
varying from 2% to 4% were applied for absorption 
of the beam in the target walls, the liquid hydrogen, and 
the crystals 3 and 4. 

No correction was applied for the decay of the beam 
after scattering because (a) roughly as many muons 
decay “into” the scattering telescope as decay “out” of 
it and the pulse-height resolution was such that these 
muons would in general be indistinguishable from the 
scattered pions and (b) the total decay after scattering 
was less than 2%. Consequently any error introduced is 
extremely small. 

A further correction arose from the fact that the ob- 
served distribution of mesons across the beam (the 
“traverse” curve) was in general different from the 
ideal distribution assumed in the calculation of the 
quantity S. This was in general less than 1%, and was 
only larger than this in the case of scattering at 90° 
where the crystal geometry did not have cylindrical 
symmetry about the meson beam. 

In the case of w~ data, corrections were necessary 
because of the probability of detection of electron pairs 
following exchange scattering. For scattering into the 
forward angles, the energy loss of a high-energy 
electron pair is approximately the same as that of the 
scattered mesons so that our pulse-height selection did 
not help to discriminate against electron pairs. At back- 
ward angles, however, the meson energy loss is consider- 
ably enhanced and appreciable discrimination was 
achieved. The correction was calculated on the basis 
of the known exchange scattering cross section for x 
mesons at 40 Mev, and on the probability of production 
of electron pairs either in the #°-decay process or by 
conversion in the material of the target. The correction 
was always less than 0.04 mb. An attempt was made at 


120° scattering angle to make a direct determination of . 


the effect of counting electron pairs, by introducing lead 
at the target wall to increase the total production of 
electron pairs by a factor of seven, and in the limited 


ing large overcount, is very much less in the pte ey =~ run, 


and it is known that the cross section for production of two- 
pronged stars at this energy is much less for x~ that for x* mesons. 


by the solid angle subtended at the target by the scattering telescope and is defined precisely 
in the appropriate pulse-height interval per million mesons incident on the beam telescope, for typical runs. 


Sec. IV. » is the number 


time available for this test the counting rate in the 
required pulse-height range was increased roughly in 
this ratio. 

A further correction was required for the 60° #~ data. 
Owing to the thickness of the No. 4 light pipe, this 
particular channel was sensitive to Cerenkov radiation 
generated in the light pipe by electrons passing through 
it. The actual efficiency for electron detection was care- 
fully measured, using the electrons accompanying the 
«~-meson beam as a source, for various angles of trans- 
mission of electrons through the light pipe, and the 
corresponding efficiency fer detection of an electron 
pair was calculated. The resultant correction required 
for the cross section at this angle, for electron sensitivity 
of the light pipes of the detector telescope, was 0.026 
+0.020 mb sterad~. No such correction was necessary 
to the 45° a~ data. 

Owing to minor changes in the equipment the mean 
scattering energy was not constant for all runs, varying 
from 39.1 to 41.8 Mev. This was allowed for by calcu- 
lating the correction to be required, assuming our first 
approximate phase-shift solution to be correct, and then 
assuming the S-wave phase shifts were proportional 
to the momentum and the P-wave phase shifts were 
proportional to the cube of the momentum. The correc- 
tion was found to be roughly 5% per Mev for #* scat- 
tering, but less than 1% per Mev for x~ scattering. 

A further correction was necessary for the finite 
angular resolution of the apparatus. The angular resolu- 
tion function was in general triangular in shape with a 
base width varying from 20° to 40°. Owing to the 
almost linear variation of the cross section with angle, 
the effect on the measured cross section was almost 
negligible for all angles except 163°. The correction for 
that angle was 1.5% and elsewhere was less than 
0.005 mb sterad~. The values of the corrections for 
each angle and the base width of the angular resolution 
functions are given in Table I and of the cross sections 
in Table II. 


V. CROSS-SECTION EXPRESSIONS 


Van Hove" has analyzed pion-proton scattering and 
given expressions for differential cross sections in terms 


”L. Van Hove, Phys. Rev. 88, 1358 (1952). 
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Taste II. Cross sections in mb sterad™ and typical corrections in %. 
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0.3382-0.047 
0.281+0.038 
0.148+0.028 
0.112+0.042 
0.085+0.025 








* Corrections given at 163.5° are for a typical run. 


of a Born approximation point charge Coulomb ampli- 
tude, and an amplitude expressed in terms of phase 
shifts a;j* which we refer to here as composite phase 
shifts. He assumes a purely nuclear interaction for 
separation distances up to ro and neglects Coulomb 
forces over this range. These composite phase shifts 
then represent basically the nuclear interaction, but 
also the interference between nuclear and point Cou- 
lomb interaction, and the departure of the assumed 
electric potential from that of a point charge. They 
require than a small correction to make them purely 
nuclear. Van Hove gives the s-phase corrections while 
Salzman and Schnitzer" have calculated them for the 
p phases. The values in radians of these corrections 
Aaj; at 41.5 Mev are given in Table III for two values 
of To. 

Van Hove’s nonrelativistic treatment of the scatter- 
ing problem has been refined by Solmitz through the 
introduction of relativistic considerations, and the 
modified Van Hove expressions for the differential 
cross sections assuming conservation of isotopic spin 
and limiting the analysis to s and p waves, are: 


do | 1 ’ 
ait = |— (P+Q cosé)+ f” (6)| 
_ | 


\- 
dQ —rs 


|2tk 


9 


1 2 
a sind+ f(6)| , 
2ik 


where, for + — at, 


é 1iV.V, 
f() (6) = —-——— -———— [1+ “11+ cos) 
2p(V.+V,) sin*(0/2) 2 ¢ 


7,2 
Vy 


2 
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—}(2u,—1) (1—cos) | 


9 


e 


{YP @O=4+—-— 


2p(V.+V,) sin*(6/2) 
up VV, Vs") . 

x|~ +4 291) sin 
2 C ce 


4G. Salzman and H. Schnitzer (private communication). 
%F. T. Solmitz, Phys. Rev. 94, 1799 (1954). 


for a — ~, the signsof f'" (6) and f“ (@) are reversed. 


For r+ — xt: 
P=exp(2ia;+)—1, 
O= exp(2ias;+)+2 exp(2ias3* 

R= exp(2ia33*) — exp(2iasi*) ; 

for m- —> 2: 

P= 4[2 exp (ta1" + ia; +e xp (tas +103 )j—1, 

Q= [2 exp (iay" +iay \+-4 exp| 10} 5% 

+2 exp (ta33" +-ia 3) exp (tas, +ias;-) |—3, 
R=}4(2 exp(iaus” +ia13-) + exp(iags” +ia337) 


— exp (tas: +-4003; 2 exp (tay1:" +iay1—) |, 


+-ta37) 


where u4»=proton magneti: 2.793, V. and 
V, are the x and p velocities in the c.m. system, and 
p=hk=x momentum in the c.m. system. The above 
formulas for the ~—> x 
approximations” : 


moment 


reaction have the following 


eS =i: (1+1a 1: 


exp (ta 


(1—ia) exp (ia; —ia;-)= } 


N — 10; j 1, 


which means at 41.5 Mev an approximation of better 
than 1% for the cross sections. The formulas for 
the Coulomb correction to the phases are nonrelativistic 
and are calculated with the small phases approximation 


(cosa 1; sina~a): 


For s waves: 
a,°=a In2po T + 2a;* si2po— Ci2po, 
for p waves: 


1 


a;;*=a In29>—-—+ € 
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where «= Euler’s constant=0.5772, and 


” cos x 
————gy 
= zx 


Cix=— 


; ” sin x 
ose — eee, 
ye 


po= kro= (p/m,c)ro(m,c/h) = Ro, 


Ro being the range of the nuclear interaction in units 
of h/m,c. a; are the desired nuclear phase shifts. Fig- 
ure 11 shows the Coulomb corrections to the a; 
and ays phases as a function of ro: they are rather 
large, especially for as, and they are strongly dependent 
on the assumed fr value. ro should actually be regarded 
as a parameter but this goes certainly beyond the pre- 
cision of our data. In the absence of a definite value 
for ro we have chosen ro=h/m,c for our analysis, 
though there are some indications that it should be 
smaller. Test runs showed that the values of the scatter- 
ing length as" was decreased by 3.5% if ro was changed 
to 4h/m,c while the other lengths were altered by less 
than 1%. 


VI. PHASE-SHIFT ANALYSIS 


Suppose that we wish to determine & quantities, the 
unknown true values of which are m,--- m,. We 
observe a certain number m>k of linear functions /; of 
these quantities, the true values of which are: 


‘ 
fi=> aym(i=1---n), 


i=l 


where a,; are certain known constants. Then it can be 
shown that the method of maximum likelihood deter- 
mines a unique “best” solution for the unknown 
m; (j=1---k), together with their complete error 
matrix, from the constants a;;, the measured values 
X; of the quantities f;,, and the errors on these 
measurements. 

In our case we have one equation for each of n 
measured cross sections and 6 unknown phase shifts a; 
(three if only x* data are used). Since the relationship 
between cross section and phases is not linear, a first- 
order Taylor expansion is made, namely 


6 Jo; 
o;(ax*+da,) —o;(a,*) = sO —a; 


i=l 0a; 


(i=1---n). 


This system is now in a form suitable for a least- 
squares treatment of the kind described above, but the 


TABLE III. Corrections to phase shifts for two values of ro. 
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Fic. 11. Coulomb corrections, 


coefficients a;;= 00;/da; are only approximately con- 
stant. The experimental values, 


X =0;(a;'+-ba;)—0;(as) = 0," —o f*", 


are now the differences between the measured cross 
sections o;” and the values o,°*'* calculated from a start- 
ing set of phase shifts aj". The quantities m,; are the 
corrections éa; to a starting set of phase shifts. Using 
this set of input data, the machine caiculates the values 
o,**'* and d0;/da; and then derives a “best” set of 
corrections éa;. The goodness of fit is expressed by 
x=) in1" piA?, where p; is the weight for each measure- 
ment (taken as p;=e;* with ¢; as the standard devia- 
tion of the measured cross section), and A, is its devia- 
tion from the value calculated from the set of corrected 
phase shifts a,;*+-6a;. The above procedure would give 
us the “best” solution aj‘+éa; only if the values of 
da,/ da; were independent of a;. As it is, it is necessary 
to repeat the analysis using a,;’+6a, as the new aj’. 

The value of x? from the second calculation is com- 
pared with that for the first and a further iteration 
carried out if they differ by more than 10~*: otherwise 
the operations cease and the solution is printed out, 
together with various other quantities. Many inter- 
mediate steps are also printed out in order to have a 
continuous check on the analysis. Normally about four 
iterations are sufficient. 

A solution may be visualized as a minimum on the x? 
hypersurface. Each such minimum corresponds to a 
solution; the particular one found depends on the 
starting phases a,*, since the machine moves to the 
closest relative minimum. 

This method derives the standard errors from the 
slope of the hypersurface very near the minimum. The 
slightly different approach adopted by Anderson and 
Davidon” samples the hypersurface out to the value 
x’+1, and may, therefore, be affected by distortions 
in the surface which do not appreciably affect the slope 
near the minimum. Of course, what is of physical 


% H. L. Anderson and W. C. Davidon, Nuovo cimento 5, 1238 
(1957). 
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TABLE IV. Results of phase-shift analysis for different combinations of data and for various values of wo*. Column 1 gives the value 
of we*, column 2 gives the number of differential cross sections included in the analysis, column 3 gives letters which define the combina- 
tions of different energy data used for each analysis, while the last column shows the value of x* found for that solution. 





No. of 
points Comb.* aa" a," G32" ai% au" ais% 





A —0.0477 +0.0068 —0.1005+40.015 +0.2337 40.0190 +0.166840.023 —0.016 4 0.055 +0.062 3.39 
: 


B —0.0439 +0.0053 —0.1100+0.004 +0,0879 40.0022 +0.166840.013 —0.03814 0.0386 £0.0225 8.03 
94 —0.0436 +0,0053 —0.1106+40.004 +0.0853 40.0022 +0.1716+0.022 0.0179 4 0.0486 +0.061 7.88 
Cc —0.0439 +0.0053 —0.1101+40.004 +0.0879 +0.0022 +0.1713+0.022 0.0178 4 0.0492 +0.061 7.67 
Cc —0.0441 40.0053 —0.1096+0.004 +0.0905 +0.0023 +0.1711+0.022 0.0175 4 0.0496 +0.061 7.53 
D —0.0418+0.0041 —0.114540.0026 -+0.0877+0.0014 21.25 





*A=62* and 5 x at 41.5 Mev; B=3 r* at 24.8 Mev; 3 x* at 31.5 Mev; 6 #*+5 «~ at 41.5 Mev; 9 «* at 58 Mev and 3 «~ at 65 Mev; C =3 «* at 
24.8 Mev; 3 #* at 31.5 Mev; 6 «*+5 «~ at 41.5 Mev; 9 #* at 58 Mev; D =3 «* at 24.8 Mev; 4 «* at 30 Me 3 e* at 31.5, Mev; 6 «* at 41.5 Mev +6 x* 
at 58 Mev +3 «* at 60.7 Mev +11 #* at 150 Mev. 


interest is the distorted shape of the contour x*+1, weights p;. Defining 

which bounds the allowable variation of the phase 

shifts. However, if an attempt is made to express this _ 90; 00; 

allowable range of variation in terms of standard b=, Pir— —, 

errors, the distortion of the surface can result in absurdi- o——— 

ties in the analysis, such as negative variances. This C,,=cofactor of b,, in the matrix (0,,), 
may make it impossible to ascribe an error to the w ' ‘ , 
, é B=determinant of matrix (0,,) 
corresponding measurement. Also, of course, a distor- ¥ 
tion of the surface near the minimum may still allow an then the « omponents of the error matrix are E,=C,,/B 
error to be calculated which is not a particularly and consequently the standard error of a; is (C;;/B)!. 
accurate representation of the true errors of the phase It is perhaps worth pointing out that the treatment 
shifts. Consequently, we feel that neither method of given in Cramer" assumes that only the relative stand- 
analysis has any overwhelming advantage over the ard errors of the measured values are known, and he 
other; the present one was chosen as being more suit- uses the goodness of fit to determine the absolute 
able to the available computer. values. In this work, we know the absolute standard 
errors, and hence the factor (x?/n—1)! disappears from 


Among the variety of information printed out by ‘“* . : 
Cramer's equation for the standard error. 


the computer were the components of the error matrix. 
These components are derived as follows from the 


os “ , . . SE-S 30 NS 
coefficients 00;/da; of the final iteration, and the VE. PRASS-SETS SULUSIUNS 


(1) 41.5-Mev x* Data 


a Starting with values of a; and a33 which had been 
obtained through a preliminary study and which, 
happily, were in agreement with Orear’s'® recommenda- 
tions, a least-squares analysis of the 41.5-Mev data was 
carried out, solving for the nuclear scattering lengths 
a;;". The s phases were assumed to vary as 9 and the p 
waves as 7°. The results are given in line 1 of Table IV. 
The value of x?=3.4 is reasonable compared with an 
expected value of 5.'* The values of D,° and D_’ calcu- 
lated from these results are 


Fic. 12, T= 4 scatter- : : é 
ing lengths as a function D,°=0.104+0,033, D_°=0.103+0.013. 
of energy. anima 
“4H. Cramer, Elements of Probability Theory (John Wiley and 
Sons, Inc., New York, 1955), pp. 235-240. 

15 J. Orear, Nuovo cimento 4, 856 (1956). 

1% Only Fermi-type solutions have been considered. In the 
analysis of the combined ** and w~ data, there is an ambiguity, 
equivalent to the Fermi-Yang ambiguity in the x* phase-shift 
analysis. For any solution «3a; obtained from the relations, one 
has 

2ari3" +a,’ = 2a sT aii, 


’ ry , , . 
2 (ais —ai ) + (a 3 ~~ a3) ) = 2 (ai; — a3) T (\atg1 ~~ 33 


This alternative solution yields large values of a,’ and a,’ at 
41.5 Mev (equivalent to —a;3~a;:~0.120) and we have therefore 
not listed these solutions. 
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(2) 24.8-, 31.5-, 41.5-, and 58-Mev «* Data 


To test the assumed momentum dependencies, a 
solution was made of the 58-Mev x* differential cross 
sections of reference 5 and Sachs ef a/.'" This yielded the 
values —0.038+-0.01, —0.10720.01, and 0.23+0.01, re- 
spectively, for a3,", az¥ and a3’. 

Miller and Ring'* have obtained values of these 
scattering lengths from their measurements at 24.8 Mev 
as have Johnson and Camac? from their work at 31.5 
Mev. All these values, together with ours of line 1 
Table IV, are plotted against energy in Fig. 12. While 
the errors are large there is no obvious departure from 
constancy for any of the scattering lengths, which 
implies that the energy dependencies assumed, i.e., 7 
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Fic. 13. Chew-Low plot [from W. B. Johnson and M. Camac, 
Atomic Energy Commission Report NYO-2169 (unpublished) } 
References: 31.5 Mev—W. B. Johnson and M. Camac (to be 
published). 40 Mev—C. Angell and J. Perry, Phys. Rev. 91, 1289 
(1953). 41.5 Mev—This paper. 45 Mev—Orear, Lord, and Weaver, 
Phys. Rev. 93, 575 (1954). 58 Mev—Bodansky, Sach, and Stein 
berger, Phys. Rev. 93, 1367 (1954). 78 Mev—Anderson, Fermi, 
Martin, and Nagel, Phys. Rev. 91, 155 (1953). 80, 83.5, and 100 
Mev—G. Quareni ef al., Proceedings of the CERN Symposium on 
High-Energy Accelerators and Pion Physics, Geneva, 1956 (Euro 
pean Organization of Nuclear Research, Geneva, 1956), Vol. IT, 
pp. 230-232. 110 Mev—Anderson, Fermi, Martin, and Nagel, 
op. cit. 113 Mev—J. Orear, Phys. Rev. 96, 1417 (1954). 114 and 
124 Mev—G. Quareni et al., op. cit. 135 Mev—H. L. Anderson 
et al., op. cit. 140 Mev—J. J. Lord and A. B. Weaver, (private 
communication to H. L. Anderson). 150 Mev—Ashkin, Blaser, 
Feiner, and Stern, Phys. Rev. 101, 1149 (1956). 165 Mev—H. I 
Anderson and M. Glicksman, Phys. Rev. 100, 268 (1955). 170 
Mev—Ashkin, Blaser, Feiner, and Stern, op. cit. 176 Mev 
Mukhin, Ozerov, Pontekorvo, Grigoriev, and Mitin, Proceedings of 
the CERN Symposium on High-Energy Accelerators and Pion Phys 
ics, Geneva, 1956 (European Organization of Nuclear Research, 
Geneva, 1956), Vol. II, pp. 204-220. 189 Mev—Anderson, 
Davidson, Glicksman, and Kruse, Phys. Rev. 100, 279 (1955). 
200 Mev—A. I. Mukhin et al., op. cit. 217 Mev—M. Glicksman, 
Phys. Rev. 94, 1335 (1954). 217 Mev—H. Taft, Phys. Rev. 101 
1116 (1956). 220 Mev—Ashkin, Blaser, Feiner, and Stern, Phys. 
Rev. 105, 724 (1957) 

17 Sachs, Winick, and Wooten, Phys. Rev. 109, 1733 (1958). 

18 TP). Miller and J. Ring (private communication). 
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Fic, 14. x* experimental distributions with smooth curves 
calculated from Combination B coefficients. 


for s and 7° for p phases, are satisfactory for the data 
at hand. 


(3) Combined Solutions 


A solution was then made for 29 differential cross- 
section measurements: r* at 3 angles at 24.8 Mev of 
Miller and Ring,’ x* at 3 angles at 31.5 Mev of Johnson 
and Camac,’ x* at 9 angles at 58 Mev of Bodansky 
et al.’ and Winick,"’ x~ at 3 angles at 65 Mev,* and our 
six x* and five x measurements at 41.5 Mev. Because 
of large errors the two smaller angle cross sections at 65 
Mev were omitted. The 7 dependence was assumed for 
the s phases and 7° for p phases except for a3 where a 
small-angle approximation of the Chew-Low depend- 
ency was used: 

1 
aa3= fy f? —, 
w*(1—w*/wo*) 


This expression contains the two parameters wo* and /?, 
one of which must be given a value since our data are 
insufficient to fix both. Inspection of Fig. 13, a Chew- 
Low plot for the lower energies, suggests fixing wo*. We 
have done this, choosing 2.17+0.00 for its value and 
solved for f*. The results are given in the form of scatter- 
ing coefficients in line 2 of Table IV and are labeled 
Combination B coefficients. To investigate their de- 
pendence on the value of wo*, solutions were obtained 
for each of the following values of wo*: 2.13, 2.17, and 
2.21. The assemblage of differential cross sections 
actually used was slightly changed from that of the 
above Combination B by the omission of the three 2~ 
65-Mev points. The results given in the next three 
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Fic. 15. x~ experimental distributions with smooth curves 
calculated from Combination B coefficients. 


lines of Table IV show the phases to be quite insensitive 
to this variation in the value assumed for wo*. The 
values of x? found in these runs are rather small. The 
most obvious explanation is that the errors on the 
published cross sections have been sometimes over- 
estimated and include systematic errors. 

Figure 14 shows the four experimental positive pion 
distributions that we have used and gives by means of 
the smooth curves the distributions calculated from the 
scattering coefficients of Combination B with the Cou- 
lomb contribution included. Figure 15 in similar manner 
shows the calculated x~ distributions for the two 
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Fic. 16. x* total cross sections with smooth curves calculated 
from Combination B coefficients. The solid points with error 
markers are experimental points of Ashkin ef al.* and Leonard 
and Stork.’ 
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energies of 65 and 41.5 Mev where they can be compared 
with the measured cross sections previously mentioned. 


Vill. TESTS OF THE T=} PHASES 


Measured x* differential distributions in the energy 
range from 25 to 58 Mev have been used to find values 
of these three phase shifts. Certain momentum de- 
pendencies have been assumed. A test of the latter is to 
use them to calculate scattering behavior at 
reasonably distant energy. 

We have calculated positive-pion total cross sections 
with their errors at various energies up to 150 Mev. 
In Fig. 16 these calculated values are indicated by the 
open error markers through which the smooth curve 
have been drawn. The measured point at 150 Mev of 
Ashkin® is given by the solid error marker, while the 
solid error markers at low energy are the values re- 
ported by Leonard and Stork.’ The agreement is satis- 
factory, and the curve is indistinguishable from that 
given by Anderson.” 

In Fig. 17 the x* differential distribution at 150 Mev 
of Ashkin® is displayed along with a curve which gives 
the distribution which we calculate. Again the agree- 
ment is satisfactory. Accordingly, we have combined 
the positive pion distributions of 24.8, 30,” 31.5, 41.5, 
58, and 150 Mev and solved once again for the T=3 
scattering coefficients. The exact Chew-Low dependence 
was used for a33 solving for f?. The values are given in 
the lowest line of Table IV, and appear with smaller 
errors than those of line 1. 

As an example, the error matrix £,, as calculated by 
the computer for the Combination D solution is given 


in Table V. 
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For energies up to 150 Mev the present best values 
of these phases are then represented as follows: 


ay,% = — (0,0418-+-0.0041)q?, 
ay" = — (0.114540.0026)n, 


tana;;% = $n*(0.0877+-0.0014)—— epeeneenenet 


w*(1—w*/wo*) 


It should be emphasized that the above errors have 
meaning only to the extent that the several momentum 
dependencies are true. Values of D,° calculated from 
these phases are given in Table VI. Since we will in 
Part IT test the values of D_* calculated from our phase 
shifts against the dispersion relation D_* curve of 
Schnitzer and Salzman™ we would like to compare the 
above values of D,°, with values the above authors 
would calculate from the corresponding D,° dispersion 
relation. They do not give such a curve in their paper, 
but Schnitzer has most kindly provided us with a table 
of values from which this curve can be computed. We 
have used the same s-wave scattering lengths namely: 
a,;= +0.205 and a;= —0.114 as we use in Part IT and 
the same value of f?, that is, 0.088. Thus the dispersion 
relation for D,° is calculated from the same information 
as is the D_® curve of Part II. 

This D,° dispersion relation is shown by the solid 
curve of Fig. 18 while the first four error markers show 


TABLE V. The error matrix E,, for the Combination 
D phase-shift solution, in units of 10~*. 





an 
19.45 


—3.08 
—0.64 





Taste VI. D,* with correlated errors calculated from the 
Combination D results of the last line of Table IV and the error 
matrix of Table V. 





D, 


0.0207 +0.0044 
0.1247+0.0062 
0.4430+0.0098 
0.4788+0.0086 








™ H. Schnitzer and G. Salzman, Phys. Rev. 112, 1802 (1958) 
™D. A. Geffen, Phys. Rev. 112, 1370 (1958). 
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Fic. 18. D,* os pion energy. Smooth curves calculated after 
Schnitzer and Salzman.” The four lowest energy ints are from 
Table V: the three high-energy ones are from en.” 


the points of Table V. The following three points are 
transcribed from the paper of Geffen. 


Ix. CONCLUSION 


Within the accuracy of the data, positive pion-proton 
scattering below resonance seems satisfactorily ex- 
plained by the treatment together with the assumptions 
given above. In particular, simple momentum depeid- 
encies of the T= § phase shifts, though not necessarily 
correct, are adequate. A test was made of the T=4 
phase dependencies, by attempting to predict the 98- 
Mev differential cross sections, using the scattering 
lengths derived from the low-energy data. This pre- 
diction failed to fit the measured x~ differential cross 
sections at this energy.” It was clear then, that further 
investigation of the 7= 4 momentum dependencies was 
required. 
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Pion-Proton Scattering below 150 Mev. II* 
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Values found for 30-Mev scattering at the two center-of-mass angles 116.8° and 155° are, respectively, 
for positive pions 0.849+0.048 and 1.098+0.075 mb sterad™, and for negative pions of the same energy 


0.187+0.020 and 0.165+0.022 mb sterad~. Phase-shift analyses are made of recent published x 


distri 


butions in the above energy range and serve to furnish prescriptions for the low-energy behavior of the 


T =4 phases. Calculations of «~~, 


o~, and ctor at various energies agree with measurements found in the 


literature. An essential agreement is found between x~+- forward scattering amplitudes and a dispersion 


equation over this energy region 


I. DIFFERENTIAL CROSS-SECTION 
MEASUREMENTS AT 30 MEV 


HE 2+ low-energy data used in Part I of this paper 

for phase-shift analysis were superior in quality 
and accuracy to the w~ information. A program to 
improve this situation was begun by Giacomelli' who 
measured the 30-Mev a elastic scattering at the two 
laboratory angles of 70.5° and 90°. We report below on 
the measurement of the scattering at the two angles 
107.5° and 150° which serves to complete a rather 
sparse distribution at this energy. 

The 107.5° point was obtained using the 70.5° equip- 
ment of Giacomelli rearranged to measure backward 
scattering. The geometry is shown in Fig. 1. The scat- 
tered pion pulse-height distribution of this run is quite 
broad as can be seen from Fig. 2 where the upper curve 
shows the #* distribution of 649 counts obtained from 
20. 10° incident counts with liquid hydrogen as well as 
the distribution of 64 counts for the same number of 
incident doubles with the target empty. The latter 
distribution is actually reckoned from 8.2 X 10° incident 
doubles in order to show a comparison between the full 
and empty counting rates. The lower pair of curves 
were observed in m scattering and correspond to 


en ** 





oe tS 
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Fic. 1. Scattering geometry at 107.5°. 
* Supported in part by the U. S. Atomic Energy Commission. 
1 G. Giacomelli, this issue [Phys. Rev. 117, 250 (1960)). 


31 10° incident counts, giving 257 full and 62 empty 
scatterings. 

The corrections made to the full-empty count differ- 
ences are listed in Table I. Usual corrections not shown 
were found to be negligible. 

The solid angle averaged over the target area multi- 
plied by the effective target thickness was calculated to 
be 0.417+0.008 steradian inch. The mean energy of 
this measurement Mev. The cross sections 
derived after the above corrections had been applied 
were further adjusted to correspond to a mean energy 
of 30 Mev by applying a correction of +3% 
and a correction of —4.4% cross section. 
These corrections were arrived at by an iterative 
process: First a was made, based on the 
assumed energy dependency of the cross sections and a 
phase-shift solution was performed (see Sec. II). The 
energy dependence was then rederived and a new 
correction calculated. The corrections converged to the 
values given above. 

The final values of the cross sections from these 
measurements are, in the c.m. system: 6=116.8°, 
da* /dQ=0.849+0.048 mb/sterad, do~/dQ2=0.187+0.020 
mb/sterad. 

Figure 3 shows the geometry of the 150° measure- 
ments. Since wall scattering could not be avoided at 
this angle it was minimized by moving the entrance and 
exit vacuum windows away from the scattering volume. 
The entrance window was mounted on ‘the thin wall 
nose cone, close to crystal No. 2 where it could not be 
seen by the scattering telescope. The exit window was 
sufficiently far down stream to subtend a small solid 
angle at the scattering telescope. Since the anticoinci- 
dence crystal No. 5 had to be covered with a “proton 
stopper” (to prevent forward scattered protons from 
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to the x 


correction 


TABLE I. Corrections to the data at 107.5°. 


(+2.440.8)% 
(+3+1)% 
(+342)% 

(+1.540.5)% 

(+1.5+0.5)% 


Counts outside chosen channels 
Beam contamination 

Efficiency of scattering telescope 
Incident randoms 

Hydrogen vapor 





PION-PROTON SCATTERING 


cancelling a backward pion), and this was thick com- 
pared to the hydrogen target, its contribution to the 
empty counts was reduced to a tolerable value by 
placing it even farther downstream in the pion beam. 

The thickness of the hydrogen target was measured 
by sighting through two glass windows set in the 
vacuum wall with a traveling microscope. The measure- 
ments also located the center of the target with respect 
to the scattering telescope and so provided information 
for the calculation of its solid angle. 

The measurement of the efficiency of the scattering 
telescope was done as follows. The telescope was 
mounted so it could be swung from the scattering 
position into a downstream position in the direct beam. 
An attenuator plate placed just before the telescope 
reduced the beam energy to the value expected for 
pions scattering at 150°. A small crystal No. 5 was 
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Fic. 2. Pulse-height distribution for pions scattered at 107.5°. 
Pions scattered with the target full are indicated by solid circles; 
with the target empty by open circles. 


placed behind the telescope. The measurement of the 
ratio of 12345/125 then gave the detecting efficiency 
directly. 

The energy and contamination of the incident beam 
was determined as described previously from a com- 
bination of range curves and pulse-height curves of 
crystal No. 2. The actual density of the beam over the 
target was found from vertical and horizontal traverse 
curves taken with a small crystal. Figure 4 shows, at 
the top, the observed x* distributions and the corre- 
sponding x~ distributions below. Two runs were made 
at this angle for which the important quantities are 
listed in Table II. Corrections not listed were negligible 
in terms of the over-all errors found below. 


Il. SOLUTIONS FOR THE T=} PHASES 


In Part I we found that all recent +*++-p total cross 
sections and differential distributions in the energy 


BELOW 150 MEV. 


Fic. 3. Scattering geometry at 150°. 


range of 25 to 150 Mev could be fitted if a certain set 
of scattering coefficients and certain energy dependencies 
were used in the usual s- and p-wave expressions for «+ 
and do+*+/dQ. These positive pion-proton data can then 
be considered to be internally consistent and suitable 
for combination with ~ elastic distributions measured 
anywhere in the above energy range. The separate a 
distributions we have used in this way are those of 
Ashkin ef al.? at 170 and 150 Mev, that of Holt ef al.? 
at 98 Mev, the x distribution at 41.5 Mev reported in 
Part I, and the 30-Mev ~ distribution made up of the 
data of Giacomelli and of the preceding section. 

The results of the analyses are given in Table ITI. 
The first row indicates by the energy figure the par- 
ticular #~ distribution which is combined with the 
combination of x* distributions referred to as Combina- 
tion D in part I. The last two columns give, respectively, 
the partial x? which indicates the goodness of fit to the 
x~ distribution and the expected value of this x*. The 
values of x’ in parentheses are the values quoted by 
Ashkin® and Holt.* On line 1 are listed the values of 
the T=} coefficients found in this analysis. They are 
the same for all solutions and were previously given on 
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Fic. 4. Pulse- 
height distribution 
for pions scattered 
at 150°. Pions scat- 
tered with the target 
full are indicated by 
solid circles; with 
the target empty by 
open circles 
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* Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 
(1956). 
* Edwards, Frank, and Holt (to be published). 
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TABLE IT. 150° scattering results and corrections to data for two runs. 





Run 1 
a* 


24x 10° 
577 
11108 
59 
341% 


Incident counts, target full 
Scattered counts, target full 
Incident counts, target empty 
Scattered counts, target empty 
Contamination 

Efficiency 

Outside channels 

Solid angle 

Mean scattering angle c.m 
Target thickness 

Mean energy 

Energy correction 

da/dQe.m. at 30 Mev (in mb/sterad) 


86 +5% 
341% 


153.3° 
3.234+0.03 cm 
31.2+2.0 Mev 
0.96 
1.12+0.10 


da* /dQ= 1.098 +-0.075 


Weighted average of two runs 


the last line of Table IV, Part I. The succeeding lines 
with the exception of the lowest show the values found 
at each energy for the T7=4 coefficients. The errors 
ascribed to the values of ay", ai1%, and a;;" of Table III 
for the energies of 170, 150, and 98 Mev arise from the 
nonsystematic errors of the measured differential cross 
sections. Since systematic errors are also reported for 
these data, the errors of Table III are underestimates. 
The effect of the systematic errors was examined at 
each of these energies by repeating the analysis with 
the ~ differential cross sections for one energy shifted 
first up, then down, by the amount of the appropriate 
systematic error. The results were that the errors 
V were essentially unchanged at 
any of the three energies while there was a notable 
increase in the range of values of aj; at the two energies 
of 170 and 150 Mev. This is indicated in Fig. 5 where 
the short 


ascribed to a," and aj} 


bars above and below the statistical error 
markers indicate maximum and minimum values for 
the phases which are permitted by the inclusion of the 
systematic errors. It is quite possible that this finding is 
related to the method of analysis. 

The last line of the table needs some remarks and they 
follow. The values for the phases found in the 41.5- 
and 30-Mev analyses are reasonably consistent but are 
associated with woefully large errors which occur prin- 
cipally because of the paucity of points in each distri- 


TABLE III. Results of phase-shift analysis for 


0.1886+-0.0056 sterad 


. ® 


55x 10* 8x 10° 
306 250 
49x 10° 5.6X 10* 
167 36 
642% 4+2% 
95+4% 


0.238+0.007 sterad 
155.0° 
3.23+0.03 cm 
31.6+2.0 Mev 
1.06 
0.15+0.03 


0.94 
1.08+0.11 


1.07 
0.183+0.036 


mb/sterad do~ /d2=0.165+-0.022 mb/sterad 


bution. A two-energy combination solution of these data 
would presumably yield smaller errors and could be 
made if T=} phase shift momentum dependencies 
were known. Since they were not known, they were 
approximated by making plots of the Table III values 
of each phase shift against momentum and drawing 
reasonably shaped smooth curves through the points. 
Inspection of these curves showed that the phases could 
be represented over this narrow momentum interval 
quite satisfactorily by the following simple expressions: 


‘. N f. 


ay nia, . aii na11 a3% = a3". 


The primed constants had values which yielded phase 
shift values corresponding to the midpoints of the 
smooth curves. With these dependencies the machine 
found a solution for the total of 9 x~ differential cross 
sections at 41.5 and 30 Mev, and these phase shifts 
appear in the last line. Their errors are enclosed in 
parentheses since they are affected by assumptions as 
to energy dependencies while other errors (of T=} 
phases) in the table are not. 

It should also be noted that the Table ITI values of x? 
indicate that the 170-, 150-, and 98-Mev distributions 
are rather poorly fitted. We find the goodness of fit to 
be essentially unchanged when the data are increased 
or decreased by the amount of the reported systematic 
error. 


various combinations of data 





au a," 


0.0418-+-0.0044 


Combination 


D 
ad an 
— 0.006 
—0.012 
—0.021 


@ 


0.164 
0.147 
0.134 


+0.022 
+0.012 
+0.004 
—0.006 +0.037 
0.002 +0.110 
0.001 (0.025) 


D+170 x 
D+150 x~ 
D+98 x 
D+A41.5 4 
D+30 x 
D+35.75 x 


+0.014 
+0.008 
+0.003 
0.121 +0.015 
0.115 +0.014 
0.114(+0.004) 


* Quoted by Ashkin ef al. See reference 2. 
> Quoted by Holt e al. See reference 3. 


—0.1145+0.0026 


{2 


—--0.0877+0.0014 


x? (expected) 


33 


ais” 


0.057 +0.010 
0.031 +0.006 
—0.004 +0.003 
—0.016 +0.020 
—0.015 +0.050 
— 0.017 (+0.012) 


8.9 
18.8 
19.35 
0.774 
0.710 
0.977 at 30 Mev 
0.955 at 41.5 Mev 


(9.7) 
(14.4)" 
(18.9) 
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TABLE IV. Comparison of quantities calculated from phase shifts with experimental values. 


20 Mev 


5.0 +0.8* 


98 Mev 


6.15 +0.22> 
15.0 +0.8> 


21.9 +0.7> 
0.195+0.006 


6.1 +0.2 
149 +0.6 


21.1 +08 
0.206+0.0044 


Calc. 
30 Mev 
2.14 +0.14 
68 +0.5 5.7 
90 +05 
0.10 +0.01 


120 Mev 
11.3 


[33.4 
38 


Exp 


Cale. Exp. 
41.5 Mev 

1.83 +0.17 
7.04 +0.59 
8.87 +0.47 
0.108+0,.009 


6.9+1.2* 


144 Mev 


18.8 17.0+2.4° 


34.4 


f48.1+4.5¢ 
\55 +6° 


53.2 


0.261 


150 Mev 


20.01 +1.57! 
34.6 +2.9! 

55.3 +1.6%! 
0.260+0.021« 


20.2 +10 

374 +2.0 

576 +2.2 
0.24 +0.014 


Cwtal 67.2 


D+ 





*W. J. Spry, Phys. Rev. 95, 1295 (1954). 
b See reference 3. 

¢ Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 (1953). 
¢ Reported systematic errors are not included. 

* Attenuation measurement. 

' See reference 2. 

® Calculated by H. Schnitzer and G. Salzman, Phys 


In Fig. 6 are plotted the experimental differential 
cross sections together with smooth curves calculated 
from the phase shifts reported in Table ITI. 


Ill. TESTS OF THE PHASE SHIFTS OF 
TABLE Ill 


Table III values of the phase shifts for the four 
energies 33.75, 98, 150, and 170 Mev are plotted in 
Fig. 5. The curves connecting the points are drawn to 
please the eye. A polynomial expression for a;= (0.205y 
—0.09n'+-0.018n*) represents the a; curve of Fig. 5 but 
errors cannot be given for the coefficients. 

Using the phase shifts of Table III and phase shift 
values from the curves of Fig. 5 for other energies 
various quantities were calculated and listed in Table IV. 
Errors are given for the quantities if the phases come 
from Table III but are omitted if the phases were picked 
from the curves of Fig. 6. Cross sections are given in 
millibarns while the values cf D_® are, as usual, in 
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Fic. 5. T =4 phase shifts as a function of momentum. The smooth 
curves have been drawn to please the eye. 
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0.194 +0.0154 


« 


170 Mev 
23.5 +18 
390 +3.3' 
62.7 +1.9! 
0.227+0.032« 


+2.7 


units of h/m,c. The first column under each energy 
heading contains calculated numbers while those to the 
right are experimental values reported by the authors 
referred to. 

The table shows agreement where comparison can be 
made between calculated and measured cross sections. 
In view of the considerable errors Owtal is reported as 
the sum of the and charge exchange cross 
sections—the radiative capture cross section being 
ignored. It appears then that the assumptions made as 
to (1) the value of ro, (2) the value of wo*, (3) s- and 
p-wave analysis, and (4) exact charge independence, 
are satisfactory for the explanation of the data at 


elastic 











Fic. 6. x” experimental differential cross sections with smooth 
curves calculated from phase shifts of Table ITI. 
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Fic. 7. S-wave phase shifts compared with various prescriptions. 

(a) j. Orear, Nuovo cimento 4, 856 (1956); (b) H. L. Anderson, 

Proceedings of the Sixth Annual Rochester Conference on High- 

Energy Nuclear Physics, 1956 (Interscience Publishers, New 

York, 1956); (¢) Ferrari et al., Proceedings of the CERN Sym- 

posium on High-Energy Accelerators and Pion Physics, Geneva, 

1956 (European Organization of Nuclear Research, Geneva, 
1956). 
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present in hand (in this energy range) concerning 
pion-proton scattering cross sections. 

Various prescriptions have been advanced for the 
behavior of the s phases at low energy. Some of these 
are shown in Fig. 7. The values we obtain clearly rule 
against the first two listed for a; but show no strong 
preference for any of the three listed for az. 

It is of interest to inspect the discrepancy, first 
pointed out by Puppi and Stanghellini,* between x~+ p 
forward scattering amplitudes and the predictions of 
dispersion theory. [his has been recently reviewed by 
Schnitzer and Salzman,® among others, and we will 
make comparisons with their conclusions. Their Fig. 3 
contains a separate graph of the value of each of the 
five terms of the x~ dispersion equation as a function of 
the laboratory kinetic energy of the pion. Their two 
terms representing the integral of positive pion total 
cross sections we accept without alteration since the 
low-energy parts of both total cross-section curves 
which they use are in agreement with values we find. 
The other three terms contain, respectively, the values 
0.165 for a;, —0.105 for as, and 0.08 for f?. When these 
are replaced by the following values which we prefer 
a,;=0.205, as= —0.114, and /?=0.088, and the curves 
are replotted, they sum to give the solid curve of Fig. 8. 
For comparison the broken line is the curve of Schnitzer 
and Salzman while the open circles represent the original 
curve of Puppi and Stanghellini. 

The experimental points shown at the energies of 30, 
41.5, 98, 150, and 170 Mev are taken from Table IV. 
The error markers of the 98-, 150-, and 170-Mev points 
are derived without inclusion of effects of systematic 
errors. Inspection of the table shows that the value we 
ascribe to D_® at 98 Mev is about one standard devi- 
ation larger than the value Holt reports, while our 
values at 150 and 170 Mev are about one standard 
deviation smaller than the values derived by Schnitzer 


*G. Puppi and A. Stanghellini, Nuovo cimento 5, 1256 (1957). 
5H. Schnitzer and G. Salzman, Phys. Rev. 112, 1802 (1958). 
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Fic. 8. D_» vs incident pion energy—experimental points (with 
error brackets) compared to dispersion theory. The solid curve is 
computed from data of Schnitzer and Salzman using new values 
of a}, a3, and f?. The broken curve is that of Schnitzer and Salzman 
(see reference 5). The open circles are the curve of Puppi and 
Stanghellini* and the crosses are the curve of Geffen.* 


and Salzman from the distributions measured by 
Ashkin. The 220-Mev point is transcribed from the 
paper of the above two authors while the point at 
307 Mev is taken from Geffen.® It is evident that none 
of the curves of Fig. 8 fits all of the data. The solid 
curve touches the four lower energy points but misses 
the three at higher energy. However, there now exists 
agreement rather than a discrepancy over at least a 
limited energy range (30 to 150 Mev) between experi- 
ment and D,° (see Part I) and D_* dispersion relations 
which are computed with common values of f?, s-wave 
distributions. 


scattering lengths and ototait and ctotal 
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Note added in proof—The rather large value of 
(a;—a3) found above is judged to be due principally 
to the large value we find for a;. A more nearly linear 
momentum dependence than we have found for a; would 
reduce a;. Such a dependence is perhaps indicated by 
the values of a; reported in the 200- to 300-Mev region 
by S. M. Korenchenko and V. G. Zinov.’ However, 
their errors are not small and the values they find for 
other phases, in particular a; and a3, are in some dis- 
agreement with those recently reported from Berkeley® 
at a comparable energy. 
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Low-Energy = Mesons in the Cosmic Radiation*t 


Mircea Fotinot 
Department of Physics, University of California, Berkeley, California 
(Received May 27, 1959) 


The intensity of x mesons in the atmosphere is investigated in the energy region Exin S50 Mev at sea 
level and at mountain altitudes. Positive mesons coming to rest in an absorber-scintillator are identified 
by the characteristic r-~ decay. They are detected electronically and recorded photographically. 

The value 1.45+0.09 is adopted for the negative-to-positive ratio at small energies. 

The omnidirectional intensities J,+ of slow positive x mesons at sea level (91m), Echo Lake, Colorado 
(3260 m), and Mt. Evans, Colorado (4310 m) are found to be 0,0094+0.0024, 0.0984-0.005 and 0.240+-0.011 
g day, respectively. The altitude dependence of J,*, J,* and J,*/J,* is given and the attenuation length 
of slow x mesons in the atmosphere found to be L,* ~ 120-130 g/cm? in this altitude interval. A discussion 
covering most of the available results along the same line is presented. 


I. INTRODUCTION 


HE purpose of the present work was to investigate 

the low-energy x mesons in the cosmic radiation 
and their intensity variation with altitude. Measure- 
ments were performed during the summer of 1957 at 
sea level in Berkeley, California (91-m altitude, x 
=44°N geomagnetic latitude, <=1030 g/cm? atmos- 
pheric depth) and at mountain altitudes at Echo Lake, 
Colorado (3260 m, \=48°N, x=705 g/cm*) and on 
Mt. Evans, Colorado (4310 m, \=48°N, 
g/cm*). Barometric and temperature fluctuations were 
considered as having negligible influence on these 
measurements. 


x= 625 


Il. EXPERIMENTAL PROCEDURE 


The identification of + mesons stopping in an 
absorber-detector is based on the two pulses arising 
from the x-u decay. These pulses trigger the selection 
circuit electronically and are recorded photographically 
from an oscilloscope screen. The latter feature ensures 
satisfactory results as far as both the identification of 





useful events and statistics are concerned; the usual 
electronic recording could yield faster and more abun- 
dant data at the expense, however, of reliable identi- 
fication. Figure 1 shows the block diagram of the ex- 
perimental setup. 


Detecting and Recording 


The absorber-detector was a plastic scintillator 10.5 
cm in diameter and 7 cm high. The lower surface was 
mounted on an RCA5819 photomultiplier and the out- 
put channeled to the amplification and selection sys- 
tem, the main part of which consisted of a x-p delay 
discriminator essentially based on a fast coincidence 
circuit.! The coincidence output then reached the ex- 
ternal triggering of the oscilloscope and the motor of 
the camera facing the cathode ray tube screen. 


Operation 


The entire volume of the scintillator (603.0 cm*) is 
only partially efficient for x-« detection. Since the decay 
range of the 4.2-Mev uw meson is 0.15 cm in the plastic 
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Fic. 1. Block diagram. 
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* This material is part of a thesis submitted in May, 1958 to the Graduate Division of the University of California, Berkeley, 
California, in partial satisfaction of the requirements for the degree of Doctor of Philosophy. 
t This work has been supported in part by the joint program of the Office of Naval Research and the U. S. Atomic Energy 


Commission. 


t Now at the Laboratoire de Physique, Ecole Polytechnique, Paris, France. 


! J. Fischer and J. Marshall, Rev. Sci. Instr. 23, 417 (1952). 
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phosphor, we can assume that any 7 meson stopping at 
a distance larger than 0.15 cm from the walls will be 
detected. (The dimensions of the scintillator were such 
that the possible self-absorption of its own fluorescent 
radiation, less than 10% per 10 cm, was of the same 
order of magnitude as other possible fluctuations.) 
Furthermore a x meson stopping at the upper end will 
be detected if the » meson is emitted downwards; 
similarly a meson stopping at the lower end will be 
detected if the » meson is emitted upwards. Using a 
similar argument for the vertical curved surface of the 
scintillator and assuming the ~ mesons to be ejected 
isotropically from the stopping # mesons, the inefficient 
peripheral volume becomes 30.3 cm’ and thus leads to 
a detection efficiency of 95%. 

A pulse-height calibration was performed with cosmic- 
ray # mesons which passed through the scintillator 
(energy loss 14-15 Mev) and with Pu® and Co® sources 
in order to calibrate the u-meson decay pulse. 


III. RESULTS AND DISCUSSION 


The measurements performed during the present ex- 
periment yielded a total of some 2300 events. The con- 
ditions for the three runs are summarized in Table I. 

In evaluating the numerical results we shall restrict 
the effective time interval between 20 and 160 mysec 
after the first pulse. This choice is determined by the 
fact that, notwithstanding a resolution time of 8 mysec 
for equal pulses, a large difference between two neigh- 
boring pulses results in decreased over-all separation 


TABLE IJ. Location of experimental stations. 


Geomag 
itude netic 


’ Operation 
Geographic location m? (m) latitude A 


time (hrs) 


(SL) Berkeley, California 
(EL) Echo Lake, Colorado 
(ME) Mt. Evans, Colorado 


64.4+1.1 
222.543.7 
90.541.5 


1030 90 
705 3260 
625 4310 


44°N 
48°N 
48°N 


FOTINO 


power, and by the necessity of balancing two conflicting 
factors: on the one hand the short mean life of the 
® meson requires the detection of as large a decay 
fraction as possible in order to allow a reasonable ex- 
trapolation, and on the other hand the great abundance 
of » mesons imposes as short an interval as possible in 
order to reduce the background and thereby distinguish 
more clearly between the two contributions. 

Assuming the mean lives r,= 25 mysec and r,= 2200 
mysec, the fractions of x and u mesons decaying during 
the chosen time interval are 7, =0.448 and n,=0.061, 
respectively. The distributions of counts, in each case, 
appear as sums of two exponential contributions, one 
corresponding to the 7-meson decay and the other to 
the u-meson contamination. (In view of the statistical 
fluctuations involved and of the somewhat limited 
amount of data available, the experimental curve 
follows quite satisfactorily the shape of a sum of two 
exponential curves.) An example of such a distribution 
is given in Fig. 2. If, furthermore, a selection is made 
for those double pulses in which the second pulse is 
smaller than the value decided upon by the calibration 
mentioned above, one obtains similar distributions in 
which, however, a certain u-meson contamination is 


TABLE II. Counting rate at the thre xperimental stations 


ty Jr* 


Place Total count ure te corrected 


15.94-4.0 
971423.9 
3566+ 23.8 


SL 
EL 
ME 


£0.10) 107% g bro 
+(0).19)K 107% g~* hr“ 
+-0.44) 107 g~! hr7 


still present. This is not in the least surprising since on 
the one hand the selection criterion does not exclude 
possible low-energy electrons from y-e decays giving 
pulses similar to those of the w-u decays, and on the 
other hand the disproportion between the contributions 
from the two kinds of mesons is such as to ensure a 
substantial u-meson contamination. A comparison be- 
tween the w-meson decay curves in the delay distribu- 
tions of selected and of nonselected pulses for the three 
sets of curves shows that they are very nearly the same. 

Correcting for the fraction 1—», decaying in the in- 
terval 0-20 musec and for edg: 


ge effects, 
values given in Table IT. 


one obtains the 


Negative-to-Positive Ratio 


It should be pointed out that the present investiga- 
tion concerns essentially positive 7 
densed material the negative x mesons give stars and 
thus are not distinguished on the oscilloscope trace. 
While there are about five times more negative than 
positive « mesons produced in condensed material in 
the low-energy region under consideration, the ratio 


mesons; in con- 


x /x* for the mesons entering the detector from the 


atmosphere is not unambiguously agreed upon. In most 
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Taste IIT. Previous experimental results on the negative-to-positive ratio of pions in the atmosphere. 








Altitude nd 


Reference Year (m) 





1948 
1948 
1950 
1951 
1952 
1952 
1953 
1953 
1953 
* 1953 
1954 


Camerini et al? 
Occhialini and Powell* 
Bonetti* 

Fry® 

Dallaporta ef al.® 
Yagoda? 

Bonetti et al.* 
Babaian et al.” 
Babaian et al.’ 
Babaian et al.* 
Calzolari et al.” 


3460 
3050-5500 
2800 
18 000 
4550 
27 000-32 000 
2000 


960-1950 
3250 
3980 
4550 


IN COSMIC RADIATION 








«/* = /r* 
(uncorrected) (corrected)* 





1.09+0.40 
1.05+0.25 
(89 ¢)/(45 xr—p) 


1.49+0.51 
1.44+0.32 
2.7120.47* 
3.2 +0.7* 
3,2441.07* 
1.43+0.08 
1.75+0.45 
2.2541.35* 
1.15+0.25 
1.57+0.75* 
1.45+0.19 


2.36+0.80 
(542 o)/ (520 x—y) 


* The values marked with an asterisk involve very large statistical errors and were discarded in determining the mean value of the #~/#* ratio, 





Altitude A Jnu* 
(m) (1073 g hr) 


Jr* 
(107% g“ hr) 

90 
3260 
4310 


0.39+0.10 0.96+0.18 


4.10+0.19 10.0 +0.53 
10.0 +0.44 24.5 +1.26 


cases it was obtained from nuclear emulsions exposed 
at mountain altitudes and in the stratosphere by identi- 
fying the + mesons entering and stopping in the plates 
by the characteristic o stars and w-y decays. Table III 
gives the various results available?-”; the correction 
indicated for the x~/x* ratio refers to the 27% of the 
negative mesons known" to stop in emulsions without 
giving stars. Although in apparent contradiction with 
the positive charge of the primary radiation and the 
resulting positive excess of « mesons at all energies, the 
pion negative excess is compatible with the much 
shorter mean life of the r meson and with the fact that, in 
this energy region, the neutrons and photons contribute 
a large fraction of locally produced x mesons. Theo- 
retical calculations of pion photoproduction for a photon 
energy in the laboratory system between threshold and 
240 Mev give” a negative-to-positive ratio of 1.85 or 
higher, whereas a value of about 1.4 is predicted by the 
perturbation theory. With the above considerations in 
mind and discarding the values marked with an asterisk | 


? Camerini, Muirhead, Powell, and Ritson, Nature 162, 433 
(1948). 

*G. P. S. Occhialini and C. F. Powell, Nature 162, 168 (1948). 

*A. Bonetti (private communication, 1950), quoted in refer- 
ence 5, 

*W. F. Fry, Phys. Rev. 82, 749 (1951). 

* Dallaporta, Merlin, Pierucci, and Rostagni, Nuovo cimento 
9, 202 (1952). 

7H. Yagoda, Phys. Rev. 85, 891 (1952). 

® Bonetti, Dallaporta, Merlin, and Dascola, Nuovo cimento 
10, 215 (1953). 

* Babaian, Zinger, and Marutian, Doklady Akad. Nauk S.S.S.R. 
92, 263 (1953). 

*” Calzolari, Dascola, Gainotti, and Mora, Nuovo cimento II, 
565 (1954). 

uF. L. Adelman and S. B. Jones, Phys. Rev. 75, 1468 (1949). 

#2 Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, 
Nuovo cimento 4, 323 (1956). 


Taste IV. Measured intensities of pions at the three experimental stations. 


J : 
(107% g™ hr=) 


Jart/Jx* (J9/Jua 


0.067 +0.013 
0.223+0.012 
0.396+0.022 


1.0 
10.5+2.0 
25.5449 


14.4+-0.64 
45.5+0.9 
62.4+1.5 


involving very large statistical errors, we obtain a mean 
value of 1.45+0.09 for the negative-to-positive ratio. 

The relevant results are summarized in Table IV. In 
order to make a comparison with the total x-meson in- 
tensity J, +, the total u-meson intensity J,-+ has also 
been given as a by-product of the present investigation ; 
its increase with altitude agrees very satisfactorily with 
the values given earlier by Rossi.” 

Figure 3 shows the altitude dependence of J,, J,, 
and J,/J,. 

We are thus led to the following conclusions: (7) the 
ratio of r to uw intensities increases smoothly with alti- 


msds \ 
4 


’ 








"900-406 600 600 1000 
ATM. DEPTH G/CM? 
Fic. 3. Altitude dependence of J,, J,, and J./J,. 


4% B. Rossi, Revs. Modern Phys. 20, 537 (1948). 
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TABLE V. Comparison of the results of the present experiment with previous experimental work 





Altitude 
(m) 


3460 
4550 


Reference Method 


Ilford C2 
Ilford G5 
Ilford G5 
Ilford G5 
Scintillator 
Scintillator 
Scintillator 


Camerini ef al.* 

Dallaporta et al.* 
Bonetti ef al.* 2000 
Calzolari et al. 4550 
Present work 90 
Present work 3260 
Present work 4310 


tude with an attenuation length intermediate between 
the attenuation mean free paths of # mesons and pu 
mesons; (it) the increase in total intensities with alti- 
tude is faster for # mesons than for wu mesons; in the 
range 625-1030 g/cm* the average value of the attenua- 
tion length of slow + mesons is smaller than that for 
slow » mesons by a factor of about 2; (iii) the attenua- 
tion length of slow x mesons in the atmosphere, L,* ~ 120 
—130 g/cm’, is very nearly the same as that of bursts 
and penetrating showers. 

All presently available data for r mesons (positive or 
negative) are given in Table V. Taking into account the 
differences in altitude involved, it appears that a very 
good agreement exists only between the value more 
recently given by Calzolari ef al."° and the correspond- 
ing present value. As for the low result of Dailaporta 
et al.,® the difference by a factor of 3 or so is too big to 
be justified solely by statistical fluctuations; further- 


I on 


more. the ratio *~/x* computed from their data, in 


Yr ** 
(g* day™) g : ) 


0.19 +0.03 0.17 +0.06 No 
0.17 +0.03 0.072 +0.02 No 
0.072+0.013 0.040 +0.008 Yes 
0.36 +0.03 0.248 +0.023 Yes 

see 0.0094+0.0024 see 
0.098 +0.005 
0.240 +0.011 


spite of the large statistical error, is substantially higher 
than that adopted in the present investigation. 

It should be pointed out finally that in all present 
measurements the counter was placed with minimum 
shielding as far as possible both from big masses of con- 
densed material and above the ground in order to avoid 
the influence of + mesons produced 
and not in the atmosphere. 


in these materials 
It was also tacitly implied 
that there is no significant contribution to our present 
data from other short-lived unstable particles or from 


possible nT" é decay S. 
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Large-Angle Scattering of Fast »y Mesons 


J. L. Liroyp* anp A. W. WoLrenpDaALe 
Department of Physics, Durham Colleges, University of Durham, Durham, England 
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Experiments on cosmic-ray 4 mesons over the past seven years have appeared to show “anomalous” 
scattering. This anomaly is a small excess of large-angle scattering over that expected on current nuclear 
models. A recent experiment by Fukui, Kitamura, and Watase has failed to show the anemaly. In the 
present paper the data given by Fukui ef al. are re-examined and it is shown that their experiment is in- 


conclusive. 





INTRODUCTION 


NE of the last remaining anomalies concerning 

wu mesons is the excess of large-angle scattering of 
these particles. This anomaly has been noted by a 
number of workers using different types of apparatus 
and uw mesons derived from the cosmic radiation at sea 
level and below ground. The subject has been reviewed 
recently by Fowier and Wolfendale,' and the conclusion 
expressed there was that although there is no theoretical 
justification for the existence of the anomalous scatter- 
ing, the anomaly had not been disproved experi- 
mentally. It was pointed out that further experiments 
under better controlled conditions were necessary. 

An experiment has been performed recently by Fukui, 
Kitamura, and Watase,? in which the scattering of 
# mesons in a multiplate chamber was studied at sea 
level. The selection system demanded the further 
penetration of an iron absorber below the chamber and 
subsequent decay of the particle in a thin carbon ab- 
sorber. A thick iron absorber placed above ensured that 
the particles recorded were almost entirely ~ mesons. 
The conclusion of the experiment appeared to be that 
the anomaly was disproved, at least for u-meson energies 
in the region of 1 Bev. Before such a conclusion is 
drawn, however, there are many features of this work 
to which further attention should be given, the most 
important being the fact that the spectrum was much 
harder than assumed. The experimental data given by 
FKW permit some attempt at a re-analysis of the results 
and this is presented here. 

Finally it will be shown that the main criticism made 
by FKW of the earlier experiments is incorrect. 


RE-ANALYSIS OF THE EXPERIMENTAL DATA 
General Comments 


The analysis of these scattering experiments demands 
the knowledge of a number of facts which may be 
itemized as follows: 


* Now at Physics Department, Brighton Technical College, 
England. 

1G. N. Fowler and A. W. Wolfendale, Progress in Cosmic-Ray 
Physics (North Holland Publishing Company, Amsterdam, 1958), 
Vol. 4, p. 105. 

? Fukui, Kitamura, and Watase, Phys. Rev. 113, 315 (1959), 
referred to as FKW. 


(1) the distribution of scattering angles of the par- 
ticles—the basic data; 

(2) the uncertainty in the measurements of the 
scattering angles—the so-called “noise-level”’ scattering ; 

(3) the momentum spectrum of the particles; 

(4) the relation between the scattering distribution 
and the momentum of the particles for the particular 
scattering material used. 


(1) The Basic Data 


The information given by FKW enables a check to 
be made on all items with the exception of this one. 
It seems unlikely that there is any serious error in 
the observed scattering distribution since this is formed 
from direct routine measurements. 


(2) The Noise-Level Scattering 


It is usual, and adequate, to consider the experi- 
mental error in measuring the angle of scattering in one 
plate as being normally distributed and independent of 
errors at other plates. The error may then be deter- 
mined by plotting the observed distribution in root- 
mean-square deflection, (@), and comparing this with 
the distributions predicted for various values of noise- 
level scattering, o, (taking into account the real scat- 
tering) of fast particles with a known momentum 
spectrum. In this way we find that the best value for ¢ 
is 0.55°, in agreement with FKW. 


(3) The Determination of the Momentum Spectrum 


The derivation of the momentum spectrum of the 
particles is of fundamental importance. In the experi- 
ment of FKW the residual range of the « mesons was 
known and their momentum in the cloud chamber was 
quoted as (1.0_¢.20*°"*) Bev/c. The error arises from the 
uncertainty in position of the decay of the particle in 
the final absorber and the fact that the scattering takes 
place in a number of plates in the cloud chamber. 

Various factors can give rise to appreciable errors in 
the momentum estimate over and above the limits 
quoted, and an independent check of the momentum 
spectrum is desirable. A check can be made from the 
data. In Fig. 1 is shown the experimental histogram 
showing the distribution in apparent momentum found 
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"1G. 1. The distri on in appare > , K/(), 
Fic. 1. The distribution in apparent momentum, K/(@), for the 
particles selected by the method of delayed coincidences. 


from the distribution in rms angle of scattering; FKW 
assumed that this was as expected for a unique mo- 
mentum of 1 Bev/c. The distribution in apparent 
momentum for a momentum of 1 Bev/c as calculated 
by us is also shown in Fig. 1, and it is clear that it is 
inconsistent with the experimental histogram. Details 
of the calculation are given in the Appendix. 

We have attempted to work back from the distribu- 
tion in apparent momentum and predict the actual 
momentum spectrum of the particles being scattered. 
Our best estimate gives the distribution indicated in 
Fig. 1. The spectrum found consisted of the cosmic-ray 
spectrum above 1 Bev/c together with a number of 
line spectra, their relative weights being given in 
lable I. This treatment is approximate but it is suffi- 
ciently accurate for the purpose. 


(4) The Determination of the Scattering Distributions 


(i) Particles selected by the delayed coincidence method. 

We have calculated the expected scattering distribu- 
tion for the spectrum given in Table I. The effect of 
noise has been included and the result is shown in Fig. 2. 

The curve marked ‘‘Moliére” refers to the scattering 
theory of Moliére,* in which the nuclear charge is con- 
sidered as concentrated at the center of the nucleus. 
The scattering distribution derived from the theory of 
Cooper and Rainwater,‘ for the conventional model of 
the nucleus, is also shown. 

From a comparison of the expected and experimental 
distributions we conclude that the existence of the 
anomalous scattering is not definitely precluded. 

(ii) Particles selected by the prompt coincidence method. 
—In addition to those particles undergoing what was 
presumed to be y-e decay, 500 particles were selected 
by the method of prompt coincidences. In this case it 
was demanded that the particle should traverse the 
whole apparatus, the only information on its momentum 
then being a lower limit. 

Some general comments can be made on the treat- 
ment of FKW. These authors found that the observed 


*G. Molitre, Z. Naturforsch. 2a, 133 (1947); 3a, 78 (1948). 
*L. N. Cooper and J. Rainwater, Phys. Rev. 97, 492 (1955). 
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W. WOLFENDALE 

scattering was in excess of theory when the lower limit 
of momentum was taken as 1 Bev/c, but by taking 
this limit as 0.8 Bev/c near agreement with the 
distribution of Cooper and Rainwater was obtained. 
It seems to the present authors that this treatment is 
not allowable: a consistent value for the limiting mo- 
mentum must surely be taken. If this is 1 Bev/c, then 
excess scattering for the particles selected by prompt 
coincidence results. If the value is 0.8 Bev/c, the group 
of faster particles, i.e., “prompt” particles, exhibit no 
anomaly but then there will be a considerable deficit of 
scattering at 0.8 Bev/c. 


DISCUSSION 
It seems certain that an incorrect momentum spec- 
trum of the particles selected by delayed coincidences 
was used by FKW. This conclusion would be enhanced 
if a reason for the error could be ascertained and it 
seems to us that the most likely cause is selection in- 


efficiency. It will be noted that the method of selection 
demanded a delay of between 1.3 and 8.6 usec between 
the prompt and delayed coincidences. Now it is possible 
for delays in the firing of a Geiger counter to be as long 


as 1.3 wsec and an event where the discharge of a 
counter in the bottom tray of the apparatus was delayed 
by more than 1.3 ysec would satisfy the criteria for 
acceptance. Such particles would belong to the normal 
sea level spectrum above the momentum correspond- 
ing to the residual range in the iron absorber (i.e., 
>1 Bev/c). The best-fit spectrum given in Table I did 
in fact contain 28% of such particles, representing one 
spurious event for every 20 000 fast particles traversing 
the apparatus. 

A contributory source of error might well be the 
production, in the absorber beneath the chamber, of 
penetrating showers by the nuclear interaction of fast 
pw mesons. We estimate that nearly 2000 showers 
occurred in the absorber in the course of the experiment, 
and it seems likely that in a significant fraction of these 
events a secondary 7 meson would then undergo the 
m-u-¢ decay sequence required by the selection system. 

A correction omitted by FKW is that for the effect 
of bias against large deflections. There will be a greater 
loss of the electrons from yu-e decay for those » mesons 
which have scattered through a larger angle and are 
closer to the outside edges of the sandwich detector. 
This correction will, of course, depress the theoretical 
distributions at large angles. 
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Fic. 2. The differential scattering distributions for the particles 
selected by the method of delayed coincidences. The experimental 
points of FKW are shown, together with the scattering distribu 
tion expected using the spectrum given in Table I. 


Some comment must be made on the criticisms made 
by FKW on previous experiments on y-meson scat- 
tering. Considerable attention is given to distortion 
errors in magnet cloud chambers and their effect on 
momentum estimates. However no experiments on 
u-meson scattering have been made using magnet cloud 
chambers and criticism in this direction is therefore 
irrelevant. 
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APPENDIX 


The derivation of the momentum distribution from 
scattering measurements in multiplate chambers has 
been discussed by Olbert® and by Lloyd and Wolfen- 
dale.* The part relevant to the present work will now 
be considered. 

The probability that » events, drawn from a Gaussian 
population with standard deviation s, will have a root- 
mean-square value between ¢ and ¢+4d¢@ is 

F(o; s)\do= f(n)p™"'s— exp(—ng?/2s*) do. 
For scattering in a multiplate chamber, 
s*= 0°-+ (K/po)?= (K/pr)’, 
where fo is the true momentum of the particle and p; 
the momentum one would assign to the particle for 
n= 2, if one ignored the effects of noise (assuming no 
change in po). 
The apparent momentum is 
p= K/¢. 
For a given p; (or po) the probability of finding p within 


dp is 


N(p; pddp=F (; s) (db/dp)dp 


= f(n)(p/pi)-"* exp[ —4n(p/pr)~* d(p/pr). 


This curve is drawn in Fig. 1, with po=1 Bev/c. If a 
number of values of p; occur, the resultant distribution 
in apparent momentum is of course the sum of the 
elementary distributions. 

§S. Olbert, Phys. Rev. 87, 319 (1952). 

* J. L. Lloyd and A. W. Wolfendale, Report on the Conference on 


Recent Developments in Cloud Chamber and Associated Techniques 
(University College, London, 1956), p. 51. 
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Differential scattering cross sections in hydrogen for (30+1.5)-Mev positive and negative pions have 
been measured at the two center-of-mass angles of 82 and 99.9 degrees. 

The cross sections for positive pions in mb/sterad in the center-of-mass system are 0.435+0.028 and 
0.590-+0.030; for negative ones, 0.268+0.028 and 0.239+0.021, respectively. 


IFFERENTIAL scattering cross sections in 

hydrogen for (30+1.5) Mev positive and negative 
mesons have been measured at the two laboratory 
angles of 724 and 90 degrees. The 30-Mev external pion 
beam available at the Rochester 130-in. synchrocyclo- 
tron laboratory was focused both by the fringing field 
and a deflecting magnet. The beam was defined and 
counted by a double coincidence telescope consisting 
of the two plastic scintillation counters 1 and 2 of 
Fig. 1. The beam so defined was quite parallel and it 
had a maximum cross-fire angle of 4°. The positive 
pion beam had a 6% muon-positron contamination 
and an average double counting rate of 80 000 mesons 
a minute through a 1-in. diameter disk-shaped counter 
2. By reversing the magnetic fields one obtained the 
negative beam which had a 12% muon-electron con- 
tamination and an average double rate of 25000 
mesons a minute. 

The liquid hydrogen scattering chamber (Fig. 1) 
was specifically designed for 90° scattering. Its shape 
is cylindrical and the beam comes along its axis. The 
cylinders are made of stainless steel foils silver-soldered 
to shape. The inner cylinder is of 0.002-in. foil while 
that of the outer is of 0.005-in. foil. The separation 


Fic. 1. Geometry used for 90° and 724° scattering experiments. 
* Based upon a thesis submitted to the Graduate School of 
the University of Rochester in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy. 
t Now at Istituto di Fisica dell’Universita di Bologna, Bologna, 
Italy. 


between the two cylinders is ;’¢ in. 0.002-in. beryllium- 
copper foils form end windows. 

The geometry is the semicylindrical-symmetry, no- 
wall-scattering geometry typical of other Rochester 
measurements! (Fig. 1). Counters 3 and 4 define the 
solid angle and the angular resolution function (which 
is of a triangular shape symmetric about the nominal 
scattering angle). Counter No. 3 has a Ag=290° while 
counter No. 4 has a Ag=240° and thus defines the 
solid angle in the ¢ direction. Counter No. 4 was not 
too uniform in pulse height over its whole extent but 
was used only as a coincidence crystal. Counter 5 is 
used as an anticoincidence to reduce the random 
background. A coincidence-anticoincidence 1234(125) 
opens a gate which allows the signal from counter 3 to 
pass to the 20-channel pulse-height analyzer. 

Figure 2 shows the data obtained with the target 
full and the target empty as displayed by the 20-channel 
pulse-height analyzer. Signal to noise ratios up to 12 
to 1 were achieved. The results, corrected for beam 
contaminations, absorptions, decays, efficiencies, energy 
dependence, and charge exchange scattering for nega- 
tive mesons, are given in Table I, where @ is the 
laboratory scattering angle; 9; min and 0; max are, re- 
spectively, the minimum and maximum scattering 
angles accepted by the detecting telescope; @... is the 
center-of-mass scattering angle; Quy; is the effective 
solid angle integrated along the beam axis and taking 
into account the known distribution of incident beam 
intensity across the scattering region; S/N is the signal 
to noise ratio defined as (F—E)/E, where F=counts 
with target full and E=counts with target empty. 


Tase I. The results expressed in the laboratory and in the 
center-of-mass system. ®; min and 6; max give the total angular 
spread, Qer: is the effective solid angle [/2(p,s)dz] averaged 
over the target in steradians-inches, and S/N is the signal to 
noise ratio. 


Scattering angles 
laboratory 
6: Otmin Oimaz 86m 


Hydrogen cross section 
10-*? cm*/sterad) 
de/dQ) lab = (de /dQ) c.m. 
0.435 +0.028 
0.268 +0.028 
0.590 +-0.030 
0.239 +0.021 


+0.031 
+0.031 
+-0.029 
+0.020 


85 82 0.29 


60 85 82 4.5 0.47 
7 5 
104 99.9 i 


5 
; 
0.579 
s 


104 99.9 0.566 6 0.23 


1 Barnes, Rose, Giacomelli, Ring 


Miyake, 
issue [Phys. Rev. 117, 226 (1960) } 


and Kinsey, this 
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Fic. 2. Results with the target full and empty as displayed in the 20-channel pulse-height analyzer. 


The errors are standard deviations and include uncer-_ 


tainties in the corrections as well as those due to 
counting statistics. 

All our results seem to be consistently high compared 
to the other recent Rochester data,’* though still in 
reasonable agreement with them. 

This work is part of a more complete one at 30 Mev; 


*D. Miller and J. Ring, Atomic Energy Commission Report 
NYO-2168; Phys. Rev. (to be published). 

*B. Johnson and M. Camac, Atomic Energy Commission 
Report NYO-2169 (to be published). 


a phase shift analysis of the data will be carried out in 
the near future as soon as the measurements are 
completed. 
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Granting that the formation of a bound state is a “sudden” process (as compared 


1 to the scattering which 


may be regarded as a process taking place “‘adiabatically’’), a formulation of the scattering involving a bound 
state is discussed, in which an independent set of creation-annihilation operators is introduced for a particle 
in the bound state. There appears here a subsidiary condition which prevents the system from having an 
unduly increased number of degrees of freedom. In the case of potential scattering, which is studied in 
this paper, this subsidiary condition restricts the intermediate states in a multiple scattering process to 
states which are orthogonal to the bound state. This orthogonality condition gives rise to a simple explan- 
ation of the theorem concerning the scattering phase shift at zero energy, in which it is stated that when 
there is one bound state, the scattering phase shift starts with x at zero energy, if it is to go down to zero 


at extreme high energy. 


1. INTRODUCTION 


HE formal theory of scattering so far developed is 
not completely legitimate when there appears a 
bound state. The shortcomings of the existing theories 
are rather pressing when we deal with a many-body 
scattering in which a rearrangement of constituent 
particles may take place in the exit channel. Although 
some general ideas were laid down years ago, there are 
still points to be worked out before they are proved 
practical. The difficulties inherent in the Lippmann- 
Schwinger equation have been pointed out and studied 
by Foldy and Tobocman,' Epstein,? and Gerjuoy.* The 
problem has been studied also by Ekstein,‘ Haag,® and 
recently by Feshbach® from different points of view. 
On the other hand, the necessity of revising the 
current theory has been felt much less urgent in poten- 
tial scattering and the two-body scattering problem 
than in the many-body scattering problem. Here it 
seems that one can do with the same formulation if 
there appears a bound state as when there is no bound 
state. But even here several points remain to be studied 
further. It is known’ that the scattering phase shift 
starts with mm at zero energy if it goes to zero at extreme 
high energy, where » is the number of the bound states. 
This theorem is relevant to the determination of the 
sign of the scattering length. Speaking of the nucleon- 
nucleon scattering, the singlet scattering length is 
negative, while the triplet scattering length is positive. 
The positive scattering length for the triplet state is 
expected, because the binding energy of the deuteron is 


* A research supported by the U. S. Atomic Energy Commission. 

t On leave of absence from Tokyo University of Education, 
Tokyo, Japan; now at the Department of Physics, Washington 
University, St. Louis, Missouri. 
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not large, so that the scattering length should behave 
as if the S-wave phase shift starts with w at zero energy 
and decreases with increasing energy, which gives rise 
to the positive scattering length. Though the actual 
argument should be more complicated because of the 
tensor force, the gross characteristics of the argument 
may not be invalidated. In general, we ought to expect 
a negative scattering length when the potential is 
attractive, while a positive scattering length is expected 
when the potential is repulsive. When there is a bound 
state this argument must be modified in the manner 
mentioned above. The negative scattering length for an 
attractive potential is restored when the binding 
energy of the last bound state is so large that the next 
bound state is expected if the depth of the attractive 
potential is increased a little bit. 

It is the purpose of this paper to study potential 
scattering when there is a bound state, with use of a 
formulation in which creation and annihilation opera- 
tors for a particle in the bound state are introduced. 
This formulation is adopted because it can be generalized 
to apply to a many-body system, and it is then straight- 
forward to discuss the asymptotic conditions in various 
channels, even if there appear bound particles of differ- 
ent constitution in each one of them. The total Hamil- 
tonian in this formulation is the sum of kinetic energies 
of stable particles of all sorts and a remainder, which 
can be termed the effective interaction among them. 
In order to avoid an undue increase in the number of 
degrees of freedom of the whole system, some sub- 
sidiary condition must be imposed on the state vector 
of the system. Thus this paper is devoted to the dis- 
cussion of the simplest case in the theory of scattering 
under such a subsidiary condition. In Sec. 2, the method 
of introducing the creation and annihilation operators 
for the bound state is exhibited. 

In Sec. 3 it will be shown that the theorem’ on the 
zero-energy phase shift in potential scattering can be 
derived rather simply when we take into account the 
subsidiary condition mentioned above. The subsidiary 
condition designates that only states orthogonal to the 
bound state are available in the intermediate step of a 
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scattering process. This orthogonality condition can be 
represented by introducing some nonlocal force into 
the Hamiltonian. This nonlocal force gives rise to an 
“orthogonality phase shift” which starts with w at zero 
energy and goes down to zero at high energies. The 
total phase shift is the sum of the “orthogonality phase 
shift” and the “potential scattering phase shift.”” The 
latter is obtained by computing the further distortion 
of the eigenfunction of the kinetic energy which is 
caused by the potential. 

In Sec. 4 the unitarity of the transformation function 
and the convergence of the Born series are discussed, 
The eigenfunctions of the scattering states, together 
with the bound-state wave function, form a complete 
set which must be equivalent to the complete set of 
plane waves. On the basis of this fact, one is led to 
conjecture that there should be some unitary trans- 
formation which transforms one set into the other. 
However, we have not yet succeeded in establishing 
this point. On the other hand, we can pin down the 
source of the difficulty. It is correlated with the nominal 
origin of the bound state which is to be discovered 
among the unperturbed waves. The eigenstate of the 
kinetic energy under the subsidiary condition must be 
defined by taking the limit of the matrix element of 
some unitary transformation function in a certain way, 
and the convergence to the limit is not uniform at zero 
energy. The zero energy is the nominal origin of the 
bound state, and it must be treated very carefully. The 
clarification of this point is left for future work. 

In order to supplement the discussions in the text, 
the orthogonality of the bound state to the scattering 
state is considered in Appendix I in the ordinary formu- 
lation of the scattering theory. 


2. INTRODUCTION OF CREATION-ANNIHILATION 
OPERATORS FOR A BOUND STATE 


We shall exhibit here a method which is useful in 
dealing with a particle in a bound state. The exposition 
is given fully in order to provide for treatment of a 
many-body system in further publications, although it 
is possible to shorten it substantially so long as we 
restrict ourselves to the potential scattering. The 
legitimacy of the following method as used in potential 
scattering is established through the two facts which 
are to be proved in Secs. 3 and 4. The first is that the 
formation of a bound state, which takes place as the 
attractive potential becomes deep enough, is a sudden 
change so that the notion of an adiabatic change of the 
system is inapplicable to the bound state; consequently, 
it makes sense to regard the particle in the bound state 
as an independent entity, when we start discussing the 
scattering process, to which the notion of an adiabatic 
change is applicable in some way or other. The second 
is that in our formulation there appears a subsidiary 
condition besides the Hamiltonian, which causes some 
complication as compared to the current theory; 
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however, it is rewarding to work with this slightly more 
complicated formulation, because the subsidiary con- 
dition actually helps us to understand a feature of the 
system, namely, the scattering phase shift at zero 
energy. 

We consider bosons of S-wave state in an external 
potential,*® as the first step of treating bound states in 
a more general case. The commutation relation for the 
creation and annihilation operators for bosons in the 
spherical S-wave state is the usual one, 


(ax-,axt ]=5(k’—k). (2.1) 


The Hamiltonian to be dealt with can be written in 
the form,® 


H= fa W 1a," ax + ff crac VI k’)a,'ay, (2.2) 


where W, is the kinetic energy of a boson with the wave 
number &. We introduce the matrix notation for the 
kinetic energy and rewrite the Hamiltonian (2.2) in the 


form 
il ff axane ce W+V|R’)aytay. 


Hereafter we assume that there is only one bound 
state. Our method of treating a bound state, generally 
speaking, consists of the following two steps: 

(i) Introduction of redundant variables.—We introduce 
a set of creation and annihilation operators, which 
satisfy the commutation relation 


[b,dt]=1. (2.3) 


b and 5! are redundant variables at the outset, although 
the operator b'} will describe the number of particle in 
the bound state later on. We are going to extend the 
Hilbert space so as to include state vectors of the b 
operators as well as those of the a operators. To keep 
the modified Hilbert space as a whole equivalent to the 
original one, we impose the subsidiary condition 


btby =0 


(2.2') 


(2.4) 


on the extended state vector, which we denote by VW. 
It is evident at this stage that the whole problem remains 
equivalent to the original one. 

(ii) Interchange of the redundant mode with a physically 
meaning {ul wave packet.—Let us call a particle described 
in terms of the a operators an a particle. Also a particle 
in the bound state is called a b particle. We perform 


* We avoid a potential of long range like the Coulomb force; 
in such a case of infinitely aay bowel states will be formed once 
the potential is switched on. 

* If we take the model more seriously, there should be a pair 
creation and annihilation term to be added to (2.2); these are 
obtained by replacing a,'ay in the potential by 4(astay? +-ay-ax). 
Since this does not affect the essential points of the following 
argument, we can start from the Hamiltonian (2.2). We can 
suppose that the pairs are already eliminated by means of a 
canonical transformation. 
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then a canonical transformation by which the re- 
dundant particle is replaced by some wave packet for 
an @ particle. The subsidiary condition must be trans- 
formed at the same time. The transformation is uniquely 
defined when we require that the subsidiary condition does 
not involve a b operator after the transformation and repre- 
sents a reduction in the degree of freedom of the a particles. 
The transformed subsidiary condition actually desig- 
nates that only states of @ particles orthogonal to the 
wave packet are permissible after the transformation. 

Now let us study the transformation stated above in 
detail and apply it specifically to the Hamiltonian (2.2). 
We denote the normalized weight function for the wave 
packet by /(&). First it is in order to define the operator 
for the number of particles with this wave packet. This 
is defined as 


NES] = fat as! f(t) { ak ay f*(k’). 


Let us then consider the operator 


(2.5) 


R Not fa axf*(k), (2.6) 


where ) is an arbitrary constant. In the state RW which 
is the transform of YW by means of R, the number of a 
particles with wave function f(%) is decreased_by one, 
while the number of 6 particles is increased by one as 
compared to the situation represented by ¥. Thus R 
is the operator which replaces a wave packet /(k) by a 
corresponding 6 particle. If we multiply ¥ by a suitable 
function of the operator R, @ particles with wave 
function f(%) originally existing in Y will be replaced by 
b particles. In making a choice of such a function we 
remind ourselves that we are going to achieve the 
desired result by means of a unitary transformation in 
order to leave the relationship of Hermitian conjugates 
invariant among operators and to avoid unnecessary 
complication in the results. Accordingly we are led to 
try a unitary transformation generated by the Her- 
mitian operator, R+Rt; the transformation function 
which we consider is 


U=exp[i(R+R’) ]. (2.7) 


The condition that the transformed subsidiary con- 
dition does not involve b operators determines the 
parameter \, and we obtain the desired new state vector 


v’=U-W, 


which ‘is to be used in the discussion of a scattering 
process. By virtue of the form of the new subsidiary 
condition, we can speak of a } particle quite freely in the 
new representation, as an entity independent of a 
particles. After some manipulations, we have 


U—dU = (cosd)b+i sion f a f*(R)ax. (2.8) 
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By setting 


j/ 
A=2/ 5 


(2.9) 


we obtain the new subsidiary condition of the desired 
form : 


U-b'bU-W'=N[f]-W’=0. (2.10) 


The transformed a operators are given, then, by 
U~a,U =a,— f(k faw f*(R’)ax’—ib}, (2.11) 
| 


and its Hermitian conjugate. By substitution of (2.11) 
and its Hermitian conjugate into the original Hamil- 
tonian (2.2’), the new Hamiltonian is given as 


H=H,+H.+ He», (2.12) 


Bem ff atat’ ost e\W +V|k’)aw+EN[f] 


=| fi fanar a. ki W+V{R’) f(k’) 


x favs” dk” +Herm. conj.}, (2.12’) 


H.=Eb'd, 


H, b = ff axaw axr(e W+TY/- E\k’) f(k’)-b 


+ Herm. conj., 


(2.12’’) 


(2.12’”) 


where EF is the energy averaged over the wave packet 
S(R), 
E = ff anav f*(k)(kIW+V IR’) f(R); (2.13) 


H, and H, involve, respectively, only a operators and 
b operators, while H,» represents the interaction 
between an @ particle and a b particle. By inspection 
of (2.12’") we recognize that H,, vanishes when /(k) 
is an eigenfunction of the total Hamiltonian. Since f(&) 
must be normalizable, it must be a bound-state eigen- 
function. When /(&) is the bound-state eigenfunction, 
E is equal to the exact eigenvalue E of the bound state, 
and the Hamiltonian reduces to the form 


H=H£+Ms, (2.14) 
Hom ff anaw’ as*(e W+V|k’)ay—EN[f]. (2.14’) 


Our next task is to compute a complete set of eigen- 
functions of H,° under the subsidiary condition (2.10), 
and then to derive the scattering cross section. These 
problems will be discussed in the following sections. A 
brief comment on the nature of that problem is proper 
here. We introduce projection operators A, and A, 
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defined as matrices with matrix elements, respectively, 


given by 
(R’ | Au|k)= f(R’) f*(R), (2.15) 
(R’ | As|&) = (k’|1—Auy|k)=5(k— 2’) —f(R’)f* (hk). (2.15) 


H.° can be written then in the form 
a= ff aiaw axt(k|Ay(W+V)A,| kay. (2.16) 


It is clear now that the problem to be solved is almost 
the same as the original one in which the Hamiltonian 
is given by (2.2), but there is a difference in that it 
must be solved under the constraint (2.10). It is clear 
that the subsidiary condition is compatible with the 
Hamiltonian (2.16), as it should be. 

As remarked earlier, the desired result can be achieved 
much more easily in the case of potential scattering 
than by the method above. One can make the following 
canonical transformation 


n= Cy—if (RD, (2.17) 


and its Hermitian conjugate, where c, and c,' are con- 
cerned with waves orthogonal to f(k) only: 


far@ar-o, (2.18) 


and satisfy instead of (2.1) the commutation relation 
[cu-ycat |= (k’ | Ax |). (2.19) 


If one substitutes (2.17) into the original Hamiltonian 


(2.2) one obtains an operator corresponding to (2.16), 


nem { f avar’ ce(RIW+V\R ce, (2.20) 


which, however, is not accompanied by any subsidiary 
condition. It is readily seen that the solution of the 
problem under the subsidiary condition (2.10) is 
equivalent to the determination of the eigenfunctions 
of the Hamiltonian (2.20) in which the modified com- 
mutation relation (2.19) must be used. In a more 
general case of a many-body problem, the required 
transformation is not a linear relation as given by 
(2.17), and it is more difficult to find than in the case of 
potential scattering. In such a case it is really helpful to 
proceed along the line described in this section. 


3. ORTHONORMAL EIGENFUNCTIONS OF 
THE KINETIC ENERGY UNDER THE 
ORTHOGONALITY CONDITION 
Let us study the orthonormai set of eigenfunctions 
of the kinetic energy, under the orthogonality condition 
which we denote by K,, 


K,= f f dkdk’ ay'(R|A,WA,|R’)ay. (3.1) 
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The effect of the potential in our Hamiltonian (2.16) 
will be considered in the next section. The corresponding 
Schrédinger equation in momentum space is given by 


W wh( RR) + f dk(’| (W—We)An 


+AuWe | RAR Rk) =Wih(R',R), (3.2) 


where we have put 


W= fae sa|". 


Since the orthogonality of h(k’k) to f(k’) is easily 
established when W, does not vanish, (3.2) reduces into 


(Wy —W,)h(k’R) = f(k’) f dk!” f*(k)W yh(kR). (3.3) 


We can show it is sufficient to consider the solution of 
Eq. (3.3) under the standing wave boundary condition. 
Then, disregarding {the normalization, we can put 
h(k’k) into the form 


h(k’k) =6(k’ —k)+P- ~f(k')X (k). 


w— Ws 


By making use of the orthogonality of h(k’k) to f(k’) 
again, the indeterminate X(k) in (3.4) is given by 


X (k)=f*(k)/J(k), 


where we have put 


(3.4) 


(3.5) 


, 


k’ 


1 
Jim f aw P —| f(k’)|? 
-W, 


1 1 
-—( fur — We f@)|*-1). (3.6) 
W, We—-W, 


With use of the last statement in (3.6) for J(k), it is 
straightforward to verify that the solution given by 
(3.4)—(3.6) actually satisfies Eq. (3.3), hence Eq. (3.2). 

h(k’k) does not represent a free S wave any more, 
but a distorted wave. Let us then calculate the phase 
shift due to the orthogonality, which we denote by 
59(%), as a function of the wave number k associated 
with the energy W, of the system. It is determined by 
the equation 


ow.\ 
tando(k) = —rf(X)X(H)(—*) 
Ok 


ow 
~~ (sai) /(10—), (3.7) 


since we are dealing with a solution under the standing 
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wave boundary condition.” We note there that we 


have at k=0 
ow, 
(11H? /—) 
Ok 


since {(k) is & times the Fourier transform of a function 
in configuration space which is normalizable," and 
(@W,/dk) is a function which is linear in & in the non- 
relativistic mechanics. We also have 


| f(c0)|*=0, 
since | f(k)|* must be integrable. We define 59() by 
bo(0)=0, (3.10) 


=(), (3.8) 


k=O 


(3.9) 


since we have” 
tandp()=0, (3.10’) 
as a result of (3.9). 

As is seen by the inspection of the integrand in (3.6), 
the sign of the real function J(k) of & is positive for 
very small k, while it is negative for a very large k. 
J(k) must be a continuous function of k, consequently 
the total number of its zeros is an odd number. We 
label these zeros by an index and arrange them in the 
order of their magnitudes, 


hi<ke<::- <Ren+1- 


Then the sign of /(&) in each interval is determined as 


J(k) <0, when koayi<hk, 
Romer << Roms2 (m=0, : oe, §— 1), 
when k<h, 


Rom<R <Rom+1 (m=1, 2, 


J (k)>0, 
-++,m). (3.11) 


Noting that | /(%)|? is non-negative, and excluding the 
accidental degeneracy such as has been pointed out by 
Martin," we can then conclude from (3.7), (3.10), and 
(3.11), that d9(2) in each interval must be restricted 


” The treatment of S wave is made here in almost the same 
way as has been done by Kohn. See, W. Kohn, Phys. Rev. 84, 
495 (1951); especially, see Sec. II of his paper for the detail of 
the derivation of Eq. (3.7). 

4 Explicitly, f(&) is given by 4 

S(k) = (2/x)8 I sinkr u(r)dr, 
where ¢(r)=«u(r)/r is the wave function of the bound state in 
configuration space in ordinary sense. In our treatment of mo- 
mentum space, the degree of freedom r (and hence &) is treated 
in a one-dimensional space [or, the volume element is dr (dk), 
instead of r°dr (k*dk) ], and the Fourier transform is made only 
into sine functions because of the boundary condition at r=0. 

2 Since only exp[2i5(k)] is meaningful as the ratio of the 
outgoing amplitude to the ingoing amplitude, there is an arbi- 
trariness in the definition of the phase shift by a multiple of 7. 
This arbitrariness is settled by (3.10), the difference between 
phase shifts at different energies being a well-defined quantity. 
The last point is proved by Levinson and Swan, reference 7. 
The continuity of the phase shift as a function of & is made use 
of in the arguments which lead into Eq. (3.13). 

18 See reference 7. In such a case of accidental degeneracy, there 
appears a state with positive energy which looks like a bound 
state, and we must have one more orthogonality condition which 
gives rise to 5(0) —5( ©) =2r. 


TANI 


within the limit given by 


2/2>5o(k) >0 
x >bo(k)>x/2 


when J (zk) <0, 
when J(k)>0, 
in particular k<k,. (3.12) 


Finally, remembering (3.8), we conclude that 


89(0)=*. (3.13) 


This establishes that the orthogonality phase shift 59(k) 
takes care of the discontinuity of the phase shift at zero 
energy which takes place when there appears a new 
bound state. 

The normalization of 4(’,k) is given by multiplying 
the solution in (3.4) by cosdo(k). Letting the same 
notation denote the normalized solution in this case, 
we have 

Re ®(2) 
h(k’k) =5(k—k’)—— —Pp 
|b(k)| 


S(R’) f*(R) . 
nt lend 
Ib(k) | 


W W, 
where we have put 
&(k) = —J(k)+ix| f(k) 


! 
= fawiseyp(? tind(Ws—W1')) 
Wi.-We 


(3.15) 


2(0W;,, Oo.) i 


We can readily establish the orthogonality among 


h(k’k)’s with different &, 


few ncarnae” 5(k’—k), (WeWy 0) (3.16) 


in which use has been made of the rule for dealing with 
singular functions, 


1 1 


W-W" w"—w’ 


1 1 l 
-r——(r-— +p) 
W-W'\ W-WwW” Ww" —Ww’ (3.17) 


—73(W—W")3(W'—W”), 


1 


(W’ 6(W” —W’). 
w—w”" 7 —W' 

As for the completeness proof, we must be more 
careful. Here we have to notice that the wave function 
of the bound state f() is itself an eigenfunction of the 
Schrédinger Eq. (3.2) for the eigenvalue W,=0. We 
should have 


 o) 


f dk" h(k’ kh! )h' (kk) =(k'|Ai|Rk). (3.18) 


+0 
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However, we have not yet succeeded in establishing 
(3.18) directly with use of A(kk’) given in (3.14). The 
lower limit of integration in (3.18) is denoted by +0 
in order to emphasize that the point #”’=0 is excluded. 
If the point k”’=0 were a regular point of the integrand 
it would not make any difference whether it is explicitly 
included or excluded in the domain of integration. 
Actually the point k’’=0 must be some kind of singu- 
larity of h(k’k’’). In this connection it is to be noted 
that A(k’k) is given by taking the limit \—> 1 of the 
matrix element of a certain unitary transformation 
function, which transforms eigenfunctions of the unper- 
turbed Hamiltonian into eigenfunctions of the Hamil- 
tonian 


Ko ff andr’ oy 


x(k] (1—AAy) WIAA) |A’aee. (3.19) 
Apparently, in the case \=0 the eigenfunctions of the 
corresponding Schrédinger equation are unperturbed 
spherical waves, while in the case \= 1 they are expected 
to coincide with what we have obtained in (3.14). 
Further detail of the discussion of the eigenfunction of 
the Hamiltonian (3.19), as a function of \ as well as 
of the wave number, is given in Appendix II. The con- 
clusion there obtained is that we can define the energy 
W,(A) such as, when the energy of the system is larger 
than W;,(A), the eigenfunction 4 (k’k) associated with 
the Hamiltonian (3.19) converges uniformly to its limit 
h(k’k) as we let \ approach unity. W,(A) itself, however, 
approaches zero as we take the limit A — 1. 


4. CONSTRUCTION OF THE S MATRIX. 
CONCLUDING REMARKS 


We have not been able to show explicitly how the 
bound-state wave function f(&) is peeled off from the 
lower end of the spectrum W,(A)>W:>0 of the unper- 
turbed waves (along the line remarked at the end of the 
last section), when we take the limit \—> 1. However, 
it may be reasonable to make a conjecture that there 
exists a unitary transformation T» which transforms the 
creation-annihilation operators according to 


TilasTo= f h( ke )avdt+f(B)as, (4.1) 


and its Hermitian conjugate. Here aot and a) mean the 
creation and annihilation operator, respectively, of a 
normalizable wave packet concentrated at zero energy. 

Reminding ourselves of the situation at the end of 
Sec. 2, we summarize the subsidiary condition and the 
Hamiltonian at this stage. The subsidiary condition 
takes the form 


dota” =0, (¥’=T, tv’). (4.2) 
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This means that the subsidiary condition is now of 
negligible importance since a single point at the end 
of the continuous spectrum may be either included or 
omitted in the domain of integration, if the integrand 
is regular at zero energy (as is usually the case if there 
is no second bound state). The Hamiltonian thus takes 
the form 


rit] ff abate’ ax%(e| As W+VIALIH You + BOD To 


= JW eastauat +-Ebtb 


+ f f dkdk'(k|V\k’)astax, (4.3) 
where we have put 


(k| Ve’) 
= f f dk''dk'”' ht (kh!’)(k' | VR!" )h( RR’). (4.4) 


The effective potential V will be discussed below. In 
(4.3), the creation-annihilation operators, a,t and a, 
refer to the particle in an eigenstate of K,, (3.1), 
described in terms of the wave function h(k’k). 

Now, the last step in our discussion of the scattering 
is to diagonalize the Hamiltonian (4.3), which may be 
achieved by applying the current theory of scattering 
to the following Hamiltonian: 


H pot. scat. = fotouute + ff f arava) VR asa, ; 
(4.3) 


the remainder of the Hamiltonian (4.3), pertaining to 
the 6 particle, is irrelevant to the following discussion. 
The deviation of the effective potential V from the 
original potential V is caused by the orthogonality of 
the relevant states to the bound state, and is expected 
to become negligible when the energy of the incoming 
particle becomes much larger than the binding energy 
of the bound state; or, in equation, we expect to have 


(k| Vk’) ~(k| Vk’), «when Wi, We>>E. (4.5) 


This point has been confirmed by calculating (k| Vik’) 
in a number of examples. One example is the square well 
(local) potential, and another example is the nonlocal 
potential of the simple form defined by 


b' 


(k| V|k’) = —&X—— ' 
M?+K M?+k? 
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where b and M are parameters which determine the 
strength and the range of the potential, respectively. 

In order to go farther with mathematical rigor, we 
need to know a condition on the form of potentials 
under which the Born series for the phase shift con- 
verges. Then we must show that (| V|k’) satisfies the 
required condition. Since that condition is not known 
in its most general form, we have to be satisfied only 
with making a conjecture which is based on facts 
verified in examples. Our conjecture is that we can 
apply Born approximations in the discussion of the 
effect of the effective potential V, when the binding 
energy of the bound state is rather small so that the 
second bound state is far from being expected. In 
other words, it is conjectured that we can apply the 
formal theory of scattering without any modification 
to the Hamiltonian Hyot. scat., (4.3’). The corresponding 
phase shift p(k) starts with zero at zero energy, if it 
goes down to zero at high energies. The total phase 
shift is given by the sum of the “orthogonality phase 
shift” and the “potential scattering phase shift.” 

As for the formal proof of the statement made above 
for the construction of the total phase shift, there 
exists a unitary transformation function Tp, which 
diagonalizes the Hamiltonian (4.3’): 


ret f astaxW ib tf J crave) Pw \astor} 7» 


= f atasw ak, (4.6) 


and which keeps the subsidiary condition (4.2) in- 
variant, since the operators @ and aot do not appear in 
(4.3’). The structure of the transformation function is 
such that 


1 
Trmexp| ff anit’ astarP ———(k|F|k’)}, (4.7) 
W.-We 


and the phase shift dp(&) is given in terms of the diagonal 
element of the operator F," 


5p(k) =2(OW/dk)(k| FR). (4.8) 


The transformation function 7») should have a similar 
structure when we deal with the case \#1 before we 
take the limit \ —> 1, as is discussed at the end of the 
last section and in Appendix II. We conjecture the 
structure of the exponent is left essentially unchanged 
while the limit \ — 1 is being taken, if we deal with the 
matrix element pertaining to the states with energy 
larger than W,(A). This furnishes us with the formal 
proof of the additivity of the two phase shifts, 59 and 


“S, Tani, Phys. Rev. 115, 711 (1959). 
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dp, when we define the S matrix according to" 


exp ite f a aals| 


exp il - hn) fanaw a,tay (k| Ay(W+ va | 


xexp| - its fa aa | 
exp| ita fa aaa] ToT p 

h-+e 

inv--@ 

xexp| ist) fab astasWs |p IT; 

xer| — its fa atau | 

exp fis(b.'ode| exp ft (asa 

xexp|i fr(b)as'onde| exp f ts(t)staxit 
= exp| 21 f Gut +p p)asaudt | 


Here we have dropped the part of the Hamiltonian 
pertaining to b particles, because it is irrelevant to the 
present discussion. 

In our formulation of scattering involving a bound 
state, only states which are orthogonal to the bound 
state are available for the intermediate states of a 
multiple scattering process. The discussion on this 
point is supplemented in Appendix I, where the ortho- 
gonality condition is treated for the Lippmann- 
Schwinger equation. 

Summarizing, we have shown that the characteristic 
jump of the phase shift by # at zero energy, which 
takes place when there appears a bound state, can be 
taken into account if we explicitly make use of the 
condition that scattering states are orthogonal to the 
bound state. There remain, however, some mathe- 
matical points to be worked out, namely (i) the structure 
of the transformation function 79 as the limit \—> 1 is 
taken, and (ii) the convergence proof, or the proof of 


S= lim 


hio-+2 
i~--# 


= lim 


(4.9) 


the possibility of analytical continuation as a function 
of the potential depth for the Born series as used in the 
construction of Tp. Nonetheless, the physical situation 
seems to have been clarified. The orthogonality condi- 
tion is equivalent to the introduction of a nonlocal 
potential which distorts the eigenfunction of the kinetic 
energy and replacing the potential V by V. The effect 
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of the orthogonality condition becomes small when the 
energy of the incident particle is very large as compared 
to the binding energy. Thus the Born approximations 
are relatively reliable at high energies.” 
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APPENDIX I. SCATTERING PROCESSES UNDER 
THE ORTHOGONALITY CONDITION 


Usually a discussion of a scattering process proceeds 
without any projection operator such as the A, as 
appearing in Eq. (2.16). Let us now consider how 
essential it is to have the projection operator A, in 
the Hamiltonian H,° (2.16). In addition, through the 
discussion of multiple scattering, we shall obtain a 
picture of the part assigned to the bound state in the 
course of a scattering process. 

Let us begin with examining the ordinary Schrédinger 
equation in momentum space: 


Wee We)+ f dk Vk" )o(k"k)=Wielk’k), (A.1) 


where there is no projection operator and W, is non- 
vanishing. As usual we try to find a solution of (A.1) 
by putting the wave function in the form 


o(h’k) =5(k’—k) +x (hh). 


The function x(k’) must satisfy the equation 


(A.2) 


(Wy—W,)x(k’k)+ f dk’ (k’| V|k’’)x (kk) 


+(k|V|k)=0. (A.3) 


If we project Eq. (A.3) onto f(k) to the left-hand side, 
we have 


(E—Wa| s*(8)+ f av pre x) |=0, (AA) 
from which we must conclude that 


(A.5) 


franxwnar= — f*(k). 


Thus the component of x parallel to f(&) is given, once 
and for all, by 
Xu (RR) = —f(h’) -f*(k). 


On the other hand, the equation to be satisfied by the 


(A.6) 


18 See for instance, C. Zemach and A. Klein, Nuovo cimento 10, 
1078 (1958). 
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component of x orthogonal to f(z) is 


foe iasva,- W Ax) k’’)x (RR) 


+ f dk’"(k’|A,VA,| k’)x (kk) +(k | A.V] k)=0. (A.7) 


Here we need the eigenfunctions of the kinetic energy 
under the condition of orthogonality to f(z): 


Kim ff aide’ axtay-(e| AWA, (A.8) 


As was shown in Sec. 3, for all nonvanishing W,, there 
is a “Normalized” (in a sense similar to plane waves) 
solution of the equation 


f dk’ (k’| A,WA,| k’’)h(k’R) = W ,h(K’R), 
(A.9) 
f dk’h* (kk) (RA, WA,| 8) =W At (Rik’). 


In terms of 4 and ht, we can define the Green function 
associated with the Schrédinger Eq. (A.9). It has the 
matrix element 


ht (tk’") 
1-W, 


Ww |GW)|e")= fa h(k'l)P 


1 
- fk) f*(k), (A.10) 
k 


in the spherical S-wave representation. With use of 
G(W,), the solution of (A.7) is given by 


x, (k’R) = (k’|G(W,)ALV | R) 


+ (k'|G(W,)AsVAG(W,)A,V | k)+--*. (A121) 


Hence the solution of the original Schrédinger equation 
is given by 


o(h’k) =5(k’—k)+-X.(R'R)—f(R)f*(k). (A.12) 


From Eqs. (A.12) and (A.11), we are led to the fol- 
lowing picture of the scattering processes. When the 
initial spherical S wave strikes the potential, only that 
part of the emerging wave which is orthogonal to the 
bound state is transmitted to the wave zone, while the 
remainder is trapped by the scattering center and forms 
the bound st-te. The total wave undergoes the effect 
of the potential repeatedly, and in each of the multiple 
scattering processes only waves orthogonal to the 
bound state are transmitted to the wave zone, while 
leaving at each step some contribution to the amplitude 
of the bound state. It is to be noted that G(W;) is 
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commutable with the projection operator A, 


A,G(W,) =G(W,)Ai=A,G(W)A,, (A.13) 


so that no projection operator A,, can appear in the 
middle of a sequence of operator G(W,)A,VA, in (A.11). 
This means that the bound state, if once formed, does 
not affect the subsequent stages of a multiple scat- 
tering. The total amplitude of the bound state generated 
in the course of a multiple scattering is exactly what is 
necessary to make the whole solution orthogonal to the 
bound state. It is also to be noted this amplitude is 
given by (A.6) without recourse to Born expansion. 


APPENDIX Il. THE LIMITING PROCESS 2 -+1 
INTRODUCED IN 3 


Let us study the eigenfunction of the Hamiltonian 
K™ introduced in (3.19) of the text, 


K® = ff faaae a,'(k| ( 1 —- AA, JW —Ai)| Rae, 
(B.1) 


as a function of both \ and the wave number. The nor- 
malized solution of the Schrédinger equation is given by 


1 
h™ (R’R’) = {aw—m)—P.. on Af (k’) f*(k) 
k 


We ~ 


Wit(1—rA)We 


—} cosé™ (Rk), (B.2) 


x — - _ 
—\(2—A)WiJ (k)+(1—-AP* 


where the relevant phase shift is given by 
r d(2—A)| f(R) |? 


(aW/ak) —\(2—A)J (k) + (1—-A)?/W 
(B.3) 


tand®)(k) = 


From the inspection of (B.3) we see that, if we are going 
to take the limit, \—> 1 and k > 0, the convergence to 
the limit is not uniform. In general, as \ increases from 
zero there appears a point where the maximum of the 
phase shift reaches +/2. Let us denote that energy by 
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W, and the corresponding value of \ by d,. With A 
larger than \,, there are two points on both sides of 
W, where 56° (k) takes the value x/2. The maximum of 
the phase shift, which is reached somewhere between 
these two points, does not exceed +, but approaches it 
as \ approaches unity. If the form of {(&) is complicated 
as a function of k, it might happen that J(k) is suf- 
ficiently complicated that a few more pairs of points 
appear at which 6° assumes the value 7/2; however, 
what is essential in the following is the fact that the 
point appearing at the lowest energy, which we dnote 
by W,, approaches zero as \ approaches unity. When A 
is almost equal to unity, W, is given by 

(1—A)? 1 

Wy~ 
A(2—A) J(0) 


when A~1. 


(B.4) 


On the other hand, the phase shift at zero energy, 
5™ (0), keeps the value zero if \ is not equal to unity. 

Now we define the limit by taking the limit \— 1 
first and taking the limit k — 0 afterward. In order to 
get the same results as obtained earlier, (3.4-7), we 
adopt the following prescription for taking the limit. 
First, consider the phase shift at the energy W, (the 
suffix b here represents the “boundary”’), 


1—d 1 
W, d) = - ~ 
(2—d) J(0) 


W, 


(B.5) 


By substituting (B.5) into (B.3), we can see that the 
phase shift at W, is almost x when 4 is almost equal to 
unity. One can readily see in (B.2) that for an energy 
larger than W, the limit \ > 1 converges uniformly and 
we have 

h(k’k)=lim h® (k’k), 


»A~1 


when W,>W,(A). (B.6) 


For energy smaller than W,, the corresponding limit 
\— 1 of k® (kk) should give /(k’) when it is integrated 
over the small energy interval W,>W;,>0; however, 
a precise analysis of this point is left for future inves- 
tigation. 
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A method is introduced for locating and interpreting the singularities in finite-order perturbation expan- 
sions of Green’s functions, in cases where the external momenta are complex vectors with real scalar products. 
In particular, when the external momenta form a real Euclidean set, there is a simple graphical construction, 
applicable to all finite orders. As an example of a case in which the external momenta form a real set in a 


space of signature (+, +;—,-—), a 


feature of Mandelstam’s representation for scattering amplitudes is 


interpreted in perturbation theory. Finally, the ranges of values of momentum-transfer for which (in 
perturbation theory) dispersion relations certainly hold are enlarged, in particular by using the fact that 


the pion is pseudoscalar. 





1. INTRODUCTION 


NTIL there are more powerful techniques for 

determining the analyticity of exact Green’s 
functions, a study of finite-order perturbation expan- 
sions will remain a valuable guide to what dispersion 
relations can be expected to be true. To this end it is 
important, not only to locate the singularities of pertur- 
bation theory, but also to have whatever “physical” 
interpretation of them may be possible. The emphasis 
in this paper therefore is on understanding old results 
rather than deriving new ones. However, the new 
method turns out to be more powerful than existing 
methods in several respects. 

Let the external momenta for a given Green’s 
function be p; and their scalar products p;-p,;. The 
analyticity of S-matrix elements, where the #;, are real, 
is completely understood from the work of Dyson and 
Eden.' The singularities are determined by the unitarity 
of S, and they correspond to physical thresholds. 
Mathematically, these singularities come from displaced 
poles; and the simplicity of their structure is, as we 
shall see, connected with the signature of the Lorentz 
metric. 

Dispersion relation theory, however, requires Green’s 
functions for which the p; are not real. Like previous 
workers, we restrict ourselves to the greatly simplified 
case in which the p;-p,; are real. It is then always 
possible to choose a set of real vectors, p,’, in a 4- 
dimensional space, L’, of some signature, such that 
pi’: p;'= pi pj. The basic method of this paper is to 
consider integrals with exactly the same fotm as 
ordinary Feynman perturbation theory integrals, but 
with all the vectors belonging to L’; and then to 
investigate the analyticity of these integrals by a 
generalization of the idea of displaced poles. (There is 
no unitary condition in L’ so these displaced poles do 
not correspond in any obvious way to physica] thresh- 
olds.) 

The integrals in L’ are relevant for the following 
reason. sonen. 3 as a result of the standard Feynman pro- 


pad Dison, Phys. Rev. 75, 1736 (1949); R. J. Eden, Proc. 
I 


Pg? ondon) A210, 388 (1952). 


cedure, a perturbation theory integral takes the form 
fexte- F (pi pj, 4) +ie}" 


1 
in?(F—ie)®", (1) 
2 r(r—1) 


then the corresponding integral in L’ would be 


favcer—rop 


img?(F—ie)", (2) 
2 r(r—1) 
Here the w’s are a set of Feynman parameters (later to 
be integrated over), k’ is a vector in L’, and m is the 
number of + signs occurring in the signature of L’. 
Thus the analytic properties, which are determined by 
the zeros of F, are the same in the two cases, apart from 
the extra factor i”. Further, it is the right-hand side 
of (1) which defines the Green’s function when the 9p; 
are not real. The “Feynman” integral of which (2) is a 
reduction, therefore, affords a representation of essenti- 
ally the same Green’s function ; but it is a representation 
in which the structure of the “Feynman” denominators 
is not obscured by complex vectors. 

In Sec. 2, the method just sketched is employed to 
interpret the singularities found by Karplus, Sommer- 
field, and Wichmann.? This class of singularities is 
probably already pretty well understood [see reference 
2 around Eq. (17)] but we re-examine it in detail, 
partly to show the similarity to the less well known 
class introduced in Sec. 4. 

In Sec. 3, the method of Sec. 1 is generalized so as to 
provide a simple geometrical construction for locating 
singularities, to any finite order, in cases where L’ is 
Euclidian. This construction is a generalization of one 
already given, without explanation, by Karplus, 
Sommerfield, and Wichmann’ in an Appendix. 


* Karplus, Sommerfield, and Wichmann, Phys. Rev. 111, 1187 
(1958). 

* Karplus, Sommerfield, and Wichmann, Phys. Rev. 114, 376 
(1959). 
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Fic. 1. Feynman graph for a 
vertex-part Green function. 


b 


Section 4 gives an example where an L’ with signature 
(+,+;-—,-—) is appropriate. This is two-particle 
scattering with nonzero momentum-transfer in fourth 
order perturbation theory. Here, our analysis points to 
the existence of singularities on a certain curve in the 
energy-momentum-transfer plane. This curve proves 
to be the boundary of the region in which the spectral 
function of Mandelstam’s‘ representation does not 
vanish. The present method, therefore, adds a little to 
our understanding of this curve. 

Finally, the methods developed are applied to deter- 
mine the maximum momentum transfer below which 
dispersion relations can, be proved to hold for finite- 
order perturbation expansions. The work of Nambu‘ 
and Symanzik® is simply rederived, and their limits are 
improved upon. In particular, it is possible to take 
account of the pseudoscalar nature of the pion. 


2. ABNORMAL SINGULARITIES IN VERTEX PARTS 


Consider a vertex part Green’s function in third 
order perturbation theory, with the Feynman graph 
shown in Fig. 1. For simplicity, suppose the masses on 
the internal lines to be each m, and put p,;°= p,?= M’, 
pP’=W*. For W<2M, pi, po, and p cannot each be 
taken real; but a Euclidean set, p,’, does exist. As a 
matter of convenience, we shall take L’ to have signa- 
ture (+, + ;—,—) and each of the p,’ to have their 
space components zero. Thus put 


= (4W,g;0,0), —p=(W,0;0,0), 
p:'= (aW, —q;9, 0), k= (x,y; hi,ka), 


where @= M?—}3W’. 

The “Feynman” denominators of the L’-space inte- 
gral have zeros on three circles, Ci, C2, and C3, in the 
x-y plane, with centers at (0,0), (4W,g), and (—4W, q), 
each of radius R= (k’+k2+m*)'>m. The analytic 
properties of the function are entirely determined by 
the relative positions of these three circles. Because of 
the (assumed) stability condition M<2m, C, and C; 
always overlap, and so do C; and C3. Otherwise, the 
possible configurations are easily enumerated as follows. 

(a) M?<2m*. (i) W?<4m?: C;, C2, and C3 contain 
a common point for all R. 

(ii) W?>4m?: either R<4W and C; and C; do not 
overlap, or R>4W and C;, C2, and C; contain a common 
point. 


*S. Mandelstum, Phys. Rev. 112, 1344 (1958). 
* Y. Nambu, Nuovo cimento 9, 610 (1958). 
*K. Symanzik, Progr. Theoret. Phys. 20, 690 (1958). 
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(b) M?> 2m*. (i) W?<4M?— (M*/m*): C;, Co, and Cs; 
contain a common point for all R. 

(ii) 4M?— (M*/m?) <W? <4m*: C2 and C; overlap for 
all R, but C;, C2, and C; only contain a common point 
for R?> M*/(4M?—W?). 

(iii) 4m? <W?<2M?: C2 and C; overlap for R>}W 
but Ci, C2, Cs only contain a common point for R? 
> M*/(4M"?—W?). 

(iv) W?>2M?: either R<4W and C2 and C; do not 
overlap, or R>4W and C;, C2, and C; contain a common 
point. 

When C;, C2, and C; contain a common point, it is 
possible to shift the origin to that point. The contours 
in the complex x and y planes can then be rotated to 
the imaginary axes, with no contributions from the 
poles. When C; and C; do not overlap, on the other 
hand, the situation is analogous to that of displaced 
poles,' and there is a contribution to the integral 
corresponding to the coincidence of the poles on these 
two circles. It is when C, and C; overlap but Ci, C2, 
and C; do not contain a common point that a new 
(“abnormal”) situation arises. This can occur only 
for M*> 2m? and along a finite segment of the W axis: 


4M?— M*/m?<W?<2M?. 


These abnormal! singularities were discovered by 
Karplus, Sommerfield, and Wichmann.? 

When W= 2M the centers of the three circles become 
collinear, and the function joins on smoothly to its 
value when the 9; are real Lorentz vectors. 

The transition between a normal situation and an 
abnormal one evidently occurs when the circles are in 
the configuration of Fig. 2(a). Since the lines joining 
the centers of the circles represent the vectors p’, py’, 
and p2’, this situation can happen only if the diagram 
in Fig. 2(b) can be drawn. Here, the sides of the triangle 
represent the Euclidian vectors ,;/ in length and 
direction, and the lengths of the internal lines represent 
the masses m. In order to correspond to a configuration 
like Fig. 2(a) the common point of the three broken 
lines must lie inside the continuous line triangle. With 
this condition, the construction in Fig. 2(b) determines 
the critical value of W uniquely (provided the value of 
M is such that the diagram can be drawn at all). 


iY 





(a) 


Fic. 2. (a) Critical configuration of circles on which the zeros 
of the Feynman denominators lie. (b) Dual diagram expressing 
the relationships between the momenta for the situation in (a). 





PERTURBATION 


The construction in Fig. 2(b) was given in the 
Appendix of reference 3. Figure 2(a) explains its 
significance. 


3. THE EUCLIDIAN CASE TO ALL ORDERS 


Once its significance is understood, the construction 
of the last section can be generalized to apply to a 
graph of any order. The result of Nambu® and Sy- 
manzik*—roughly that the region of analyticity is 
determined by a few lowest order graphs—is then an 
almost immediate consequence. 

The singularity corresponding to Fig. 2(b) arises 
when the momentum on each internal line is equal to 
the mass on that line. In higher order graphs, there 
may be a singularity of this type whenever the momenta 
on a certain subset of internal lines can be equal to the 
corresponding masses. We therefore first draw a reduced 
graph consisting only of this subset of internal lines, 
the remainder being omitted and vertices being coa- 
lesced where necessary. For vertex parts to which the 
external momenta form a Euclidian set, it is sufficient 
to take all the momenta to be two-dimensional Eu- 








Fic. 3. (a) An example of a Feynman graph, and 
(b) its dual diagram. 


clidian vectors. This is because the singularities deter- 
mined by an integral of the form (2) have the same 
position whatever the dimensionality of the integration. 
The conditions on the momenta for a singularity to 
occur can then be represented by a plane Euclidian 
diagram, which is in an obvious sense the dual of the 
reduced graph. Thus Fig. 3(b) is the dual of the graph 
in Fig. 3(a) and the external momenta and internal 
masses in (a) determine the lengths of the lines in (b). 

The conditions for a reduced graph to correspond to 
a singularity of the type under consideration are then: 
(I) that a dual diagram exists, (IT) that just three lines 
meet at each internal vertex of the dual figure, and 
(IIT) that none of the angles at an internal vertex 
exceeds x. The two last conditions allow that at each 
internal vertex three’ circles can intersect in the relative 
configuration of Fig. 2(a). The graph in Fig. 3(a) 


7If four circles intersected in a point and one of them was 
slightly displaced outwards, then that circle and some pair of the 
others would be in an abnormal configuration. In other words, 
the remaining circle would be irrelevant. The expression of this is 
that the dual diagram for such a configuration would be over- 
determined. 


EXPANSIONS 


(4) () (<) 


Fic, 4. Examples of Feynman graphs with no 
admissible dual diagrams. 


clearly fulfills all three conditions. Examples of graphs 
breaking conditions I and II are shown in Figs. 4(a) 
and (b), respectively. 

If a dual diagram satisfies conditions II and III, and 
if the lengths of, say, p; and pf» are fixed, then the 
length of p is just determined. Also, the lines of the 
external triangle are “under tension” and the internal 
lines are “under compression,” in the sense that if any 
of the internal masses is decreased the critical value of 
|p| decreases. Thus, if it is possible, without breaking 
selection rules, to reduce the graph further by omitting 
more internal lines, then the region of analyticity will 
not be increased. This proves the assertion made at 
the beginning of this section. 

It has been implicitly assumed that all the external 
and internal particles are stable (W<2M in Fig. 2, 
me<m,+mz in Fig. 3, etc.). If they are not, the above 
considerations must be supplemented by including 
“normal” threshold conditions.* These can be included 
by generalizing condition II to allow vertices at which 
only two lines meet. Condition III then demands that 
these two lines be parallel. A similar example occurs 
in Fig. 5(e) and (f). Figure 4(c) appears to be an 
example where the normal thresholds of the diamond- 
shaped subgraph would be relevant, but the dual 
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Fie. 5. (a), (c), and (e) are examples of Feynman graphs, and 
(b), (d), and (f) are the corresponding dual diagrams. (d) is 
inadmissible because of an internal reflex angle. 


* These are in fact just a linear version of the stated two- 
dimensional conditions. 
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diagram violates condition III and it is correct not to 
include Fig. 4(c) as a reduced graph. 

The only cases in which one must go beyond the 
third order to find the limit of analyticity of vertex 
parts are when selection rules limit the reductions that 
are permissible. Some examples are given in Fig. 5. 
Diagrams (b), (d), and (f) are the duals of graphs (a), 
(c), and (e), respectively. The particle symbols denote 
that the lines in the dual diagrams have lengths deter- 
mined by the appropriate masses. All external baryons 
are supposed to be free particles, whereas the external 
mesons have energy W, to be determined. (The dual 
diagrams are not drawn to scale.) 

In graph (a), the critical value of W comes out to be 
about the A mass, and therefore this abnormal threshold 
is well above the normal 3m threshold. In the dual 
diagram (d), the condition III is not satisfied, and so 
there is no corresponding abnormal threshold. Graph 
(e) is an example where a normal singularity has to be 
taken into account, in the way indicated in (f). The 
critical value of W turns out to be about 2.98 2-masses, 
that is just below the normal 3m threshold. 

The main idea of the above constructions may be 
generalized to apply to Green functions with four 
external lines. Then a three-dimensional Euclidian 
space is required, and the circles become spherical 
surfaces. The generalization of Fig. 2(b) for example, 
is a tetrahedron with each of its vertices joined to an 
internal point—a construction also given in an Appendix 
to reference 3. Four of the sides of the tetrahedron 
represent the external momenta, 1, 91, p2, 92; and the 
other two sides represent two out of the three combi- 
nations 


W?= (p.4 —3(p:— p2)*. 


Unfortunately, however, the cases of physical interest 
are scattering Green’s functions, for which the momenta 
can form a Euclidian set only if the momentum transfer, 
A, is zero. But if this happens, the tetrahedron degener- 
ates into a plane figure, and it is sufficient to study the 
two triangles (f1,9:,W) and (p1,92,W) by the method 
described for vertex parts. This fact will be exploited 
in Sec. 5. 


q)’, W?= (pi-—q2)’, 


4. SCATTERING WITH NONZERO 
MOMENTUM TRANSFER 


In this section our method is applied to a fourth-order 
perturbation theory amplitude for two-particle scat- 
tering. For this case, L’ is not in general Euclidian, 
and it is of interest to enquire what will be the result 
corresponding to that of Sec. 2. It turns out that 
singularities are to be expected on a certain curve, in a 
manner which has already been incorporated in Mandel- 
stam’s‘ double dispersion-relation. Thus, we have a new 
way of looking at this particular feature of Mandel- 
stam’s representation. 

Let all particles have equal mass, M, to simplify the 
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formulas. Consider the “self-crossed” graph in Fig. 6, 
with the notation defined at the end of Sec. 3. For 
W?>4(A?+M"), the four momenta are real Lorentz 
vectors, and the Dyson-Eden theory applies. For 
W?<4(4?+ M*), one requires an L’ with signature 
(+, +; —, —). Then, in a Breit frame, write 

px’ = (A,0; A,0), qi’ = (w, 7; —A, 0), 

p2'=(A,0; —A, 0), ge’ = (w,n; A,0), 
where 

\= (M?+-A*)!= (a*+ 7")!, 
W?=2\(A+w), W?=2A(A—w). 


With a convenient choice of the integration momen- 
tum (x,y; 2,k), the zeros of the “Feynman” denomi- 
nators lie on the following four circles in the x-y plane. 


A—w\? dw— A? 
Ci: («+ Z ‘) + (y—4n)? (= -2) +, 
2 
) +R 


+R 
where 


The pairs of circles C; and C2, Cz and C3, C; and Cy, 
and C, and C; are each overlapping pairs for all R and 
z. This corresponds to the fact that each of the external 
particles is stable. The four centers are at the vertices 
of a rhombus whose center is at the origin, and the 
figure is symmetrical about either diagonal. 

If C, and C; overlap for all z and R, which is so for 
W <2M, then it can be verified that it is also the case 
that C;, C2, and C; contain a common point and C,, C3, 
and C, have a point in common.’ This is therefore a 
normal situation, with only, at worst, C,; and C, 
mutually displaced. Similarly, for W<2M, C; and C, 
overlap for all z and R, and there is a normal situation. 


4, 43 


Fic. 6. A Feynman 
graph for equal-mass 
particle scattering. 


t, P 


* That this must be so can be seen as follows. If one is concerned 
with only three of the circles, one need consider a set of only 
three of the external vectors, say ~;, g:, and W. These must form 
either a real Lorentz or a real Euclidian set. In the former case 
there are certainly no abnormal thresholds, and the result of 
Sec. 2 shows that the same is also true in the latter case. This is 
equivalent to the statement in the text 
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If A> M, neither of the above conditions can be fulfilled 
for |w|<(4?—M7*)/A. However, there is still not 
necessarily an abnormal situation. 

There is an abnormal situation only if there is some 
one value of z and R for which neither C; and C; nor C, 
and C, are overlapping pairs. The condition for this is 

(Aw)? << A?(4?— 2M?). 
This is just the region in which the spectral function 
of Mandelstam’s‘ representation does not vanish. The 
argument of this section, therefore, affords a new 
interpretation of this region. 


5. DISPERSION RELATIONS 


Since it is not clear at present how to generalize the 
preceding section to higher orders, we follow Symanzik® 
and replace the external momenta by a Euclidian set 
which, he proves, does not remove any singularities; 
thus placing rather crude bounds on the positions of 
the singularities. Having taken this initial step, how- 
ever, we are able to take advantage of the remark at 
the end of Sec. 3. The rest of Symanzik’s results then 
follow very quickly, and can be improved upon. 

Consider first nucleon-nucleon scattering. Using 
Symanzik’s Euclidian momenta [reference 6, Eq. (7b) }, 
for which the momentum transfer is zero, we can, by 
the remark at the end of Sec. 3, reduce the problem 
to the consideration of two-dimensional Euclidian sets, 
in the manner of Sec. 3. The argument that the internal 
lines in the dual diagrams are under pressure and can 
be removed (if selection rules allow) immediately shows 
that we need only consider Symanzik’s graphs in Fig. 6 
of reference 6, But it is not possible to draw any dual 
diagram for the graphs (b), (c), and (d) of that Fig. 6; 
and so one is left with Fig. 6(a), and not with Fig. 7. 
The limit on momentum transfer then comes out to be 
A?= yp’. 

Consider next pion-nucleon scattering, first of all 
allowing 3 vertices to exist. Then Symanzik’s choice 
of external momenta and our constructional technique 
lead us to study only fourth-order graphs, like that in 
Fig. 7(a), where g=yp? and p?=M*+2A*. For A? 
<4(Mu-+uy’) there are only normal singularities, with 
cuts only for |w| > (Myu—y’)/2d and a gap in between. 
At 4?=4(Myu+u’) abnormal singularities begin, corre- 
sponding to the dual diagram in Fig. 7(b), but a finite 
gap may still remain. The gap disappears, and our 
method consequently fails, when there is an abnormal 
singularity at o=0 (W=W). Then the dual diagram 
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Fic. 7. (a) A reduced graph for pion-nucleon scattering, 
neglecting the fact that the pion is ome per ae (b) A dual 
diagram connected with (a). kr ) A critical configuration of two 
dual diagrams connected with (a). (d) A typical reduced graph 
for pion-nucleon scattering, WA. the fact that the len is 
pseudoscalar. 


can be drawn in the rectangular form of Fig. 7(c), and 
trigonometry shows that 


v3 we i 
A? Ma(14 -) +)? 
2 4M? 


Now one can see what happens if the condition that 
the pion is pseudoscalar be imposed. Then graphs like 
Fig. 7(d) must be considered. For this graph, no dual 
diagram, corresponding to Fig. 7(b), can be drawn; for 
the 4% vertex wouid appear as a rhombus, which cannot 
fit into a triangle with which it shares an edge. Thus 
the method will not fail until the normal singularities 
meet at w=0, which occurs when A?=My. This is, 
therefore, a new lower bound on the maximum per- 
missible value of A?. 
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The matrix elements of various products of two currents between states of equal energy-momentum 
are studied. Use of the axioms of local field theory leads to an integral representation for the Fourier trans 
form of matrix elements of the retarded commutator in terms of two invariant momentum parameters. 
Further restriction on the class of allowed functions permits explicit incorporation of the mass restrictions 
as support conditions on the weight function. The “bound-state” term is separated off and related to the 
vertex functions. As a simple application, forward-scattering dispersion relations are derived by specialization 
of the Green's function. In particular, these can be obtained for nucleon-nucleon and K-meson-nucleon 


scattering. 





I. INTRODUCTION 


N this paper we study the matrix elements of various 

products of two field operators between two states 
with the same eigenvalue of the energy-momentum 
operator. The structure of these matrix elements is 
analyzed using the general postulates of local field 
theory: local commutativity, Lorentz invariance, and 
the existence of a complete set of physical states with 
positive energies. The asymptotic conditions are im- 
plicitly invoked to relate certain matrix elements to 
the forward scattering amplitude in the physical region. 
The consequences of these postulates are embodied in 
an integral representation for the Fourier transforms 
of these functions in terms of the two invariant mo- 
mentum parameters. The representation found is not a 
completely general one, that is, the class of functions 
so described does not exhaust these postulates. It is, 
however, significantly wider than that arising in usual 
perturbation theory. 

The basic technique has already been used in a 
previous paper! (hereafter referred to as I) dealing with 
the structure of the vertex function. For the Fourier 
transform of the matrix element of the retarded 
commutator of two currents we find a representation 
of the form 


Lo) (Dros 


; H(u,8) 


- | a3 du ——— ——, (1) 
= (M1 M28) k?+2pk8—pt+i(pkt+Bp’)e 

where \(M;,M;2,8) is a definite function, specified in 
the text, and M,, Mz are the masses of the lowest 
intermediaté states occurring in the decomposition of 
the matrix element. (We take A=c=1 throughout.) 


* Supported in part by Air Force Office of Scientific Research 
(ARDC). 
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1 Deser, Gilbert, and Sudarshan, Phys. Rev. 115, 731 (1959). 


The arbitrariness in the definition of the functional 
forms in the unphysical region in the (&,pk) plane is 
exploited in writing this representation, since the 
functions are defined for unphysical as well as physical 
values of k® and pk by the representation. The weight 
function H(u,8) is determined by the values of the 
Fourier transform of the matrix element in the physical 
region only. H(u,8) depends implicitly on p*, but this 
dependence is not analyzed; the information contained 
in the lower limits (M,,M_) of the mass spectra of the 
intermediate states is explicitly incorporated in the 
representation through the structure of the lower limit 
of the uw integration as a function of 8. 

We shall find that the integral representation of the 
time-ordered Green’s function everywhere in the 
physical region can be deduced from that of the com- 
mutator matrix element, provided certain “stability” 
criteria are satisfied. In this case, the commutator 
matrix element contains all the relevant physical 
information about the bilinear operator products for 
the state considered; in the unphysical region of real 
invariants the representation defines a suitable con- 
tinuation of these matrix elements. However, if these 
stability criteria are not satisfied, there is a restricted 
region of physical values of the (#*,pk) plane where the 
values of the time-ordered Green’s function cannot be 
deduced from the commutator matrix element. The 
stability criteria essentially require that a state whose 
wave function is the direct product of two wave 
functions corresponding to the state | p) cannot, through 
virtual interactions via the field represented by the 
currents, go into a state of lower rest mass. 

It is interesting to notice that these circumstances 
find a parallel in the propagation characteristics of a 
wave in a medium (rather than vacuum). If the 
medium is stable against small perturbations, the 
“propagation function” which describes the spatio- 
temporal dependence of a wave propagating inside the 
medium can be deduced in terms of the “influence 
function” which describes the wave generated at one 
point due to the influence of the wave (at a previous 
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time) at another point. If, on the other hand, the 
medium is unstable against small perturbations (of 
suitable wavelengths and frequencies) its spontaneous 
emission characteristics constitute additional physical 
properties of the system, not contained in the influence 
function. Provided we are considering that part of the 
propagation where there is no net transfer of energy or 
momentum between the medium and the wave, the 
modification of the propagation characteristics due to 
this critical instability would be confined to a definite 
region of frequencies and wavelengths. It is precisely 
this phenomenon that we encounter in the relation 
between the commutator matrix element (‘‘influence 
function”) and the Green’s function (“propagation 
function’’). 

The specialization of the retarded Green’s function 
to the mass shell of the projectile leads to an integral 
representation for the forward scattering amplitude. 
The functions so obtained are not a priori analytic in 
the upper half-plane of the invariant energy variable; 
there are possible singularities in the upper half-plane 
which are, however, confined to the unphysical region. 
This latter circumstance enables us to define a new 
function which is analytic in the upper half-plane and 
which coincides with the physical scattering amplitude 
in the physical region. It is then trivial to derive dis- 
persion relations for forward scattering. This derivation 
of forward scattering dispersion relations is applicable 
in all cases if certain stability criteria are satisfied, 
including in particular K-meson-nucleon scattering and 
nucleon-nucleon scattering. 

It is customary to remark on the relation between 
the existence of dispersion relations and classical notions 
of causal propagation. We shall indulge in this only to 
the extent of pointing out that the usual connections 
assume that the medium in which propagation is studied 
is “passive” and does not act as a (fluctuating) source. 
The on-the-mass-shell stability criteria (which are 
different from the stability criteria discussed before) 
are symmetric in the projectile and target masses, and 
imply that there is no possibility of de-excitation of the 
“medium” with the emission of a pair of physical 
“quanta” (i.e., waves satisfying a definite frequency- 
wave number relation). The causal property requisite 
to the derivation of analyticity for the wave propagation 
amplitude (sometimes called “the principle of limiting 
distance”’) is not satisfied if these stability conditions 
are violated and we would not expect to find dispersion 
relations for the wave propagation in such a medium. 
These qualitative ideas are in fact borne out by the 
forward scattering amplitude which we deduce by the 
specialization of our representation. 

The domain of validity of the stability criteria is 
significantly extended by separating, from the integra! 
representations for the operator matrix elements, the 
contributions from any discrete intermediate states. 
The mass spectrum of the intermediate states often 
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consists of a discrete line together with a continuum 
starting at a higher threshold. Methods of separating 
this contribution are given and the relation between 
this term and “the coupling constant” term (“renor- 
malized Born approximation’’) is briefly discussed. 

It may be stressed at this point that the problem 
itself is not new, nor is the idea of constructing suitable 
integral representations. However, our approach to the 
problem is somewhat different and the elementary 
fashion in which mass spectrum restrictions are incorpo- 
rated is instructive. This result is due in part to the 
narrower class of functions here considered. Also, we 
fix the mass of the state |p) at a real positive value 
throughout the analysis and manipulate the physical 
function so defined. The dependence on f* is not 
analyzed further and no analyticity in # is claimed for 
either the function represented by the integral or the 
weight function H(u,8). In general, the physical mass 
(p*)! is outside the domain of analyticity, a point 
which was discussed briefly in I. 

At this point, one might consider the extension 
of this analysis to nondiagonal matrix elements 
(pi\Lj1,J2]| p2) and to the dependence of the weight 
functions on the ‘external’? momenta. However, these 
investigations are of a somewhat different type and are 
best treated separately. They form the subject of a 
subsequent paper, where the generalization of the 
present techniques is outlined. 

Section II deals with the derivation of the integral 
representation with the restrictions imposed by the 
lower limits of the mass spectra explicitly incorporated. 
In Sec. III, the contribution from discrete intermediate 
states is separated and the connection of this contri- 
bution with the vertex function exhibited. The analytic 
continuation of this contribution, necessary for the 
existence of dispersion relations, is shown to follow 
naturally. Dispersion relations for forward scattering 
are discussed in Sec. IV, while in Sec. V some general 
comments are made on further properties of the 
representation. 


Il. THE INTEGRAL REPRESENTATION 
Consider a matrix element of the form 


( (x) p ene: 2), j2(—x/2) ]| p), (2) 


where j:(x), j2(x) are two local “current” operators, 
which are not necessarily hermitian. From Lorentz 
invariance it follows that this “diagonal’’ matrix ele- 


ment is a function of x only through the invariants 2? 
and px, with the property that 


C(x)=0 if x<0, 

since the commutator vanishes for spacelike points. 
This condition, together with the axiom of completeness 
of the positive energy states, is sufficient to assure a 
representation for the Fourier transform of the matrix 
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element of the form 


s@)=f anf as 
= _p%p? 


XH (uf)e(pk+Bp’)s(’+2pkB—pu). (3) 


The derivation of this representation is very similar to 
that presented in I for the vertex function.' The 
essential point is to notice that the invariant function 
{(&) depends only on one other (timelike) vector, , 
and hence admits a Jost-Lehmann representation? of 
the type 


f()= f auf ae ex(uf) 
ut<p? “0 


0 
+extu)—|A(k—w), (4) 


Oko 


with a spherically symmetric weight function in u space. 
We use the freedom, embodied in the Dyson identity,’ 
to convert this representation over a spacelike vector 
parameter into a representation parametrized with a 
timelike vector proportional to p,. The finite limits on 
the 8 integration in (3) directly reflect the integration 
over the finite sphere in the yu space. The representation 
(3) includes explicitly only causality and the complete- 
ness of the positive energy states. The weight function 
H(u,8) is not, in general, a Schwartzian distribution; 
to incorporate the mass restrictions below, we shall 
confine H(u,8) to be a tempered distribution.‘ 

We now employ the information contained in the 
mass spectrum to further restrict the range of variation 
of the parameters » and 8. We expand the matrix 
element (2) over the complete set of eigenstates of 
energy-momentum vectors. 


C(x) =X nl(p| j1(%/2)|m)m| j2(—2/2) |p) 

—(p| j2(—%/2)|m)Xm| j1(x/2)|p)}. (S) 
If M;, M; are the lowest masses that give nonvanishing 
contributions in each ordering in (5), it follows that for 
real k, f(k) vanishes unless (p+)?2>M/;? or (p—k)? 

? R. Jost and H. Lehmann, Nuovo cimento 5, 1598 (1957). 

*F. J. Dyson, Phys. Rev. 111, 1717 (1958). 

‘This statement is equivalent to the following specialization of 
the functions used here from those permitted by Jost and Lehmann: 
In coordinate space, the general functions of the type they con- 
sider have the form 


7, sintul (px)*/p?—2*}) me 
foasf rT pe ” es ra) == A,?(x*)b (y?,s? ° 


Use of the Dyson identity brings this into the form 
| 282 p2 ed 
| , dpe | du? Io{ [x7 (@p?—p? }) | ds? Ag (x*)@(p?,s*). 
. “9 


The class of functions that we are using are those for which the 
function 


8? p? ‘ ” 2 
e@)= J, dw W{(2 Pw) WJ, ds ao ours 


is expandable in the complete set A,*(2*), i.e., those functions 
g(x*) which are sufficiently well-behaved for large values of 2°. 
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Case 8 


Fic. 1, The region &, in which the Fourier transform 
vanishes, in the (&*,2pk) plane. 


2M/?. For all real vectors k, (pk)*> p*k’, and so all 
physical values of the invariants lie outside the parabola 
@ in the (#,2pk) plane. The mass conditions are that 
f(#,pk) vanishes in the region ®, that part of the 
(R*pk) plane outside @ where #°+2pkQM/— 7’; 
RP—2pkoM/—p’. 

Two distinct cases arise (see Fig. 1): Case A: Mi +M, 
22x, the two physical regions in which f(k,pk) does 
not vanish are disjoint and the region ® has part of 
the parabola @ as its boundary. Case B: M,+M2< 2x 
and the physical regions overlap. 

Case A is the natural one and holds if, in particular, 
the particle states are stable in a sense that we will 
discuss later. 

For every point in the (#,pk) plane the function 
J(#’,pk) receives contributions from the integral (3) 
along a line in the (u,8) plane given by the equation 


k?+-2pk8—p=0. (6) 


The parabola @ in the (4,pk) plane generates a set of 
lines in the (u,8) plane which have as their envelope 
the parabola u= —§*p”. The part of the line k°+-2pk 
=m,— p* in the physical region generates a pencil of 
lines through (~?—m,*, —1) lying between the tangent 
of positive slope and the line 8=+1. All other points 
in ® generate lines in the (u,8) plane which cover in 
the strip —1<8<¢1, u2 —6*f" only the region already 
swept out by these two pencils. The set of points along 
a line pk=b generates a set of parallel lines. All the 
lines generated by points in ® intersect the parabola 
u=— Sp (or at least touch it, in Case A) and the 
e-function in (3) changes sign inside the parabola (or 
at the point of contact) where H(u,8) vanishes. 

These properties are sufficient to enable us to use a 
lemma of Jost and Lehmann’ to conclude that the 
representation is unique and that the support of the 
weight function H(u,8) is in the region $ consisting of 
the part of.the strip 8’: u>—6’p?; 1>8>—1 not 
covered by the lines generated by points in ®. The 
regions for the two cases are 


u>d(Mi,M2,8) = max{ (Mi—x«)?+2«(Mi—«)8, 
(M2—x)?—2x(M2—x)8}, (7A) 
1 if 2k M, T UM >, 
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u>d(M,,M;z,8) = max{4(M2+M?)—2¢ 
+4$(M?— M;?)B, — 6x"), 
if 2«k>M,+M:;, 


and are illustrated in Fig. 2. 

It is to be emphasized at this stage that, to start with, 
we know the Fourier transform of the function C(x) 
only for real values of k and hence the function /(#,pk) 
only for the arguments outside the parabola (pk)*= k*p*. 
The representation (1), however, uniquely defines an 
extension of this function for all real values of the 


(7B) 
1>8>-1 


invariants. In particular, for Case A, the function so - 


defined vanishes in the unphysical segment sliced off 
by the chord joining the points of intersection of the 
two boundary lines with the parabolic boundary. 

On the other hand, for extreme values of the masses 
the contribution to the matrix element from a class of 
intermediate states has to vanish in the physical 
region: For example if My+«<M2—x«, the contribu- 
tions of the class (p| j1(x/2)|m)(n| j2(—x/2)|p) vanish 
for all states which satisfy (M,+«)?<n?< (M,—x«)*. 

At this juncture we should remark that our repre- 
sentation for the commutator matrix element as well 
as for the Green’s function is incomplete since sufficient 
attention has not been paid to the (improper) limit of 
these expressions as x—»0. These singularities are of 
the nature of 6-functions or their derivatives of finite 
order and correspond in general to structures for the 
commutator of the form: 


esau e(pk-+8p70(0+ 2ph8—p) 


iN 
x x H,(u,8)(pk+Bp*)", (8) 

=I 

where the summaticn is finite. 

That the weight function H (u,8) in our representation 
is real, irrespective of the nature of the currents, can be 
shown to follow from 7P, or equivalently C, invariance. 

From the representation for the matrix element of 
the commutator, one may immediately write down the 
representation for the corresponding matrix element of 
the retarded commutator in the form: 


Gra(k) =i f ds: 0(x)e**(p|[ju(x/2), jx(—2/2)]1 9) 

f H (uf) 
= | dBdp . 9 
s P+ 2pkB—pti(pk+Sp)« 





On the other hand, the time-ordered Green’s function, 


G.(i)=i f ax e*=(p| (j1(x/2)jo(—2/2))4| p), (10) - 


is not so simply related to the expression for the 
commutator. Nevertheless in the normal case A, it is 
indeed possible to write down a representation for this 
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Fic. 2. The region §, the support of the weight 
function H (u,8), in the (u,8) plane. 


Green’s function, since in the physical region the 
contributions from the two orderings of the commutator 
are quite distinct. Consequently the representation of 
the Fourier transform of the relarded commutator is 
identical to that for the time-ordered Green’s function 
provided one drops the sign factor associated with the 
infinitesimal imaginary term. One obtains 


H(u,8) 
G,(k) = f asd 
8 k®+2pk8—ptie 





(11) 


(for case A only). 

We cannot write the time-ordered Green’s function 
for case B, however. In this case the two physical 
regions in the (#*,2pk) plane cross. The mass condition 
for this to happen is 2x > M,+Mz;. Here, although the 
single parti-le « may be stable, the assertion of non- 
vanishing matrix elements connecting the particle to 
the states M, and M; is the assertion that the quantum 
numbers of the particles are such that two « particles 
may spontaneously interact to form the combination 
of states M, and M;. The commutator, and thus the 
causal Green’s function, does not contain all the 
information, since we cannot isolate from this commu- 
tator the time-ordered product of the operators. This 
is in close analogy to the scattering from excited or 
unstable systems, in which the causal response does not 
determine the free decay. 


Ill. FURTHER SPECTRAL INFORMATION: 
THE “BOUND STATE” TERM 


There is still another item of information in the 
spectral decomposition that we can explicitly impose 
upon our representation. If the state of least mass 
occurring in an ordering of the commutator is a single- 
particle state isolated by a finite gap from the states of 
higher mass, which often is the case if we ignore the 
electromagnetic interactions, we know that the Fourier 
transform of the commutator, {(#,pk), will vanish in 
the physica! region for all values of the invariants # 
and pk that lie between the single line in the (#,2pk) 
plane associated with the single-particle state and the 
beginning of the continuum states. This additional 
information cannot be simply expressed as the vanishing 
of the weight function in a region larger than the one 
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we have found. Our arguments lead us to the smallest 
convex support for 1/(u,8) but no further. As we shall 
see, this new information takes the form of an integra- 
bility condition on the weight function and allows us 
to integrate away the weight function in the region of 
the (u,8) plane associated with this new region in the 
(k*,2pk) plane at the expense, in the Green’s function, 
of a new denominator. To exploit this structure we 
shall modify this term, write a new representation for 
the modified functions, and then reinstate this contri- 
bution. 

As an example of such a structure, let us suppose 
that, in the first ordering of the commutator, the mass 
M is a single-particle mass and the continuum begins 
with a mass M,;>M. The term in the commutator 
arising directly from the single-particle state is 


f(R,pk) = 2n0(p?-+ ph)5((p-+k)?— M2) 


where g=k+ p, and the sum is over the other quantum 
numbers of the single-particle state. The other term 
that makes up the expected e(~?+ pk) structure arises 
in the other order of the commutator from states 
containing three particles, one of mass M and a particle 
and antiparticle of mass x= (p*)*. This 5-function term 
may be removed by defining a new function: 

J(R,pk)=((k+p)?— MM?) f(#, pk). (13) 
This f function will now vanish everywhere in the 
physical region except in the regions defined by the 
thresholds of the continua M, and M>2. The modified 
function in coordinate space: 


C(x) = {— 02+ 2ip,d"+ p?— M2)C (x) 
is still a causal function. We write a new representation 
for f: 
se,pk)= f dBdu 
3’ 


X e(pk+Bp*)5(k+2pk8—p)A(u8) (14) 
with the limits ; 


8’: w2(Mi,M2,8); 1282-1. (15) 


We turn now to the retarded Green’s function and 
consider the action of our polynomial factor upon it. 


{ (k+-p)?— M}G(k, pk) = —i f dx 6(x)C (x)ett 


+ fas e***5(x9)(2pot+Rot+ido)C(x). (16) 


The first term is the retarded Green’s function associ- 
ated with the modified commutator. The second term 
arises from the boundary during the integration by 
parts and is, by invariance, causality, and locality, at 
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worst a polynomial in ? and pk whose structure can be 
determined from the canonical commutation relations 
and the field equations. We set 


| dx e***§ (x9) (2pot+kot+ido)C(x)=P(k,pk). (17) 


Then evaluation of the retarded integral in (16) leads to 
{i+ 2pk+ p?— M7}G(K, pk) 


Al (uf) 
=f din — —+ P(k*, pk). (18) 
3’ k?+-2pk8—pt+i(pk+Bp*)e 


Since the right-hand side of (16) is analytic in the 
upper half &o plane for all physical momenta, the left- 
hand side is also analytic above the real ko axis and we 
deduce : 


P(,pk) 
(gh ———$—$— 
{(k+- p)*— M?} +i(p?-+ phk)e 
1 
— 
{ (k-+-p)*— M2} +i(p?-+ phe 
A (u,8) 


(19) 


xf dBdu - —. 
3’ k?+2pk8—ut+i(pk+Bp")e 


This representation makes explicit all of the information 
we can deduce from the mass spectrum and embodies 
the tightest restrictions on the range of uw and 8 that 
we have been able to draw. If the two denominators 
were combined, this representation could be reduced to 
the form (1) with a concomitant increase in the ranges 
of the parameters in the weight function. 

A way of re-isolating the “bound-state” term is to 
extract from (19) the imaginary part, that is, the 
commutator : 


C(, pk) = (p+ pk)d((k+ p)?— M*){A(#) 


1 
+ P(e, }(M?— p*—k))} + e—— 
(k+p)*—M? 


xf e(pk+(p")5(k?+ 2pk8—u)A (u,8)dBdu. 


Here 


A (R*) = dBdu 
/ 3’ k? 


FT (u,8) 
1—8)—»+8(M*— p*) 


© 41 (c)de 
= RP — 
) k? —ey 


~ oF 


(20’) 


: ), (20’”) 


where 


Al (u.8) 
(co) = f aay _ i(« - 
i—B 


i—£s 





STRUCTURE OF FORWARD 


and 
oo=min{c: pf in $} 
(M?— x*)(M,— M2)+2«(Mi—«)(M2—«) 
. Mi—My+2« 
M,>M>2«x—M, 
2x—M,>M. 





for (21.1) 


=4(M’+M/7)—« for (21.2) 
The value of oo represents two things. It is the point at 
which, as # increases from spacelike values, A(k*) 
ceases to be an analytic function of &*, and it is the 
point along the line #*+2pk+p?=M? at which the 


second 6 function in (20) begins to be satisfied. In the 


case corresponding to (21.1), oo lies in the nonphysical © 


region of the (k,pk) plane, in (21.2) it lies in the 
physical region. In the physical region, for values of 
the invariants that satisfy only the first 5-function in 
(20) and not the second, A(#*)+ PLR, (M?—k— p*)/2} 
is the product of matrix elements corresponding to the 
product of two vertices in (12). Thus we have shown 
that this product is real and analytic as a function of 
k* for k?<oo. Using the representation of I for the 
vertex we could show that this product of vertices was, 
in general, analytic beyond oo up to some o;. Therefore, 
between oo and a, the weight function K(c) in the 
representation for A(k*) vanishes, since the latter is 
defined everywhere as a principal part integral. 

Since we shall, in the next section, explore the 
analytic properties of this representation for the re- 
tarded Green’s function as a function of pk, we rewrite 
the representation by adding and subtracting from the 
integrand the term [A (u,8)/[k(1—8)+ (M?— p*)8 
— | to obtain 


A(R) +P (R,pk) 
[(k+ p)?— M"]+i(p?+ phe 


f 6A (u,8) 
—@P] dBdp - 
{(2-+2pk8— u)+i(pk+Sp")e} 


x {#?(1—8)+ (M?— p*)6—p} 


IV. FORWARD DISPERSION RELATIONS ‘ 





G(R, pk) = 





(22) 


Simple applications of our integral representations 
are the dispersion relations for the forward scattering 
amplitude.’ The physical values of this amplitude are 
obtained directly from the representation by putting 
the projectile momentum on the mass shell, taking 
k?=m?. As an example of the behavior of the bound 
state term, consider (22). The first term in (22) then 
has the form of a simple pole in the variable pk, the 
pole occurring in general outside the physical region of 
pk: (pk)?> p’m®. The residue of this pole is simply 
related, as we have seen, to the analytic continuation 


*M. L. Goldberger, Phys. Rev. 97, 508 (1955). 
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of the vertex function and can be used in the usual 
way to define the coupling constant. 
The rest of the 7-matrix function has the form 


A (uf) 
f asap til 
3’ (m?+- 2pk8— u)+i(pk+Bpr)e 


where 8’ is given by (15). 
This has the form 


fa 





hy(c) 


(24 
pk—ot+ie 


he( 
pel 
pk—o—te 


An, 
ito f dain en ee ~ Yo +0), (24.1) 
3’ “th 


Aly HB) p—m* 
hale) = I dBdy- o—a(°- ~) 
28 


x0(- : -#). (24.2) 


If m? > max{(M,—x«)’, (M,—x«)*}, then both A; and hy 
are in general not zero and no analytic information can 
be deduced. In the special case of symmetrical masses 
(pion-nucleon scattering), if m’=(M,—«)*=(M2—«)*, 
then h2(¢)=0 and h;(¢) vanishes if |o| <«m. This is 
then directly the form embodied in the dispersion 
relation and we can deduce that T(pk) is analytic in 
the upper half plane. 

The other important special case arises when the 
particle can react exothermically in one order. Then 
m? = (M,—«)*>(Mz—«)* and we have the following 


structure: 
<m hy(o) 
+f da — 
a( Mi—«) pk—ot+ie 


hi(o) hy(o) | 


hy(o) 


T (pk) = ie 
Yum pk—ot+ie 

«( M)—«) 

+f 


do| — 


lhe bic ie “ a—te 


e hy(o) 
+f do- ~_, 
_» pk—otte 
Although the function 7(p&) is not an analytic function 
of pk, it is only in the nonphysical region that the cut 
lines lie on both sides of the real axis in the pk plane. 
For physical values of pk, the denominator of the term 
in Ay never vanishes. Changing the sign of ie in this term 
defines a new function, 7'(pk), analytic in pk in the 
upper half plane. This representation is again directly 
a dispersion relation, in this case for nucleon-nucleon 
scattering and K-nucleon scattering. These relations 
differ from those that have been suggested® in that the 
© Goldberger, Oehme, and Nambu, Ann. Phys. 2, 226 (1957); 
P. T. Matthews and A. Salam, Phys. Rev. 110, 565 (1958); 


C. J. Goebel, Phys. Rev. 110, 572 (1958); K. Igi, Progr. Theoret. 
Phys. (Kyoto) 19, 238 (1958). 


(25) 





DESER, GILBERT, 
weight function does not vanish in part of the non- 
physical region. 

Other cases can easily be derived from the form of 8. 
Dispersion relations for the spin-flip amplitude’ or for 
the derivatives of the amplitude with respect to the 
angle evaluated in the forward direction may be 
obtained by using representations of this type to exhibit 
their structure as Fourier transforms of causal functions 
with specified mass spectra. 


V. CONCLUDING REMARKS 


In the previous sections we have shown how the 
information contained in the mass spectrum can be 
used to construct an integral representation with real 
weight functions for diagonal matrix elements of various 
products of two field operators. We have throughout 
worked with manifestly covariant expressions, and this 
applies in particular to the method of imposition of the 
lowest mass limits. The symmetric point-to-line corre- 
spondence between the (#,pk) plane and the (u,8) 
plane affords a rapid graphical method of defining the 
support of the weight function H(y,8), carried through 
in Sec. III. The weight function as obtained is unique 
and no further support conditions can be imposed on it 
from our axioms alone. The representation does not 
necessarily exhaust the contents of these axioms. 

One has the freedom of redefining the continuation 
to the unphysical region of any physical function, and, 
depending upon the specific application, the continu- 
ation could be taken differently. For any continuation 
other than that here used, however, a representation of 
the form of Eq. (1) would require an unbounded range 


“7A. Salam and W. Gilbert, Nuovo cimento 3, 607 (1956); 
R. Oehme, Phys. Rev. 100, 1503 (1955). 
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in 8; in that case, our method of incorporating the mass 
restrictions as support conditions on the weight function 
could not be carried through. We have exploited the 
freedom in the continuation to the unphysical region in 
the construction of the forward dispersion relations by 
“moving” the cut lines in the unphysical region to effect 
a trivial analytic continuation. This method enables us 
to construct dispersion relations for nucleon-nucleon 
and K-meson-nucleon scattering. Unlike the situation 
in the dispersion relations which have been conjectured 
before,® the analytic scattering amplitudes in our rela- 
tions are nonvanishing throughout the unphysical 
region —«xm< pk<x«m. For the amplitude to vanish in 
certain parts of the unphysical region, additional speci- 
fication seems necessary. As far as the general theory 
is concerned, symmetric mass restrictions (say, pion 
scattering) are, in this sense, essentially distinct from 
unsymmetric mass restrictions (say, nucleon-nucleon 
scattering). 

It is to be noticed that, after specialization of the 
projectile to the mass shell, one should expect the 
structure of the amplitude to be symmetric between 
the two particles, and this is in fact true of both the 
specialized function T(pk) and the modified function 
T (pk). 

If the state |p) is a one-particle state, further 
analytic information may be obtained: the possibility 
of associating a local field with a one-particle state | p) 
implies information on the dependence of the matrix 
element, and consequently of the weight function, on p’. 
Similarly, the fact that, after separation of the bound 
states, the contributing intermediate states contain 
two or more particles may impose further restrictions 
on H(u,8). These matters will be treated elsewhere. 
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An integral representation for a general matrix element of two field operators between eigenstates labelled 
by an arbitrary number of momenta is presented. This representation is conveniently parametrized over 
a set of invariants related to the total momentum and momentum transfer, and explicitly incorporates 
spectral conditions. Physically interesting dispersion relations for off-forward scattering cannot be obtained 


from this representation alone. 


1. INTRODUCTION 


ie previous papers' we have suggested a simple 
representation for the vertex function and forward 
scattering amplitude, consistent with the usual require- 
ments. This representation was of interest due to the 
particularly transparent form of the parametrization, 
and to the ease with which the mass restrictions could 
be incorporated. A natural question arises therefore, 
as to the possibility of reaching with the same method 
similar forms in the cases of the off-forward amplitude 
and the most general two-point function with arbitrary 
momenta, labelling the initial and final eigenstates. 
Indeed, it is easily shown that a similar representation 
can be written for the off-forward case, which becomes 
especially simple in terms of the total momentum vector 
and a quantity related to the momentum transfer, and 
involves one more parametric dependence. Similarly, 
it will be shown that the general case involves only one 
further space-like vector and corresponding parameter. 
Thus the kinetical preliminaries and the incorporation 
of causality requirements involve no particular diffi- 
culties, and the introduction of information combined 
in the mass spectrum can then be carried through. 
While the existence of three parameters greatly compli- 
cates the algebra involved, there is no difficulty of 
principle in incorporating these restrictions by methods 
similar to those of I and II. Just as in I and II, the 
representations so obtained satisfy all the usual require- 
ments but are not dictated by them. 

While these representations yield information con- 
cerning the analytic behavior of the corresponding 
generalized Green’s functions, their specializations to 
the energy shell in the case of off-forward scattering for 
situations of physical interest do not yield analytic 
information needed to derive dispersion relations. In 
view of their simple parametric structure and of the 
information displayed by the representations, they 
may prove, however, to be useful in studying virtual 
processes. 
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and preceding paper [Phys. Rev. 117, 266 (1960) ]. These will 
be referred to as I and II, respectively. 


2. INTEGRAL REPRESENTATIONS FOR THE MATRIX 
ELEMENTS OF THE COMMUTATOR 


We wish to derive a representation for the momentum 
state matrix elements of the commutator of two local 
field operators: 

h(x,p,p’)=(p|Cji(x/2), j2(—2/2)]| 9’), (1) 


under the restrictions 
(a) [ji(x/2), j2x(—2/2)J=0 for 
(b) (p| jiln)=0, 
(p| j2|m)=0, 
and (c) Lorentz invariance. 

By the methods of paper I, one can obtain a repre- 
sentation for the Fourier transform, f(k), of A(x). 
Before this is done, it is convenient to define the time- 
like state momentum vector P and a spacelike unit 
vector Q orthogonal to P as follows: 

Mo+P)=P, (0-2P— (0-9) PP/P=D, 

= Q/(Q)!. 


In terms of these, {(k,P,Q) has the representation 


<0, 
n? <n? 
n? <n? 


f(b,P,Q)= f duds H(u,8,y)e(BP*+P-k) 
X3(B4+2P-kB+20-ky—n), (3) 


where the causality condition is embodied in the lower 
limit of thé mw integration: p> y= —-#P??—/~C=/7 
—(#’P*. The integrations over y and B run out to 
infinity, and + is, of course, the new parameter corre- 
sponding to the new momentum Q. The weight function 
H (u,8,y) depends implicitly on P and Q. 

In order to proceed with the imposition of the mass- 
spectrum conditions in Sec. II, the assumption must 
be made that the weight function H vanishes sufficiently 
rapidly for large u and 8. Alternatively, we could have 
proceeded as in I, and derived this form from a Jost- 
Lehmann representation by using a modified Dyson 
identity to rotate one of the parameters from a spacelike 
to a timelike direction; this would have yielded a 
weight function nonvanishing only in the region 


PP+y7ohP; u2m0. (4) 
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This procedure would also have necessitated the addi- 
tional assumption that the weight function was a 
Schwartzian distribution. 


3. SPECTRAL CONDITIONS 
By a decomposition with respect to a complete set 

of intermediate states, one can write (apart from 
numerical factors) 
S(R)=L 6(k+P—mi)(p| fil mimi] ja] 9’) 

—L 5(k—P—mz)(p| j2| m2)(ma| 71 p’), 
which implies that 
S(k) = f(#,2P-k,2Q-k)=0 
(P+k?P< ni, 


(S) 


for (P—k)*?<n?, (6) 


provided one is really in the physical region of the 
invariants defined by 

4k? < {(2P-k)*/P*}— (20-k)?. (7) 
The integral representation contains a 6 function which 
restricts the integration of the weight function H (y,3,7) 
to the plane 


k®+2P-kB+20-ky=u. (8) 


The mass conditions assert that in the physical domain 
of the invariants, i.e., on one side of the saddle 


4k? = { (2P-k)*/P}— (20-k)?, (9) 


in the wedge ®.included by the planes 


2P-k+h=n?Z—P*, —2P-k+h=n/~—FP*, (10) 
(the proper wedge being chosen by including the points 
for k* large and negative), the function vanishes. 

To make explicit use of this property, one has to 
overcome the complication of the «(P-k+-8P*) factor. 
We already know that H(u,8,7y) vanishes on one side 
of the saddle. 

Bg mo=7—- PP", (11) 
in the (u,8,y) space. By an explicit calculation one can 
show that for all points in the physical region, the 
expression «(P-k+ $P*) changes sign in the finite seg- 
ment intercepted by the saddle; and thus may be 
replaced by ¢«(P-k) for physical values of k&. We thus 
have the result that /dudBdy H(u,8,y)é(#+2P-ks 
+2Q-ky—) vanishes for points lying in the physical 
part of the wedge ®(10). 

Two possible physical situations can arise according 
as this wedge does not or does have a common domain 
with the unphysical region of the saddle (9). We shall 
call these case A and case B, respectively. In case A 
the physical region where the function is known to 
vanish is a wedge with no straight line boundaries, 
truncated by a curved surface, but in case B part of 
the wedge is not bounded by the saddle and the region 
does have a straight edge of finite length. 
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A point (%,2P-k,20-k) determines a plane in the 
(u,8,y) space and the vanishing of f(&) in the (trun- 
cated) wedge corresponds to the integrals along a dense 
set of planes in the (u,8,7) space vanishing identically. 
Provided the function H is of sufficiently fast decrease, 
these conditions are adequate to impose support 
conditions on H. To this we now turn. 


4. SUPPORT CONDITIONS 
Case A. n,+n.>2P 


In this and the following sections we assume that the 
weight function H (z,8,7) is a distribution of sufficiently 
fast decrease so that the condition for the vanishing of 
the integrals along a set of planes dense in a certain 
region 8’, in general unbounded, is that the weight 
function itself should vanish in 8’. 

We now that the mass-spectrum limits 
discussed in the previous section do indeed provide such 
a dense set of planes, corresponding to the (dense) set 
of points of the wedge ®. The domain 8’ in the (u,8,7) 
plane is bounded by the envelope of the planes gener- 
ated by the boundaries of the domain ®. The boundary 
of ® consists of the intersections 


+2P-k 


observe 


ny - Pp’. 


91°) 4324 (20-k)?— (2P-k)?/P*=0 


’ 


4 R—2P-k=n’—F’, 
92°) 4224 (20-k)*— (2P-k)?/P*=0. 

Notice that the planes generated by points on the plane 
#+2P-k=n;—F* all pass through the point p=," 
— P*, 8=1, y=0 and similarly all the planes generated 
by points on #*°—2P-k=n2—FP* pass through p=n?* 
—P*, 8=—1, y=0. Further any point on the saddle 
k?+ (Q-k)*— (P-k)*/P?=0 generates a plane tangent to 
the saddle u+-6°P?—~+7?=0. Thus 9; generates a set of 
tangent planes to the (u,8,y) saddle passing through 
(ny— P?, 1,0) and 92 generates a set through (n’— P*, 
—1,0). The problem is thus reduced to finding the 
region 8’ swept out by these planes and bounded in 
part by the envelopes of these two sets of planes. 

To find these envelopes, let us first parametrise the 
set of planes generated by g;. Let any definite plane 
of this set touch the saddle .=7’—§*P? at the point 
(u’ 8’ vy’); then these quantities satisfy 


p=7"—-B°’; py’ =P?—n?—2p' FP. 
The latter condition follows since the tangent at the 
point to the saddle is 


(uw!) =17'—B8'P*, 


and any plane of the set generated by 9; passes through 
the point (m,°— P?, 1, 0). Consequently, the set may be 
parametrised by their points of tangency u’=P*—n; 
+2P*%r, p’=h, y’=+[(1—A)*P*—n;*}', so that the 
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Fic. 1. The support of the 
weight function H (u,8,y) in a (u,8) 
plane, case A. 








planes form the family: 


u=nP—P24+2P%(1+8)r\+2y7[ (1—d)?P2— m7}. (13) 


The envelope of this family is 

p=n?e+(1+28)P?—2n,[ (1+8)2P?—7'}!; |8| <1. (14) 
Similarly, the envelope of the family generated by 92 is 
w= ny?+(1—28)P*— 2m (1—p)?P*—4"}'; |B] <1. (15) 


These envelopes are segments of hyperboloids with 
their centers of symmetry at the points (m’— P*, 1, 0) 
and (m*-—- P?, —1,0) and are ruled surfaces with the 
one-parameter family of tangent planes touching them 
along a line. For y=0 either hyperboloid degenerates 
into a pair of lines; for one of these it is 


2(mP—P*)B+u— (m—P)=0, 
—2(m,P+P*)B+pu— (n2+-P)*=0, 


which incidentally constitute the asymptotes for the 
envelope for all values of . 

We may now define the domain 8’. For this purpose 
notice that the limiting planes which are tangent to 
the saddle at infinity are tangents to the envelopes for 
the largest permissible value of » and these are parallel 
to the w axis. Thus the region $, the support of H (u,8,7) 
and the complement of 8’, is bounded by the envelopes 
and their horizontal tangents: 


[ max{n,?+ (1+28)P*—2m,[(1+8)P*—7*} 
$ 


(16) 


+-n?+ (1— 28) P*?— 2n[ (1—8)*P?*—-+* }}}, 
—1+|y|/P<8<1—|y|/P. (17) 
This region is illustrated in Fig. 1 where § is shaded. 


One observes that the cross sections in the (8,7) 
plane are bounded for all 4; the maximum allowable 


(n?-P?, ye" 


REPRESENTATIONS OF TWO-POINT FUNCTIONS 


- ly| 
py 2lylp,-14->) 


wm 


value for |y| is P at which point the two tangent lines 
coincide. The region in the (u,8) plane is widest for 
7 =0 in which case the hyperbolic boundaries degenerate 
into their asymptotes, the parallel strip is bounded by 
the lines 8= +1; and we have a configuration familiar 
from the representation of the forward scattering 
amplitude of IT; we notice also that the mass parameter 
« occurring there is here replaced by the quantity P. 


Case B. n,+n,<2P 


In this case the associated geometric problem is very 
similar, except for the fact that for very small values 
of the variable 20-k the wedge ® does not extend up 
to the bounding curves 9; and 92 but is terminated by 
the line 
#+2P-k=n?i— P*, 


bi k°—2P-k=n?— Pt, 


(18) 


up to a definite value of the variable 20-k. There are 
two such values (for either sign of 20-k) and at the 
corresponding points the curves 9;, $2 and the line / 
intersect. These points are 

BP=43(n?+n7)—P*, 
2P-k=}(n’—n/?), 


—erey (19) 


=+2r. 


The line / generates a set of planes passing through the 
two points (m’—P*,1,0) and (n/?—P?, —1,0). The 
domain § is bounded by the subsets of planes generated 
by the segments of the curves 9;, $2 and of the line 
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Fic. 2, The support of 7 for case B. 


which form boundaries of ®. The family of planes 
generated by / is 

u=4(n2+n.")— P?+4(nP2—n")B—2yy'’. (20) 
This family has two planes common to the families 
generated by 9; and J, namely 


p= 4(n2+n,")— P?+} (n2—n?)B+27y. (21) 
The domain § is, then, bounded in part by these 
envelopes and these two planes. In order to see precisely 
how the domain is bounded it is necessary to examine 
the segment of the envelope actually generated by the 
allowed tangent planes. For this purpose notice that if 
the one-parameter family of tangent planes is labeled 
by the value of y’ for the point of contact of this plane 
with the saddle, the representative points (lines) along 
the envelope curve (surface) in the (4,8) plane [ (u,8,y) 
space | form a monotonic sequence. For y’=0 these are 
points at infinity 8 while for y’— © these 
approach the points B= (1—|y|/P). Hence in the 
present case (case B) where |'| cannot be less than a 
certain value, it follows that only a finite segment of 
the asymptote is a true boundary. The exact points 
can be obtained analytically. 

But a more elegant method is to notice that in this 
case the planes (21) are also tangent to these envelope 
surfaces and furthermore, they are common tangents to 
these envelopes. It can also be seen that the points 
(lines) of contact of these tangents are the required 
limiting points (lines) on the envelopes. Consequently, 
the domain § is bounded by this plane, the saddle, the 
segments of the asymptotes concave towards the u axis 
and the tangents to the envelopes at their limiting 


+ 
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points parallel to the uw axis. The typical configuration 
is illustrated in Fig. 2, where § is shaded. 

For both very small and very large values of y the 
line (21) intersects the parabola u.=~7’—§*P*, but for 
suitable parameters there may exist a range of values 
of y for which the line does not intersect the parabola, 
in which case the parabola is not a boundary of the 
configuration $ in the (4,8) plane for these values of y. 

Again, for y=0, the hyperbolas degenerate into their 
asymptotes the pattern is similar to the one 
obtained in the study of the forward-scattering ampli- 
tude, with P replacing «. To obtain the forward- 
scattering limit, it is necessary to reinstate the unit of 
length for 0, which has been implicit in the dimensional 
parameter y. In this limit, the y dependence drops out 
of the 6 function in Eq. (3), and the new weight function, 
H(u,8), is the integral §-.“dy H(u,8,y’), where the 
limits on the dimensionless y’ have become (— «, ), 
independent of 8. The range of uw and @ is just that 
obtaining in the y=0 plane. 


and 


5. GENERALIZED TWO-POINT GREEN’S FUNCTION 


From the considerations of the previous section we 
have obtained a structure for the matrix element of a 
local commutator between two states labeled only by 
their four-momenta. This enables us to write down the 
retarded Green’s function for the corresponding cases 
by the familiar replacement of 


5(k?+-2P-k8+-20-ky—yp) 
by the expression 


{k?-+2P-kB+20-ky—uti(P-k+BP*)e} 


’ 


with the same weight functions H(u,8,y). In case A we 
can separate the contributions coming from the two 
orders of the commutator in the physical region; and 
write the cctresponding time-ordered Green’s function 
by dropping the sign factor in the imaginary infini- 
tesimal part: 


H (u,8,7) 
G,(k)= f dudBd7 reed 
; R+2P-k8+20-ky 


—. (22) 
-p+te 
In case B we cannot define the time-ordered Green’s 
function for all physical momenta since there is no 
way of separating out the contributions from the two 
orderings of the commutator for those values of the 
invariants in the physical region of overlap. In this case 
the ie trick generates a Green’s function which coincides 
with the true time-ordered Green’s function over most 
physical momenta, but is not necessarily identical to it 
for a restricted range of the real momentum &. 

It is to be stressed at this point that since the classifi- 
cation into case A or case B is dependent on ,-+n2.— 2P, 
for sufficiently large momentum transfers, one invari- 
ably obtains case B since P increases with momentum 
transfer. In the next tion shall see that the 
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occurrence of P in deciding the configuration prevents 
us from exploiting the techniques employed for the 
forward scattering case to deduce dispersion relations 
for the off-forward scattering of strongly interacting 
particles. 

In the remainder of this section we shal! be concerned 
with the structure of generalized two-point Green’s 
functions, i.e., the matrix elements of the time-ordered 
products of two field operators between two arbitrary 
states. Specifically, we wish to relax the restriction that 
the states are together characterized by only two 
momenta. In the general case, let p; (¢=1, 2, ---, V) 
be N arbitrary momenta, which together specify the 
space-time properties of the various states. (We neglect 
the complications introduced by spin, which are 
irrelevant to the main argument.) Then if we put 


N 
Pr=} LD Pe; 


(23) 


the mass-spectrum restrictions assume the same form 
as before. If we now define any two space-like unit 
vectors Q;, Q2 which are mutually orthogonal and 
orthogonal to the time-like vector P, we can write the 
inequality 

4h? <((2P-k)?/P* ]— (2Q1-k)?— (2Q2°k)’, (24) 
which now represents a saddle-shaped three-dimen- 
sional hypersurface. By the same methods as used 
before, for the function 


f(k)= f edie ++ |0j1(%/2), j2(—2/2)]|---), 


one can write the integral representation 


f(b) = f dudgdrrdr H (uB,y1,v2)e(P -k+B6P*) 


K6(+2P -kB+201-kyit+202-ky2—p). (25) 


A little reflection shows that this in fact is the general 
case whenever we have three or more momenta, since 
k has only four independent components and the 
quantities k*, 2P-k, 20,-k, 202-k define it completely 
as soon as the directions of P, Q:, 02 are known. The 
only exception to this general case is when there are 
only one or two independent momenta defined, and 
these cases have already been dealt with. 
If we put 
Yi=7COSa, Y2=7 sina, 


we can rewrite {(&) in the form 


j()= f dudparrd H (u,8,v,a)e(P-k+6P") 


X5(+2P-k8+2[0;-k cosat+Q2-k sina }y—y), (26) 
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where H(u,8,y,) is suitably defined. The support of 
H(u,8,y,a) subject to the mass-spectrum conditions 
can be found in a manner identical to that we have 
used in the last section after showing that the a de- 
pendence does not significantly enter into the support. 
The support of H is given by 

p> max{k*+2P-k8+20,-ky cosa+202-ky sina}, (27) 
for each value of 8, y, a. The maximum is taken over 
all k?, P-k, Qi-k, and Qe-& lying in the region ®: 


P—n?+P*S2P-konfi—P?—F, 


28 
k?<[(P-k)*/P*]— (Q,-k)*— (Qa-h)*. (28) 

The orientation of the component of & lying in the 
(Q1,Q2) plane is completely arbitrary; thus if the 
expression in (27) is maximized over this orientation, 
it will yield 


u>max{k?+2P- kB +2y[(O1-k)*+ (Qa k)* }}, 


which reduces the problem to the simple 3-parameter 
(off-forward) case, and incidentally exhibits the sym- 
metry in the sign of +. 

We note that in these representations, as long as P* 
is taken to be the average momentum of the initial and 
final states, the choice of the other unit spacelike vectors 
Q;, Q2 are completely at our discretion, and the formal 
structure is not dependent on- whether they label the 
initial or final state. We have one explicit example in 
the one-momentum case where the commutators associ- 
ated with the vertex function and with the forward 
scattering amplitude have, with appropriate choice of 
variables, Fourier transforms which have integral 
representations with the same structure. Similarly in 
the two-momentum case the commutators associated 
with the meson propagator in one-nucleon states and 
with the two-particle wave function have the same 
structure. The intermediate mass thresholds m; and m2 
do depend on the details of the problem as does the 
explicit expression for the matrix element in terms of 
the momenta p; and pf». These same properties are true 
of the more general amplitude. 


6. DISPERSION RELATIONS 


The Green’s functions derived before describe the 
propagation of the field whose current is denoted by 
j(x). By suitable restriction of this Green’s function, 
one may obtain the propagation characteristics for 
physically interesting cases. Thus for example, the 
physical off-forward scattering amplitude can be ob- 
tained by restricting the components of & in the three- 
parameter Green’s function such that the initial and 
final projectile momenta are on the mass shell. This 
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implies two restrictions. 
B= P—h(pP+p?)+3(9r?+9:"), 
C(q?—9i*) + (P-k/ P*)(p?— ps’) ] 
CPA (ptt pe) + (pr peor 


(29) 





20-k 


where /,’, p:’ are the squares of the initial and final 
target masses and q,’, q:* are the squares of the initial 
and final projectile masses; no two of these masses need 
be equal. With these restrictions the Green’s function 
reduces to a scattering amplitude 7(P-k) depending 
only on the “energy” variable P-k. 

This amplitude 7 is singular for such values of P-k 
for which k?+2P-k8+20-ky—y vanishes, with y, 8, y 
lying in the region 8. By virtue of the infinitesimal 
imaginary terms these singularities, which in general 
form cut lines in the complex plane, are shifted infini- 
tesimally away from the real axis. The displaced cut 
lines are in the upper or lower half-planes according to 
the sign of the imaginary terms in the denominator; 
and the analytic properties of 7(P-k) can then be 
determined once the region § is known. 

There is now, in principle, no reason why one should 
not study the most general case. In practice, however, 
the algebraic complications make this study quite 
involved and most of these are kinematical details. 
The essential points can be seen in the simplest possible 
case, which is also the most symmetric, where 


pr = p?= es 
The on-the-mass-shell values of k? and 20-k are 


k= P?—2+-m!?; 


qv=q7f=m'; nZ=n?Z=n’. 


20-k=0, 


and the manifold of singularities are associated with 
the plane 
u=2P-kB+ P?—n*+m’. 


Over this plane the quantity P*+ (P-k/8) changes sign 
along the lines of intersection of the plane with the 
parabolic cylinder 4.= P?(1—26*)—x°+-m’* the function 
being negative for the finite strip. 

Accordingly, let us split T(P-k) into two parts: 


T(P-k)=T,(P-k)+T2(P-R), 
which are analytic, respectively, in the upper and the 
lower half-planes and defined by the integrals 


dudBdy H (u,8,7) 


T(P-k) f re. 
, 2P-kB+ P?— +m? —p 

+i( P?—°+m?— 28P*— py) 
i=1,2 (30) 


where $, is that part of $ in which the inequality 
u>2P-k8+ P?—«x*+-m? is satisfied and 8 is the comple- 
ment of $; with respect to $. For suitable mass condi- 
tions S; may be null; in this case the scattering ampli- 
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tude is analytic in the upper half-plane for the complex 
variable P-k and dispersion relations can be written 
down immediately. 

In general the region $2 is not null and we have 
analyticity in neither half-plane. To obtain the precise 
structure of the cut lines observe that the planes 
u=2P-k8+P*—«*+m?* form an axial pencil with the 
line A: p= P?—x*?+m’, 8=0 as axis. To every plane of 
this pencil we can associate a value of the “energy” 
P-k. Two essentially distinct cases arise according as 
A has not (or has) any common points with §$; these 
correspond to the conditions 

P?— +m? < (>) (n—x«)?: 


P?—?+m? < (>)n?—x?: 


case A, 31 
case B. sa 
In either case A or B, if A does not have any points in 
§, then the function 7(P-k) has cut lines in the upper 
half-plane only for a finite range of values of P-k and 
these are in the unphysical region since P-k is propor- 
tional to the average energy of the projectile in the 
initial and final states in the Breit coordinate system. 
This makes it possible for us to define a continuation of 
the physical scattering amplitude by changing the sign 
of ie in 72(P-k). By virtue of the reality of the weight 
function H (u,8,7) consequent on the charge-conjugation 
invariance of the theory, this is equivalent to the 
redefinition 
T(P-k)=7,(P-k)+T2*(P-), 


which leaves the physical scattering amplitude un- 
altered : 


T(P-k)=T(P-k) for (P-k)*> P*m’. 

The function so defined is analytic in the upper half- 
plane and constitutes the analytic continuation of the 
physical scattering amplitude to the unphysical region; 
the dispersion relations for these (redefined) amplitudes 
follow in the standard fashion. 

If on the other hand, A has a finite segment lying 
inside $, there will be cut lines in both half-planes for 
all energies in the amplitude 7(P-k); and these are no 
simple analytic properties, at least for a general 
H(u,8,y). In this case we can obtain no dispersion 
relations for the physical scattering amplitude. 

For the amplitude to have the required analyticity 
properties it is thus advantageous to have the inter- 
mediate mass threshold as high as possible ; and needless 
to say this is true in the general nonsymmetric case. 
If the state of least mass occurring in any order of the 
commutator is a single-particle state separated by a 
finite gap from the beginning of the continuum function, 
then {(k) vanishes for physical values of the invariants 
lying between an isolated plane and the continuum. 
This additional information cannot be expressed as 
support conditions on H(u,8,y) but it takes the form 
of additional integrability conditions enabling us to 
write a modified Green’s function with a smaller 
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support. This bound state may be removed and re- 
expressed as in II, and the analytic information of 
interest may be deduced from the beginning of the 
continuum of mass values. 


When the external particle (the projectile) is strongly 


interacting, the restriction to the mass shell makes A 
have a finite segment lying inside $ for a// nonvanishing 
momentum transfers, since m<«x-+-m. Thus it is not 
possible to derive dispersion relations for nonforward 
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to take both the projectile states to be on the mass 
shell. One may consider those specializations of the 
Green’s function which correspond to off-the-mass-shell 
functions in a completely analogous manner and study 
the analyticity properties of these amplitudes for virtual 
processes. But since the consideration of these various 
restrictions of the Green’s function adds nothing 
essentially new in principle we shall not devote any 
further attention to them. Similar considerations apply 


scattering of physical particles from this representation. 
When the momentum transfer tends to zero, A moves 
over to the boundary of $ and in the limit of the 
forward-scattering amplitude we obtain the dispersion 
relations derived in II. 

Here one needs to point out that it is not essential 


to the three-momentum and multi-momentum ampli- 
tudes considered in Sec. 5. 
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Some Aspects of the Covariant Two-Body Problem. I. The Bound-State Problem* 
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A study has been made of the bound states of the Bethe-Salpeter equation for the nucleon-antinucleon 
system, including the ladder and pair-annihilation diagrams. For simplicity, nucleons and mesons were taken 
to be scalar, the latter having zero rest mass. Pair effects enter only in S-states with the bound states corre- 
sponding to the poles of the meson propagator Dr’. The Bethe-Salpeter equation is closely related to the 
integral equation for the generalized vertex operator I’; this has been solved by using an integral-transform 
method similar to that of Wick and Cutkosky, under the assumption that the nucleon mass is large compared 
to the binding energy. After performing a self-energy subtraction, the energy eigenvalues are found as a 
function of the coupling constant. These have the form given by the usual Bohr formula plus corrections. 
Finally, some comments are made with respect to the extension of the formalism to mesons with nonzero 


mass and spinor nucleons. 


I. INTRODUCTION 


FEW years ago, several authors':? showed how to 

write down a relativistic wave equation for two- 
body systems. Subsequently, there has been a good deal 
of interest in the study of methods of solving this 
equation. 

Although it is the bound-state problem for the case of 
two spinor particles that is the most interesting from 
both a theoretical and practical standpoint, the corre- 
sponding covariant or Bethe-Salpeter (B-S) equation is 
very difficult to handle. Indeed, for this case, several 
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1 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 

2 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 435 (1951). 


authors* at one time maintained that no solution exists 
at all with vector coupling because of the singular nature 
of the kernel appearing in the integral equation. How- 
ever, Goldstein‘ has found a solution for a very special 
situation, i.e., when the total relativistic energy of the 


system equals zero. 


The solution in this case is very peculiar in that one is 
led to a continuous rather than a discrete bound-state 
energy-level spectrum. We will return to a discussion of 
this solution in the last part of this paper (Sec. V) at 
which time it will become clear that the results obtained 
for the bound states of two spinor particles will depend 


_ materially on the nature of the interaction with the 


meson field; in particular, the ys and -, interactions 
behave very differently from one another. 
In contrast to the spinor case, the B-S equation can be 


*C. Hayashi and Y. Munakata, Progr. Theoret. Phys. (Kyoto) 
7, 481 (1952). 
‘J. S. Goldstein, Phys. Rev. 91, 1516 (1953). 
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solved exactly for the bound states of two scalar par- 
ticles, and here one finds a discrete level spectrum. The 
proofs were given by Wick® and Cutkosky® who worked 
in the ladder approximation and who assumed zero- 
mass mesons (scalar photons). 

The problem which is posed in this paper can be 
considered to be an extension of that‘of Wick and 
Cutkosky in that we add a nucleon-antinucleon pair- 
annihilation diagram to the usual ladder diagram, the 
nucleon once again being taken to be a scalar particle 
(boson). Our problem then is to investigate the bound 
states of the nucleon-antinucleon system. 

Of course, since we are concerned with two spinless 
particles bound by a scalar photon field, we are dealing 
with a fictitious situation. Nevertheless, the general 
formulation of the problem as given here holds good for 
the case of spinor nucleons, and it is to be hoped that one 
may ultimately be able to apply similar methods in 
investigating the more realistic problem which is con- 
siderably more complicated. 

As will be seen, it turns out that the B-S equation is 
related to the integral equation for the generalized 
vertex operator I in field theory ; the bound states them- 
selves correspond to the poles of the meson propagator 
Dy’. We can then employ usual methods to subtract out 
the divergences in the latter; in this way, we obtain 
ultimately the energy eigenvalues of the system. 

To get an explicit form for Dr’, we must solve the 
integral equation for the modified vertex operator I, 
which we do by using a Stieltjes-transform method that 
is essentially a generalization of Wick’s method.*® The 
integral equation is then cast in the form of a second- 
order partial differential equation involving two parame- 
ters and subject to certain boundary conditions. The 
whole problem is reduced to that of solving this differ- 
ential equation. From the solution, we can obtain the 
poles of Dr’, and thus the determination of the bound 
states is effected. 

The general formulation of the problem, the integral- 
transform method, and the computation of the energy 
eigenvalues are discussed in Secs. II, III, and IV, re- 
spectively. In Sec. V, we shall conclude this paper by 
considering the extension to the cases of mesons of finite 
mass and spinor nucleons. 


Il. FORMULATION OF THE PROBLEM 


For the interaction Hamiltonian at the space-time 
point x, we take 


H,= gl (x) PA (x), (1) 


where ¢(x) is a neutral scalar nucleon field, and A(x), a 
neutral scalar meson field with zero rest mass (scalar 
photon field) ; later, we will consider briefly the case of 
a meson field of finite mass. The strength of the meson- 
nucleon interaction is measured by the coupling con- 
stant g. 


5G. C. Wick, Phys. Rev. 96, 1124 (1954). 
*R. E. Cutkosky, Phys. Rev. 96, 1135 (1954). 
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Fic. 1. (a) The ladder diagram; (b) the pair-annihilation diagram. 


According to Gell-Mann and Low,’ the B-S wave 
function for the two-body problem is given by 


x (x,y) = (Wo,P[o(x)o(y) ¥), (2) 


where Wo and W are the state vectors for the true vacuum 
and the bound states of the two-body system, re- 
spectively; P is the chronological ordering operator of 
Dyson.* Notice that, since we are dealing with a neutral 
scalar nucleon field, we may refer to x, equivalently, as 
the two-nucleon or nucleon-antinucleon wave function. 

If we assume that the two-body interaction arises in 
virtue of the exchange of single mesons (ladder inter- 
action) and of the annihilation of a nucleon pair, we find 
that the bound-state B-S wave function x satisfies the 
following homogeneous integral equation: 


x (x,y) = —4¢t [ aenaty Ar(x— x1) 
XAr(y—y1)D r(x1— y1)x (41,91) 
- 2g f atesd'y Ar (x— X1) 


XAr(y—21)Dr(xi—y1)x(92,91); (3) 


the first term on the right-hand side of (3) corresponds 
to the ladder diagram [Fig. 1(a) ], the second term to 
the pair-annihilation diagram [Fig. 1(b)]. For the 
derivation of Eq. (3) as well as the definition of the free- 
particle propagation functions Ar and Dy, the reader is 
referred to the original paper of Gell-Mann and Low.’ 

The wave function x can now be expressed as the 
product of two terms, describing the center-of-mass 
motion and the relative motion, respectively, of the two 
particles, viz.,° 

x (x,y) =e F/(2tH f(x—y). (4) 

Here, E denotes the energy-momentum four-vector for 
the center-of-mass motion, and f is the wave function 
for the internal motion. 

7M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 


* F. J. Dyson, Phys. Rev. 75, 486 (1949). 
® We use natural units with h=c=1 throughout this paper. 
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Upon introducing the wave function in momentum 
space {(p) by means of the Fourier transformation 


f(a-»)= f tp f(peine—», (5) 


we find that Eq. (3) may be rewritten in the form 
4ig? 1 


(2x)* GE+p)+m* 


hide fos | +], 6) 
Ge—ptmd Loe ae) 


it is here to be understood that all denominators include 
a vanishingly small negative imaginary part —1é in view 
of the causal nature of the functions Ar and Dp. 
Furthermore, if we set 


Qig? 1 
so)=|- wee sayin, 
Eq. (6) becomes 
1 
(E+ p)+-m!* (RE-p)+m? 
vi) 


4ig® 
x}1- d‘k . (8) 
8 (p—k)? 


It is evident that the substitution expressed by Eq. 
(7) is permissible only if 





¥(p)= 


f atk f(k) #0. 


This implies that, in the center-of-mass system, we are 
dealing only with S waves. For all other angular- 
momentum states, we have 


f dk f(k)=0, 


in which case Eq. (6) reduces to 
4ig* 1 
(2x)* (3E+p)*+-m* 
1 S(R) 


x————— ] dk —. (9) 
(SE—p)?+m* (p—k)? 


{o)=- 


It is thus clear that the pair-annihilation term will not 
affect states other than S states. 

Equation (9) will be recognized as identical to that 
solved by Wick’ and Cutkosky.* The essential problem 
with which we are concerned in this paper is to study the 


Fic. 2. Diagram for the 
generalized vertex operator I in 
the ladder approximation. 


more general situation given by Eq. (6); equivalently, 
we want to solve the inhomogeneous integral equation 
(8) for ¥(p). Thus, in what follows, we confine our 
attention to the S-wave problem only. 

It is of interest to notice that there exists a close rela- 
tion between the wave function ¥(p) and the generalized 
vertex operator” I’. If we make the ladder approxima- 
tion which is diagrammed in Fig. 2, then I’ satisfies the 
inhomogeneous integral equation 


T(p+4E, p—}E) 


=1— 


¢” f : 1 1 
(2) (p—k)? (LE+k)*+m?* 


1 
X————_Tr (k+- 4, h—4E). 


10 
(4E—k)*+m* om 


On comparing this with (8), we see that 


1 
(p) =——___—_— 
vie (SE+p)*+m? 


1 
x— ——I(p+ Ek, p—$§E). (11 

GE—pte (P+4E, p—4E). (11) 
While we have derived Eq. (11) for the case of the ladder 
approximation, the relation seems to hold true generally 
provided we replace the free-particle propagators 
[GE+p)+m*}", ((4Z—p)?+m*}* by the modified 
propagators. 

Returning to our problem, we now consider how to 
obtain the bound-state eigenvalues Z*. Upon integrating 
(7) over all p and dividing both sides of this equation by 
the common factor { f(p)d‘*p, we obtain 


2ig? 1 
os f Vp). 


(2n)* E2 


(12) 


From (11) it is clear that the quantity /y(p)d*p corre- 
sponds to the closed-loop diagram given in Fig. 3. 


” F. J. Dyson, Phys. Rev. 75, 1736 (1949). 





S. OKUBO AND D. 


€ Fic. 3. Diagram for the 
quantity /y(p)d*p. 


Indeed, if we set 


I*(E ~! fu )d (13) 
Ii* ()=—— ‘ ; . 
) (On) p)a'p 


we find that this is exactly the same quantity as defined 
originally by Dyson.” Hence, Eq. (12) may be re- 
written in the form 
1=D,p(E)II*(£), (14) 
where 
Dy(E)=—-i/E. 


On the other hand, the modified propagator Dp’ (£) 
is given by 
Dy’ (E)=Dr(E)\[1—Der(E/)*(£) fF". 


It is therefore evident that, in solving (14), we are 
determining the poles of Dr’(£). It is well-known that 
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the poles of Dp’ (£) will give rise to a spectrum of bound 
states; it is now clear that they correspond to the bound 
states of the nucleon-antinucleon system. 

In point of fact, II*(Z) is a divergent quantity, but 
the divergence can be removed by a self-energy sub- 
traction. Thus, Eq. (12) should be replaced by 


ig? 
p=] funeo-| fvcore] ; (15) 
(2r)* E*=0 


this insures that E?=0, corresponding to the free-meson 
state with mass zero, is a solution. It is not necessary in 
our problem to carry out a charge renormalization, since 
the self-energy diagram is the only primitive divergent 
graph we encounter. 


Ill. INTEGRAL-TRANSFORM METHOD 


Our basic problem is to develop a procedure for 
solving the integral equation (8). By way of generaliza- 
tion of methods used by several authors,®:*"" we express 
¥(p) in the following form: 


2H (x,y) 





vio= f ax f dy - - — 
0 0 [x(p?+}E*+ m+ pE)+y(p?+ 4 E*+m'*— pE)+1} 


(16) 


Notice that the representation (16) as a function of p is quite similar to the general representation of Green’s 


functions given by Nambu” and Schwinger.” 


tx? 1 





On using the integral identity" 
fo 


we find 


(p—B)* (PA) 2 A(P*+A)’ 


(17) 


h(x,y) 





¥(k) tr ~ oo 
for Caf o— : isiliaes 
(p—k)® 2 Jy 0 [x(pPP+tE*+m?+ pE)+y(p?+1E2+m’— pE)+1] 


where, for simplicity, we have introduced the notation 


(18a) 


2H (x,y) 





h(x,y)= 


(}E*+-m?) (x+-y)*—fE*(x—y)?+ (x+y) 


(18b) 


The integral formula (17) is essential in this work as well as in that of Wick. These methods are therefore useful 
only in the case of mesons of zero mass. We will return to this point in Sec. V. 


Using next the identity 
1 


abc 


«o « 1 
7 <n 
0 0 [au+bv+c }* 


= ina fox a -ie' f auf av f ax f dy 
(E+ p)*+m? (}E— p)?+m? (p—k)? 0 0 0 0 





? [ (u-+x) (p?+3 22+ m?+- pE)+ (0+-y)(P+42°+m'— pE)+1} 
tS. Okubo, Progr. Theoret. Phys. (Kyoto) 10, 692 (1953); 11, 80 (1954). 


2 Y. Nambu, Nuovo cimento 6, 1064 (1957). 


‘8 J. Schwinger, Proceedings of the Seventh Annual Rochester Conference on High-Energy Nuclear Physics 


New York, 1957). 
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COVARIANT TWO-BODY PROBLEM. I 


Upon changing the variables of integration » and » into u—* and »—y, and noticing that 


f af au f auf dx, etc., 
0 z 0 0 


we obtain 


h(x,y) 





i=in f auf av f ax f dy aa —— - - , 
0 fi 0 0 [u(p?+-4E*+m?+ pE)+0( P+} E*+m'*— pE)+1/ 


Equation (8) then becomes 


1 





vom f auf” o cilieeiee 
0 So [ul pth t+ m+ pL) +0(p?-+4.82+-m?— pE) +1) 


g? u ° 
{2+ f dxf dy Wexy)}. 
4n* 0 0 


On comparing this with (16) and making use of (18b), we obtain finally 


2 u ° 
H(ws)=14+— f ax f dy —__-_—_- _—______—_—__—_., 
4x? 5 0 (E*+ m’*) (x+-y)?—4 FE? (x— y)*+ (x+y) 


We have reduced the four-dimensional integral equation (8) to a two-dimensional integral form. 
It is readily seen that (19) is equivalent to the differential equation 


PH (uv) g? 


H(u,2) 





Oudv 


with the boundary conditions 
H(u=0, 0) =H (u, »=0)=1. (19b) 


It is, in fact, much more convenient to introduce new 
variables — and » by 


uto=F, 
Eqs. (19a,b) then’go over into the form 


(=<—~=)cu <a 
ae ap at P+ 4(HE +8) 


u—v=N; (20) 


(21a) 


with 
G(é,|n| =) =1; 
H(u,v)=G(En), 
and have also introduced the notations 
=—e’<0, 
w=4F?+ m= m?—t2>0. 


we have here set 


(23) 


It is evident that « is the rest mass of the bound system 
and is therefore also the total energy in the center-of- 
mass system. For bound states, we must have e<2m, 
whence w*>0 and we can take w>0. The relation be- 
tween w and the binding energy W is given by 


«= W (m—4W). (24) 


It is quite difficult to solve Eqs. (21a,b) exactly. 
Hence, we will consider the case that the binding energy 
is quite small compared to the nucleon mass; this 
amounts to a form of nonrelativistic approximation. 


4x? (2 E?+-m?*) (u+-v)?—} EF? (u— 2) (u-+o)" 


(19a) 


However, we must bear in mind that this is not equiva- 
lent to the usual nonrelativistic treatment in three- 
dimensional! space, since our formalism is still covariant 
in four-dimensional space. 

Thus, we assume 





e>w, (25) 
or, equivalently, 


2m. 


We now notice that, in the limit e— «, we may make 
the replacement 


i 7 1 

—___- — 444), 
en’ +4(w?+t) 2 (w+)! 

as shown originally by Wick. With this approximation, 

Eq. (21a) can be solved subject to the boundary condi- 

tion (21b); the solution has the form 


G(én)=F(E—|n|), 


(w*x?-+-2)'+-wx7! 
no cei 


(26) 


(27a) 


where 


(27b) 
(w*x?+- x)$—wx 
and 


6= g"/ 4a. (28) 


It is now evident from (27b) that, for large values of 
the argument, 


F(x)~x', (x @) 


and so, from Eqs. (27a), (22), and (20), we see that (16) 
diverges if @>1. This fact is connected with the exist- 
ence of a bound-state solution of the homogeneous 
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equation (9) at @=1. Actually, we can show that ¥(p) as 
given by (16) has simple poles at 


6=n, (n=1 +) 


5% 
when we consider ¥(p) as an oli function of @ (see 
the Appendix). The residues are the corresponding solu- 
tions of the bound-state problem when we neglect the 
pair-annihilation interaction. We will see later that, 
when we apply Eq. (15) to determine the eigenvalues of 
the nucleon-antinucleon system, we will find 


=n+O(w/e). 


We pause briefly to examine the relation between the 
results just obtained for the homogeneous equation and 
the Bohr formula for hydrogen-like atoms. From the 
nonrelativistic reduction of (9), using the method of 
Lévy," one can establish the following relation between 
g’ and the effective coupling eZ which is involved in the 
ordinary Coulomb interaction: 


g?/4arm’? = &Z. (29) 


Then, from (28), (29), and the relation 


6=n, (n=1, 2, 3, ---) 


we obtain the binding energies for our system (always 
with the neglect of the pair-annihilation term) 


W = 2m—e= (me*Z*/4n®)[14+O0(eZ)], (30) 


i.e., the Bohr formula, apart from higher-order cor- 
rections. 
Evidently, our assumption (25) is equivalent to 
4W /m= (4w/€)P?& (g2/4rm?)PK1, (31) 
i.e., the weak-coupling approximation. This is coasistent 
with our neglect of graphs other than the ladder type. 
Later, we will calculate higher-order corrections to the 
Bohr formula for the case of the nucleon-antinucleon 
bound-state problem; these come from relativistic and 
nucleon-antinucleon pair effects. 


IV. CALCULATION OF ENERGY EIGENVALUES 


We now return to our original problem. According to 
Eq. (15), we must calculate (d*py(p). Using (27), 
(22), (20), and (16), we obtain 


fe <3 [ae _FE-|a)) 
p ¢ \p =or ; d re 


0 


X[1+0w/ €]}) 
where we have made use of the integral formula 


1 ix’ 1 
feo / 9 ‘ ie a 
(pP+A)®* 2A 


< 


¥(p) is in error by an amount of order w/e in view of the 


“ M. M. Lévy, Phys. Rev. 88, 725 (1952). 


AND 
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approximation (26). Upon changing 9 into §—7 and 
then interchanging the order of the £ and » integrations, 
we have 


feovw int f dn F(n)I(n)[1+O0(w/e)], (32) 


where ' 
I(n)=] ad — 


" Ew"? r §+} 


e(t— -)*] 


The integral J(n) may be evaluated by an elementary 
calculation; the result is as follows: 
2 4(w*n+1) 
—In 
2 


) 
en nd ex’ 


2—e*n (ew? +e'n— 1)! 
x- - tan] — | 
(€*w*n?+ en— 1)! 2? n+1 


(e*w*n?+- en—1>0), 


I(n) 


(34a) 
and 


1 2—én 


2 4(w'nt 1) 
I(n)=- | | tt Pe 
en— &w*y*)! 


-In : 

ey? eo? +2) in) ex? (1— 
2w*nt+1—(1—eén— win") 

X In een 


en— eury?)? 


( €w*n?+ e'n—1<0). 


2w*n+1 + (1 
(34b) 


Since we are concerned with large ¢€/w, the condi- 
tion @w*7’+en—1>(<)0 is essentially equivalent to 
n>(<)1/é; this leads to a neglect of terms of order 
(w/e)* in (32). 

The integral (32) diverges for »=0, but this diver- 
gence will be canceled when we subtract [ fd‘*py(p) |z*~0. 
We cannot, of course, use (32) for the evaluation of 
LSa'p ¥(p) |e*~0, since we have assumed there that 
— FE is quite large. This term must therefore be calcu- 
lated separately. From covariance, /d‘py(p) is a 
function of only, and so 


| fev] = {apis 
B%0 . 


~ 


The function ¥(p, E=0) has, 


evaluated" and is given by 


howev er, a lready been 


* 4#F (a, 8,2; —m*n) 

v(p, g=0)=2 dn — 

Jo Cn(pe-t-m*) +1) 

where F represents the hy ymetric 


a, 8 are given by 


perget function, and 


a=43{1+[1+ (g°/2*m*) }}}, 


' 36 
= 4{1—[1+ (g*/x*m") }}. (30) 
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It is evident that (35) has essentially the same form as 
(16) for E=0. 
Proceeding as before, we have 


fos v(p E= 0) = int f d PAP, 5; Oe) 
Rs 0st 


and so 


fos H2)-| feo vo] 


ie 
Ss I(n)F(n)dn-+ i) I(n)F(n)dn 
Ve 


=i lim 
a-+t+0 





* F(a, 8, 2; —m*n) ; 
-f én} [1+0(0/ ‘e) |. (37) 
. n(m*n+1) 


We proceed to calculate the second term on the right- 
hand side of Eq. (37). Now 


lve 1 1 
fo reornan-== fi 16/erG/eae 
a € ac* 

Neglecting terms of order w/e compared to unity, we 


can set 


and 


I(x/é)=é |= in(-)+— 


In view of the indefinite integral 
2 4 1 2—z 1-—(i-—=z)! 
fas = in(-)+— In 
=? x/ x*(i—x)! 14+(1—2)! 
x i i-—(1— x) 
x 1+(1—2) 


2-x 
P (1—zx)? 


i (-a) 
"14+ (1—2) ; 











we have, in the limit as a@ — +0, 


Ve 
f I (n)F (n)dy2A—In(4ae’). (38) 


Next we consider the third integral on the right-hand 
side of (37). One can show, after a somewhat lengthy 
calculation, that, in the limit as am? — +-0, 


° F(a, 8,2; —m*) 
fs 
4 n(m+1) 
—[¥(e)+¥(8)-—¥(2)— 





=—In(am*) 


¥(1)+1/as], (39) 


where 


d 
W(x) =— In (x). 
dx 
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Actually, in the derivation of (39), we use only the rela- 
tion a+8=1. However, if we note the explicit form of 
a, 8 given by (36), and expand in a power series in 
g’/m’, then it may be easily seen that 


f F(a, B, 2 ; —m*») 
dn ——_—_—_—_——— = — In(am*) +-O(g*/m*), 


. n(mn+-1) 
(am*— +0). (39’) 


' This result is equivalent to the replacement of F(a, 8, 2; 


— my) in (39’) by unity, involving an error of the order 
of g*/m*. We will see shortly [this is already indicated 
by (31) ] that 

g’/m? =O (w/e), 


whence this replacement is justified. 
From (38) and (39’) we now have 


r ue ” F(a, B, 2; —m*») 
f Ia) F(a)dn— f = in| 
oth n(m™y+1) 


lim 
= 1—In(4e2/m")+0(w/6), 





whence (37) becomes 


fos v-| fer vo] 


= in| f I(n) F(n)dn+1— in(4e/m?) | +0C6/4) (40) 
je? 


Notice that the divergence in the limit as a— +0 has 
been eliminated. 
Finally, let us calculate 


I =f I(n)F (n)dn. 
/e* 
We introduce a number A that satisfies the inequality 
1/u* >A 1/ e. 
we can take 


A= €7(€/w)4, 


For example, 
(2>A>0). 


Then, dividing the region of integration into two parts, 


we have 
wo A 
= (f +f )ronF nan 
d ie? 


Now, if we choose 1>A>0, then in the second region 
of integration where A>n> 1/¢€, we may replace F(m) by 
unity, and we may write 


a 


h= =f. I(n) Paya f I(n)dn 
2 2—<z 
=f “ae in(- )-; 
x? (x—1)! 


=2 In4—2x(€A)-1+-O(w/6). 


tan“"(x— »| 
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In the first region of integration where » >n>d, we can 
approximate (34a) by 


I (n) = (x/ en) (wn? +n) *14+0(w/e) ], 
so that 


a 7 
he f I(n)F(n)dn= f 
A € a 


Furthermore, it is evident that 


® 


1 
F (4) — ——— dn t+O(w/¢). 
n(w*n?+n)! 


r dn 
€ Je (wn +n)! 
whence we have 


T=1I,4+1, 


= 2 lIn4—2r+- “f —_———dn+0O(w/e). 
ve Ss 


Notice that the arbitrary number \ has disappeared. 
We now need to evaluate the integral 


(41) 


F(n) 
dy ———_. 
jet — (oy? +n)! 
Upon changing the integration variable from 9 to z by 
setting 


(o*y? +n)'—om 


(coy? +n) bun 
we obtain 


J=4w 


(1-— z) 22 °dz, 
where 
s=1—2(w/e)+0((w/e)*). 


To evaluate J, we consider the analytic function of x 
s 
J (x) = 4w (1—2) *2-%dz 
J 


Assuming Rex> —1, we have 


al 1 
J(3)=4e | (1 s)*etds— 4s f (1—2) *2~"dz 


r(1+2)r(1—86) . 
dus —_ — 4 f (1—2)*2- "ds. 
9) 


r(2+x«—¢ 4 
Since s is close to unity, the second integral can be 
evaluated by expanding z* in powers of 1—z. This 
gives 

r(ii+sa)r\ 1—6) 1 
J(2)=4al- — ~_ 


—(1—s)'* 
r(2+z- 6) ; 


~s}t24.. +} 
“he 
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or, in the limit as x > —2, 


J=40{6[¥(1)—¥(—é +1 |—In(2w/e)+ (€/2w)+O0(1)}. 


Inserting this into (41), we have finally 


r= f I(n)F (n)dn 
i/e* 


= 2 In4+49(w/e) {OW (1)—¥(—6) +1] 


2w/€) +3} +O (w/e). 
It will be clear later that 
6=n+O0(w/e), 
and so ¥( 


—6) is of the order ¢/w. Therefore, 


I=2 In4—49(w/e)0V(—0)+O0(w/e). 


From this and (40), we have 


feo [fervor] 


= tar? { — 4ar(w/ €) OY ( 
we have here discarded a term in In(e/4m*) which is 
approximately 4w*/e. Returning to our fundamental 
Eq. (15), we find that 


—0)+1+0(w/)}; 


1 = — (32%?) (g*/m?) 


X[—44(w/6)¥(—0)4+1+0(w/e)]. (42) 


We can now show that it is consistent to set 


4 = Ht +-Olw €), (n 1, bo 3 vee), 


J 
According to the definition of @ given by (28), this 
statement also means that 


g*/8rm’= (w/m)O=O(w/e). 


that the right-hand side will be 
of the order w/e unless V(—8@) is of the order (€/w)?. But 
this would lead to a contradiction since the left- hand 
(42) is unity. If we notice that 


2 1 
¥(-6)=—y- L (—- -), 


~\n-—6 n+1 


It is evident from (42) 


side of 


then the only possibility that remains is for @ to be near 
a pole of ¥(—8@), viz., =n (n=1, 2, ---); we exclude 
n= because it has little physical meaning. 

We may therefore set 


v(—0)= (6—n)“"+0(1), 


whence we can deduce from (42) and (28) that 


= (g2/8rm)n—[1+0(w e) |, 
and also 

§ (g?/4arm?*)? 
<[1—(8r)" 


6—n= — 


(g°/4am*)+-O((g"/m?)*) *. (43) 
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From Eq. (28) we can now calculate w and therefore 
in terms of g*/m?; our final result is 


e/m=(1+ D> (g*/4arm?*) }§+-[1—D- (g*/4arm®) }', (44) 


where 


D=n—}(g?/4am’)* 
X {1— (84)! (g*/ 4arm*) + OL (g2/4arm?)*]}-, (45) 


or, expressed as a series in g?/m*, we have 


€ 2 y? - hvia gf \* 
S(S)-GEME) 
m 4n? \ 4am? 64n* 167° 4am? 


1 1 g 5 : 
tc —( =) +06 (¢/4em'y), (46) 
1284 n® \ 4am? 


From (29) we see that the bound-state energy eigen- 
values, as given by Eq. (46), have the form of the Bohr 
formula for hydrogen-like atoms plus corrections. The 
(g*/4arm*)® term cannot be calculated within our ap- 
proximation. 


V. REMARKS ON THE CASE OF MESONS OF 
NONZERO MASS AND THE FERMION- 
ANTIFERMION PROBLEM 

We take up first the extension to mesons of nonzero 
mass. The only difference from the zero-mass case 
consists in the fact that the meson propagator D+ is now 
replaced by Ar. Therefore, instead of (8), we have the 
equation 


1 1 
(RE p)-+m? (GE—p)*+m? 
4ig? 
x i- f d‘k 
(2m) 
where u is the meson mass. 

In this case, it is useless to express ¥(p) in the 
generalized Stieltjes form (16), since, unfortunately, we 
cannot now use the convenient integral identity (17) to 
eliminate the momentum variables. 

However, we can show that the momentum variables 
can be separated out by expressing ¥() in the form of a 
generalized Gaussian transform. It will be noted that a 
similar transform was used recently by Nambu” in the 
problem of the general representation of Green’s 


functions. 
Let us write 


vin=if ax f ay f dz °F (x,y,z) exp | —iz 
0 0 


0 


X[x(p’+o*+ pE)+y(P+u*— pE)+1]}, 





¥(?) 


v(t) 
a. 
(kp)? 


(48) 
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where w* is given by (23). We can now derive an integral 
equation for F from (47), viz., 


ig? f* ° * F(x,y,z) 
F (u,v,t)=14+— f dxf dy f dz oa 
4n? J, 0 ‘ x+y 


iE? (x—y)* 
xexp| —i(x+y) (s—!)w*+— ——— 
4 z+9 


al 
X (s—1)—i(s—) i (ty (49) 
s—t 


For the derivation of this equation, the reader is re- 
ferred to the sequel to this paper."* In the case p=9, F is 
independent of the third variable sz. If we set 


F(x,y,2)= H (x,y), 


then it can be seen that Eq. (48) reduces to (16) and 
Eq. (49) to (19). Evidently, the Gaussian representation 
(48) is the natural generalization of the Stieltjes form 
(16) which was used before. 

Although it may appear that, in the case of mesons of 
nonzero mass, we have had to introduce a three- 
parameter representation, essentially only two of the 
parameters are independent. Thus, let us rewrite (48) 
in the form 


v(p) -f ax f dy K (x,y) 


X exp[ — ix(p*+-w?+pE) —iy(p’+w*—pE)], (50a) 


where 
K (x,y) if 
0 


Then, from (49), we can derive the following integral 
equation: 


2 I u/t o/t K (x,y) 
K (u,v) =1——— f af dxf dy —— 
4x? J 0 0 x+y 


iE? (x—y)? 
xexp| —ilety)(1—ut+— = 
- 4 «x+y 


QD 


dz e~**F (x/z,y/z,2). (50b) 


l 
x(1-)- i (ety (51) 
—f 


Unfortunately, it is very difficult to solve (51) ana- 
lytically, and we shall have nothing further to say about 
this problem. 

We turn next to the fermion-antifermion problem. In 
this case, the general method given in Sec. II may be 
taken over with some modifications. Thus ¥(p) will now 


16S. Okubo and D. Feldman, following paper [Phys. Rev. 117, 
292 (1960) }. 
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be a 4X4 matrix. Proceeding by analogy with the de- 
velopment which led to Eq. (8), we now obtain 
¥(k) 


meet ig? 
el yh a. 
¥(p) (p+ 4B) m* 5 oa | @—b 


ry(p—4E)— 
ee sn 
(p—}E)*+m!* 


instead of (11), the relation between y and the gener- 


alized vertex operator I’; is given by 


iy(p+4}E)—m 
(p) =————__I 5 (p +4, p—4E) 
¥(?) (p+ hE) me s(p+4 Y 
iy(p—4E)—m 


: i 
(p—4E)*+m? wand 


also, instead of (12), we now have 


* 2 


2 
" d‘ 5 ' 
= 4 | p trivw(p) ] 


F= 


Thus, as before, we can show that, in solving this 
equation for E*, we are, in effect, determining the poles 
of the meson propagator Dp’ (£). 

Notice that we have here assumed that the nucleon 
spinors interact via pseudoscalar coupling with a mass- 
less neutral pseudoscalar meson field. To extend the 
formalism to quantum electrodynamics, we have only to 
replace ys by y,. 

In principle, therefore, when we are dealing with 
Dirac particles, the situation is not much different than 
when we have scalar nucleons. However, Eq. (52) is 
quite difficult to solve because of the y matrices. We 
may write 


V(p)=vHitrs(vVEWotre(vp Ws 
+e (vp) (vE)— (vE) (vp) Ws, 


and assume that all the y; have the form (48); we can 
then separate out the y matrices and the momentum 
variables, obtaining a set of simultaneous integral equa- 
tions for a set of functions F; which correspond to F in 
(48). These equations are quite complicated so that we 
do not discuss the general case any further here. 

There is still another difficulty in the fermion case, 
viz., Eq. (52) has no finite solution because of the well- 
known divergence of the generalized vertex operator. 
However, this divergence can be eliminated by carrying 
out a charge renormalization. In view of Eq. (53), we 
may write 


¥(p)=Zr-¥-(p), (54) 


where Z, is the renormalization constant defined by 
Dyson” and y, is finite. In place of (52), we now have 
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the equation 


¥-() 


d*k 


ty(p+4E)—m g? 
He) = tt nn f 


= — 7 > 
(p+4E)*+m’* 


it 
(2x4 
iy(p—4E)—m 

* (p—4E)*+-m? 


Of course, the general discussion of (55) is quite difficult. 
Here, we will examine the special case E=0 and compare 
with the results given previously in the scalar-nucleon 
case. 

With E=0, the solution has the simple form 


¥-(p)=vsF (p*), (56) 

where F is independent of the y matrices. Then, Eq. (55) 
reduces to 

Zi ig? 1 F(R?) 

F(p*)= 4+--——.— fas — 

p?+m’? (2x)* p?+-m'? (p—k)?* 


In the derivation of Eq. (57), we have assumed that the 
meson field is neutral. In the symmetrical theory, we 
find an additional sign change for the second term on 
the right-hand side of (57) due to the fact that the r-spin 
operators anticommute; in this case, instead of (57), we 


find 


Zi ig? 1 F,(k*) 
Pig) =--————-—— = fan ———, 
P?-+m* (29) p?+m? (p—k)? 


(57) 


(58) 


For the corresponding problem in quantum electro- 
dynamics, one obtains, after having made some ap- 
proximations, 


F’(k?) 
F'(p’) 


Zi 2i¢ l 
| fxm, 
p?+m* (2x) p+’ (p—k)? 


Equation (58), or its equivalent (58’), was first investi- 
gated by Edwards.’* The minus sign in the second term 
on the right-hand side of (58’) comes from the fact that, 
in their commutation properties, the matrices ys and y, 
are not alike. 

As we will see shortly, this difference of sign has im- 
portant consequences for the solutions of Eqs. (57) and 
(58) Cor (58’) ]. In the latter case, Edwards showed that, 
in fact, no inhomogeneous solutions exist at all, i.e., 
Z,=0; this result corresponds essentially to the finding 
by Goldstein‘ of a continuum of solutions in the bound- 
state fermion-fermion problem. The reason for this is the 
following: although we are investigating the nucleon- 
antinucleon problem or, equivalently, the integral equa- 
tion for the generalized vertex operator I',, the homo- 
geneous equation corresponding to (58) or (58’) is 
actually the same as that obtained in the ladder ap- 
proximation for the bound-state problem of the fermion- 
fermion system with fermions of opposite charge. 


18S. F. Edwards, Phys. Rev. 90, 284 (1953). 
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In the case of the neutral ys5-interaction (57), on the 
other hand, we will see that Z;= @, so that, for this 
case, no solution of the homogeneous bound-state 
integral equation exists at all. Both of these results are 
completely different from the scalar-nucleon case, which 
we treated earlier. 

We now discuss the solution of Eqs. (57) and (58). 
By analogy with the scalar-nucleon case, we express 
F(p*) as a Stieltjes transform, i.e., 


F(p’)= fe Gem) er 


Then, using (17) and noticing that 
= Gd 1 
dt 
m*+1 ptm? 


ae 
Om) as fe (P+ m-+-y)3 


«o 1 y e 
“If ss ee af 


we find that (57) will be satisfied get 


(59) 





2G (t) 
t 5 
t(m?+-1) 


G()=21Z,— i, 


s —— 


This is equivalent to the differential equation 


a g’ 
t(m?+1)—G(t))--—G() =0 
dt? 16m? 


subject to the boundary conditions 
G(t=0)=0, (62a) 
(dG/ dt) tome = 2Z 3. (62b) 
Equation (61) has the two independent solutions 
G= (x*—1)*P) (x), (*—1)10,"(z), 


x= (2t/m?*)+1, 
and » is given by 


v(v+1)=g*/16n"; 


the functions P,' and Q,' are the associated Legendre 
functions of the first and second kind, respectively. 
Since the solution Q,' does not satisfy the boundary 
condition (62a), our solution must be of the form 


G=C(x#*—1)'P,'(x), 


where 
(63) 


(64) 


where C is a constant to be determined. 
Without loss of generality, we can take y>0, since the 
other solution of (64) is given by —(v+1) and 


P_(r41)'(x)= P(x). 
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Then, from 
dG 2 
—=—Cr(v+1)P,(x), 
dt mm 


and the asymptotic relation for the Legendre functions 
I'(1+2p) 

P,(x)=— 
r?( 1+») 


for t/m* — «, we find, from (62b), that 


-(- ) [14+-0(m*/1)], (»>0) 


m* tr) 
~ e$) (1 ba” 





where L is the value of ¢/m* at infinity. We have finally 


m= Y7(1+y») 
A L-rls(a8—1))P Ma). 


neeetcicha (65) 
»(»-+1) P(1+2s) 


The renormalization constant Z, can be determined 
in the standard way.” From (53), (54), and (56), we 
have 


Vse(p,p) = (+m) F (P)ys— 5, 


From (57), this is equivalent to 


(p*+-m") Fp") )5%4+m*~0 
ig? F(R*) 
d‘k a 
Al (p—k)? 
¢. ms G(s) 
32m? t(m?+-1) 


(p?-+-m? + 0). 


=1=Z,+ 


p*+m'* al) 
= Zi- 
On comparing this with Eq. (60) (differentiated once 
with respect to /), we find 
(dG/dt),.0= 2. 
Hence, from (65), we must have 
r'(i+2p) 
=———-L’ 
r?(1+-7) 


m? 


(66) 


G()= 


vy 


DO Pa). (67) 


Notice that Z;= © since »>0 and L~ +o. 
The function F(p*) may be calculated next from 
(59) ; after carrying out an integration by parts, we have 


oF {1+ (2/m*)1) 
F(p)= 
és fe (p+-m*+i)2 


a8 av(v+1) 
——_—F(2+-9, i- 


(68a) 


v,2; — f/m"). (68b) 
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In the symmetrical meson theory or in quantum 
electrodynamics, where Eq. (58) or (58’) is our starting 
point, we can proceed in a similar way. An essential 
difference appears when we come to the analogue of 
Eq. (64) which will now read 

v(v-+1)= —g*/16n". (69) 
The two solutions of this equation are both negative 
with 0>v>—1. Once again, without loss of generality, 
we can take v to be the larger solution and so 


0>ry>— 


The solution will again have the form (67), with the 
renormalization constant Z; given by (66). 

The only difference is that v is now negative, and so, 
from (66), we have 


Z,=0, 
which is Edwards’ result.'* Then Eq. (58) is essentially 
a homogeneous equation whose solution is given by 
(68b), where » is defined by (69). This result agrees 
exactly with the solution given by Goldstein‘ who 
treated the homogeneous equation corresponding to (58) 
which, as we saw earlier, is equivalent to the bound- 
state integral equation of the nucleon-antinucleon 
system without the annihilation diagram, or to that of 
the two-nucleon system with opposite charge in the 
ladder approximation. There is, in this case, no solution 
of the inhomogeneous equation (58), and we accordingly 
have the continuous level spectrum of Goldstein. 

In the case of the neutral ys coupling, we see, on the 
other hand, that there is no solution of the homogeneous 
equation of (57); hence, there are no bound states for 
the nucleon-antinucleon system without the annihila- 
tion diagram, or, equivalently, for the two-nucleon 
system in the simple ladder approximation. 

Thus, we see that there is a considerable difference in 
our results depending on whether the nucleon is a scalar 
or a spinor particle. 
when E=0; it is not at all clear whether a reasonable 
solution exists for the general situation E0. 


The latter case is peculiar, at least 
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APPENDIX. INVESTIGATION OF THE ANALYTIC 
PROPERTIES OF THE WAVE FUNCTION t(p) 


Here, we prove that ¥(p), regarded as a function of 8, 
has poles at 0=n (n=1, 2, 3, ---) as was stated in the 
argument following Eq. (28). 
By using Eqs. (20), (22) 


. and (27a), we can rewrite 
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(16) as follows: 
F(é—| ) 
¥(p)= i. def am : 
+ [EP +w*)+npE+17 


1 
-f af an FO ——— 
[E(p?+-w*) + (E— -9)pE +1} 


1 
“Le(p*+0%)— (E12) pE ry 


On interchanging the order of the & and » integrations 
and then carrying out the & integration, we find 


1 1 
vr ( +1.) 
, p+ w+ pE p> +u*— pE 


where /'(n) is given by (27b). 
Upon changing the integration variable from 9 to z 
according to the transformation 


(wn?-+-n)*+an 


(wn? +») — wy 


we obtain 
1 
v(p)= (— a ) 
P ba 24 bE pw" pE 


1 w? 2 
( :) T(@), (Al) 
a? Pr +o)? 


(A2) 


and 


(p?+w*). (A3) 


Taking a number N which is arbitrary but large 
(N>>1), we divide the region of integration in (A2) into 


two parts, ViZ., 


(0) =7,(0) 1. J 


-(f +S) 


Now /;(@) and all its derivatives wi 
finite for all 6, so that 7,(@) is a regular function in the 
complex @ plane except for @= = ; 


poles. In /2(@ 


°(s?—1) 


C(1—s)*4+-2r2? 
ith re spect to @ are 
it therefore has no 


), on the other hand, we can expand the 
denominator in a power series in 1/z since > N>1. 
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Then 
ptt gh 





(0) -f ia oe 
N [1—2(1—A)(1/z)+(1/s*) P 
no - 1\" 
=> dz [o4—sIC.41—»)( ) ; 
n=O Zz 


N 
the C,” are the Gegenbauer polynomials. Upon carrying 


out the z integration, we have 


1(6)= > C,2(1—A) 


n=O 
1 1 n+1—6 1 1 nt+3—6 
GE 
n+1—O0\N n+3—O\N 


Evidently, J2(@) has poles at 
@=1, 2,3, --:, 
and its residue at =n is given by 


—C,-1°(1—A) +C,_2(1—A) 


pa? pw 
SC +C,-2(' -), 
P+ p+ 
where it is understood that C,,’?=0 for m<0. 

The residues of ¥(p) are evidently solutions of the 
homogeneous equation (9), and thus are the bound- 
state wave functions in the absence of the pair-annihila- 
tion interaction; the corresponding energy eigenvalues 
are determined by the relation 0@=n=1, 2, 3, ---. From 
(A1) and (A2), the solutions of (9) are given by 


1 1 wo \ 
ppaiaaaref ant igi a Sate 
P+ut+pE pi+u— pk] \ p+o 


2 632 _ 
e-(ES)-AEZ)) 
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Of course, these wave functions are valid only for large « 
since we have used the approximation (26). 

When E=0, on the other hand, we can get the exact 
solutions for the bound states of (9). Equation (35) can 
be integrated,"’ yielding 


x (af) m? 
¥(p, E=0)=— — 
sin(#8) (p?+m*)* 


xP(a+1,3+1,2;—"—), (AS) 
pm? 


where we have used a+8=1. Evidently, ¥(p), regarded 
as an analytic function of a or 8, has simple poles. In 
particular, it has sueh poles when 

B=—n, (n= 


which, in view of (36), lead to the eigenvalues 


g”/44?*m* = n(n+1). (A6) 


The corresponding residues of ¥(p, E 
are given by 


0) at B=—n 


1 
¢»(p) =const X- —P(n+2,1 - 


(p?-+-m?) 
1 


= const X ~(x#—1)-§P,}(x), 
(p?+m’)' 
(m=1,2,+-+), (A7) 


where x= —(p’—m")/(p’+m") and P,'(x) is the as- 
sociated Legendre function. The eigenvalues (A6) and 
eigenfunctions (A7) agree with those given by Cutkosky*® 
who investigated the bound-state problem in the ab- 
sence of the pair-annihilation term, using a generaliza- 
tion of Fock’s stereographic-projection method.'* Of 
course, in (A7), we have obtained the solution for S 
States. 

'7 A. Erdélyi et al., Tables of Integral Transforms (McGraw-Hill 


Book Company, Inc., New York, 1953), Vol. II, p. 400, Eq. (10). 
'*V. Fock, Z. Physik 98, 145 (1935). 
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Some Aspects of the Covariant Two-Body Problem. II. The Scattering Problem* 
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By way of extension of a previous study of the bound-state problem within the framework of the covariant 
Bethe-Salpeter formalism, the scattering of nucleons by nucleons has been investigated in the ladder approxi 
mation, assuming scalar nucleons and zero-mass scalar mesons. The solution of the scattering problem can 
be effected by using an integral-transform method which is similar to that developed for the bound-state 
problem, subject to the assumption that the nucleon mass is large compared to the kinetic energy in the 
center-of-mass system. An essential complication which is now encountered is the appearance of an infrared 
divergence. Two methods of circumventing this difficulty are discussed. The cross section can be calculated 
from the Green’s function by a limiting process; the usual S-matrix formalism leads to incorrect results in 
this case, and an amplitude renormalization is required. In this connection, it is instructive to re-examine, 
in detail, the Coulomb-scattering problem in momentum space, since this is very closely related to the 
Bethe-Salpeter scattering problem. The Green’s-function method turns out to be unsuitable for the calcu- 
lation of higher-order corrections to the nucleon-nucleon scattering cross section, so that here a cutoff 


procedure must be used. 





I. INTRODUCTION 


N a previous paper,' we developed a procedure for 

handling the bound states of the nucleon-antinucleon 
system for the case of scalar nucleons. Here, we extend 
the method to study the nucleon-nucleon scattering 
problem in the ladder approximation in terms of the 
covariant Bethe-Salpeter (B-S) formalism. Once again, 
it is quite difficult to treat the spinor-nucleon case, and 
so we restrict ourselves to the same model as was used 
previously, viz., scalar nucleons and zero-mass scalar 
mesons. One can hope that an extension of the method 
may eventually be helpful in treating the problem of 
the scattering of spinor nucleons by nucleons. 

In our discussion of the scattering problem, we shall 
find it very helpful to use the integral-transform method 
developed previously for the bound-state problem. A 
similar approach has been presented independently by 
Nishijima,’ but his results appear to be in error since he 
did not treat properly the infrared divergence which 
appears in the theory. The appearance of an infrared 
divergence in the scattering problem represents an 
important difference from the bound-state problem and 
leads to complications. These are connected with the 
existence of a distorted incoming wave in the Coulomb- 
scattering problem, as will be seen later. 

As is well-known, the infrared divergences which 
appear in quantum electrodynamics have their origin 
in the emission of virtual soft photons and should be 
canceled by terms which come from the emission of 
real soft photons.’ This is true to any order of pertur- 

* This research. was supported, in part, by the U. S. Atomic 
Energy Commission and the National Science Foundation. 

¢ Present address: Scuola di Perfezionamento in Fisica Teorica 
e Nucleare dell’ Universita, Napoli, Italy. 

'S. Okubo and D. Feldman, preceding paper [Phys. Rev. 117, 
279 (1960) ], henceforth referred to as I. 

? K. Nishijima, Progr. Theoret. Phys. (Kyoto) 14, 203 (1955). 


* See, for example, J. Jauch and F. Rohrlich, Helv. Phys. Acta 
27, 613 (1954). 


bation theory and is also true in our scalar-photon 
case. The difficulty in our problem is that our solution 
of the B-S equation does not correspond to simple 
perturbation theory, and so we must take into account 
real soft-photon emission in a non-perturbation-theo- 
retical way. To do this properly seems to be quite 
difficult ; hence, we content ourselves in this paper with 
solving the B-S equation without considering soft- 
photon emission. We introduce, instead, a low-frequency 
cutoff for the virtual-photon energy. 

Our treatment of the scattering problem is based on 
a covariant form of nonrelativistic approximation which 
is similar to that used in I. It turns out that, in the 
lowest-order approximation, all infrared divergences are 
contained in a phase factor and so do not lead to any 
difficulties at all. In fact, the cross section is then given 
exactly by the classical Rutherford formula for the 
scattering of a particle by a Coulomb potential. How- 
ever, in the calculation of higher-order corrections to 
the Rutherford formula, the infrared divergences appear 
in a nontrivial way. 

In the extreme low-energy limit, the cross section 
may be obtained from the Green’s function by means of 
a limiting process. Since we are dealing with zero-mass 
mesons, however, the usual S-matrix formalism does 
not give the correct answer, and an amplitude renormal- 
ization for the wave function is required. This situation 
is clarified by considering the classical Rutherford 
scattering problem in momentum space. 

For reasons that will be given later, the Green’s- 
function method is not suitable for the calculation of 
higher-order corrections, so that here we must use a 
cutoff procedure. In this case, an amplitude renormal- 
ization is not necessary. 

In Sec. II, we set up the general formulation of our 
scattering problem; in Sec. III, we consider the appli- 
cation of the integral-transform method; in Sec. IV, 
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we investigate, in detail, the Coulomb-scattering prob- 
lem in momentum space; in Sec. V, we return to 
consider the solution of the B-S equation. 


Il. FORMULATION OF THE PROBLEM 


For simplicity, we consider a charged scalar nucleon 
field @ in interaction with a neutral scalar field A with 
zero rest mass, the interaction Hamiltonian being given 
by 

H=g¢*oA. (1) 


Assuming, for definiteness, that both particles have 
positive charge, the B-S wave function x(x,y) which 
characterizes the two-nucleon scattering state satisfies, 
in the ladder approximation, the following inhomo- 
geneous integral equation: 


x(29)=Xinea)—e ff dtnadty Apr(x—2x)) 


XAr(y—y1)De(x1— y1)X(x1,91), (2) 


where Xj, represents the wave function of the incident 
free particles. The functions Ay and Dp are the same 
as were used in I; notice also that g* in (2) corresponds 
to 4g* of I. Equation (2) may be derived by the method 
of Gell-Mann and Low.‘ 

We now separate out the coneh-<finiens motion from 
the internal motion by writing 


x (x,y) =F th f(x—y), (3) 


where E is the energy-momentum four-vector of the 
total system (we use natural units with h=c=1). 
Denoting by ~; and 2 the four-momenta of the two 
incident nucleons, we may set 


f= 4E+k, p2= 4E—k; 
since 
pir+m= p?+m'=0, 
we have also 
= — (LE+m?), 


kRE=0. 


(4a) 
(4b) 
The function X;, may now be written as follows: 


Xin (x,y) = const X e( 2/2) (2tw gikt(2—y) | 


Since the two nucleons are identical and obey Bose 
statistics, we should, strictly speaking, symmetrize X;, 
with respect to an interchange of the two particles. 
However, this symmetrization can be effected at the 
end by symmetrizing the total wave function with 
respect to the replacement of k by —&. 

On defining the Fourier transform of (3) by 


x (x,y) _ cxnrncete f inp efr(=-vy(p), 


* M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 
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we find that ¥(p) satisfies the following equation: 


g 1 1 
oa MaRS 
lila )! P— B+ pE PB pE 


vip) 
x< I d‘p’ ——.._ (5 
f Ym ©) 


A vanishingly small negative imaginary part is under- 
stood to be contained in all denominators; also, for 
convenience, the constant in X;, has been taken to be 
unity. 

As we will see later, Eq. (5) has no finite solution 
because of the appearance of an infrared divergence. 
One way to avoid this difficulty is to consider that the 
meson field has a small but finite rest mass uw; another 
way is to work with the Green’s function instead of 
the B-S wave function. For the sake of reference, we 
write down the equation for the Green’s function in 
the general case of a meson field of finite mass: 





ig’ 1 1 
.E)=8(p—g)—- ——-— 
satis hat ) p—k+ pe p?--— pE 


G(p'q,E) 
x for 
(p- peu 


here, g is an arbitrary four-vector, and # must be 
interpreted from (4a) as a function of Z*. Equation (6) 
represents the transcription in terms of momentum 
variables of the inhomogeneous integral equation satis- 
fied by the two-nucleon Green’s function G(x,y; 2’,y’) 
in the ladder approximation.‘ 

With g=k, G(p,q,£) is essentially the wave function 
¥(p) of the scattering problem with a finite meson 
mass, where ¥(p) satisfies the equation 





ig? 1 1 


(p)=8(p—k)— - wii cmaep 

aoa (Qn)! p’— 4+ pE p——pE 
x fey v(P’) 

(p— p+ 


On setting 4=0, we of course regain Eq. (5). 
Finally, we consider the physical meaning of the 
vector k, In the center-of-mass system, 

E= (0,0,0,7e), (7) 
where ¢ is the total energy of the system. From (4b), 
it follows that & must have the form 

k= (k,0), (8) 
where k is a three-dimensional vector. From (4a), we 
then have 

e= 2(k?+-m’)!. (9) 
Evidently, k and —k are the wave numbers of the two 
nucleons in the center-of-mass system. 
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We now turn to a consideration of Eq. (6). Let 


G(p,q,E) =6(p—q)+F (p,9,E) ; (10) 
we then find that 
ig? 1 1 


k’+ pE p’—k?— pE 


| : , PPE) 
x t fer - - . ig) 
(p q)° +p (p- p’)’ +? 


Next, we express /'(p,q,£) in the form of a Gaussian 
transform, viz. 


F(p,q,E) f ax f dy f dz 2°H (x,y,z) 


<exp}- 


F(p,9,E)=— 
(2ar)* Pp 


isl (p?— k?+ pE)x 


+ ( p?— k?— pE)y+(p—q)?+u?]}. (12) 


It is worth while noticing that Nambu,® in his investi- 
gation of the general representation of Green’s func- 
tions, found a form which is almost the same as (12). 
Since we are interested in the p dependence of F (q and 
E are fixed), H(x,y,z) is independent of p but may 
depend upon g and £. In (12), ~ is understood to 
include vanishingly small imaginary parts. 
Now, using 


1 si 
if du exp | —iul(p— p’)*+2"]}, 
(p-p y+ 


and (12), we find, upon replacing the integration 
variable u by uz, 


on F(p',q,1 } 
I a*p oo ‘ 
(p p 24 y:? 


if ax f dy f as f du 2°H (x,y,z) 


x fap exp(— iz{ (p?—k®+ p’E)x 


+ (pk p'E)y+ (p’—9)*+ +L (p'— p)?+ 0" u}). 
The integration over p’ may be carried out with aid of 
the integral formula 


7 
d‘p’ exp(iap”) =i (13) 


a a| 

Upon carrying out, subsequently, a change of the 

integration variable from u to ¢ by setting 
t=uz/(x+y+ut+1), 


5 Y. Nambu, Nuovo cimento 6, 1064 (1957 
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and then interchanging the order of the z and ¢ inte- 
grations, we find that 


. . : °" A(x,y,2 
I=xf ax f ay f af dz K(a y,2,!) 
0 0 0 é r+ytl 


+ pl 
pE)+(p—g*+e]}, 


Xexp | —tu_x(p?—k 
+y( p— kh 


where we have introduc ed the abbreviation 


K (x,y,2,l) = exp) tk*(x+-y) (2 


Next, we observe that 
1 
pr—R+ pe p* 
*— pE) |. 


Multiplying this by / and replacing the variables u and 


v by ut and vt, respectively, we obtain 


1 1 f I 
d‘p’ 
pP?—k+ pe p’—k’— pl Op 


z p’.q,) 
p+? 
— ef du f di f da [ dy f af dz 
H (x,y,z) 
xt K 
r+y+1 
XL (a+) (p?— k?+- + (y+) (; k?— pE) 
= q)’ +p? J}. 


With the substitution of x y for the variables 
u, v, respectively, followed by an interchange of the 


order of the x and wu integrations, etc., we obtain finally 


= 2) x ss) 
J — 7? [ iu f d f Ui t* « xp 1f| Mu p k?-+ pe) 
0 . 


+o( p?— k? 


" : “ H (x,y, 
x f ax f ty f dz K (x,y,2,/ 
0 0 t r-t y T 1 


Notice that this has exactly the same form as (12). 


pl + (p—g)*+y 





COVARIANT TWO 
For the inhomogeneous term of (11), we write 
1 1 1 
PR DE pk pE (p—a)+u4 


_ if auf dv f dt @ exp| —itlu(p’— k?+ pe) 
0 0 ae 


+2(p’—k— pE)+(p—q)* +n" ]}. 


Upon inserting (12), (15), and (16) into (11), we infer 
that H must satisfy the integral equation 


(16) 


Gon, © 
H (u,v) = — } 


(29)* 167° 


: , ° H(x,y,2) 
xf axf ay f dz ————_K (x,y,z, t), 
0 0 t xrt+y+1 


where K is given by (14). 

Now, in view of Eqs. (10) and (12), it is clear that 
(17) is an integral equation for the Green’s function 
for fixed g and E. Since we are interested in the real 
scattering problem, we have to set g=k. Making use 
of (14) and (4b), we find 


g? ig? u r ° H(x,y,2) 
ae 8 f dx f dy f és — 
(2xr)* 167°? ¢ atytl 


(17) 


(x+y)? 
Xexp| i (s—t)—4 


xty+1 4 xty+1 


ol 
ist rtytts=1]l, (q=k), (18) 
s—t : 


where we have replaced E* by — &, according to (7). 

We investigate next the relation between H(x,y,z) 
and the scattering cross section. The wave function in 
coordinate space is defined by 


v(a)= fap v(p)e'*. 
Recalling that 
¥(p)=G(p, q=&, EB}, 


and making use of Eqs. (10) and (12), we obtain 


x Zz a 
v(x) =e" +f uf af dz 2°H (u,0,2) 
0 0 0 


x fap exp{ipx—isu(p?—k?+ pF) 


4 o( p’— k*— pE) +(p — #)? +p? }}, 


where, to avoid confusion, we have written u and 1 
instead of x and y in Eq. (12). Upon carrying out the 
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p integration with the help of (13), we derive the 
following equation : 


° a * H(u,v,2) 
W(x)=e**—ig? | du ivf ds ——_——— 
0 0 6 (u+0+ 1)? 


ix? 1 1 
xexp( +-t1kx—— 
4 2(u+v+1) u+v+1 


iE? s(u—v)? s(u-+v)? 
1 sh? 


+ +iek— - ~iv's). (19) 
4 ut+v+1 u+v+1 


Ex u-v 


2 ut+o+1 


Actually, the physical interpretation of the B-S wave 
function ¥(x) is not well established, particularly since 
it involves x4, the relative time coordinate of the two 
nucleons. Since, in scattering experiments, we measure 
the scattered waves of the two nucleons at the same 
time, it seems reasonable to take x4=0. Indeed, in this 
case, the B-S wave function corresponds to a Tamm- 
Dancoff amplitude,* whose physical meaning is clear. 

Then, going over to the center-of-mass system for 
which (7) is applicable, so that Ex=0O, and introducing 
the notations 

==? kx=k-x= kr cosé, 


we obtain from Eq. (19) 


W(x) =y (x, x4=0) 
. "= *“ H(u,v,2) 
= ¢ik-s— int f auf av f dz ——_—_——_ 
0 0 0 (u +v+1)? 


r 1 1 
xexp( +ikr cosé : 
4 2(u+o+1) u+o+1 


é& z(u—v)? 
1 


4 u+o+1 u+ov+1 


Now, we are interested in the asymptotic form of 
v(x) as Since the exponential factor will 
oscillate quite rapidly in this limit, we can use the 
so-called method of stationary phase.’ We then find 


2n*i e'*" f* a 
f dz n( ; *) 
r vo 4kz 4kz 


ic 2k*(1—cosd)+u"J}, 


ro, 


v x)~e 


exp | (r—+ a). (20) 


Defining a four-vector k’ by k’ 
and k’||x, we have finally 


(k’,O), where k? =k? 


k 


2x1 e**" 7” 
[ds t(u=2,0= 2,5) 
Tr 


0 


y(x)~e* r_ 


Xexp | —iel(k—k’)*+p?}} 


6M. M. Lévy, Phys. Rev. 88, 725 (1952). 
7G. N. Watson, Theory of Bessel Functions (Cambridge Uni 
versity Press, Cambridge, 1945), second edition, pp. 225, 229. 


(21) 
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provided H(u= ©, v= ©, 2) exists. The scattering cross 
section from the initial relative momentum & to the 


final relative momentum &’ is therefore given by 


-—| fan, p= 0, 2) 


Xexp{—iel(k—-k)+u7]}|. (22) 


Strictly speaking, Eq. (22) is true only for the 
scattering of two nonidentical particles, since we have 
not symmetrized the scattering amplitude with respect 
to the replacement of k by —k. For the sake of sim- 
plicity, however, we will not indicate this symmetri- 
zation explicitly. 

Our expression for the cross section [Eq. (22) ] must 
agree with the result derived from the usual S-matrix 
formalism. Apart from a multiplicative factor, the T 
matrix is given by® 

ig? 


94=~ 


v(P') 

for gt 

(ny J” (p—p+ut 
where p=(p,0), k=(k,0), and p’=F, ie., we are 
concerned here only with that part of the 7 matrix 
which is on the energy shell; the function ¥(p’) in (23) 
satisfies (5’). The 7 matrix given here is related to the 
S matrix in the usual way, viz., 


Sp.n= —2wib(Ep—Ex)T p.»- 


On evaluating (23) with the aid of (10), (12), and the 
relation ¥(p’)=G(p’,k,E), one finds 


(23) 


x+y+1 


tz 
-iw(— (x+ y+1)+1-s) || 
l—z 


Xexp {—isl(p—k)*+n*]}. 


“4 rty+1 


In view of the integral equation (18), this can be 


rewritten in the form 


2 


T= f ds H(u 


0 


©, D= 0, z) 


Xexp{—isl(p—k)*+n? J}, (24) 
so that we are once again led to the formula (22) with 
the replacement of p by k’. 
In both derivations, we have assumed the existence 
of H(u=«,v=,2); indeed, when this is the case, 
* K. Nishijima, Progr. Theoret. Phys. (Kyoto) 10, 549 (1953) ; 
12, 279 (1954); 13, 305 (1955). 
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the two determinations of the cross ery agree with 
one another. But, if H(u= ©, »>= «©, 2) does not exist, 
then we will see that the usual Sa matrix formalism is 
useless. On the other hand, our first approach which 
was based on the evaluation of the asymptotic form of 
the wave function needs to be re-examined, since it 
now appears that the wave function does not have the 
usual asymptotic form, viz., that of an incoming plane 
wave plus an outgoing spherical wave, but, in fact, 
these waves are distorted, and indeed, at the same 
time, the normalization of the incident wave is altered. 
This has the consequence that the derivations of the 
cross section based on the analysis of the coordinate- 
space wave function and on the S-matrix formalism 
will not agree. This peculiar result is obtained when 
u=0 and is essentially due to the infrared divergences 
which are present in the theory. 

In this paper, we will treat, in detail, only the case 
p=0, the more general situation which obtains when 
ux¥0 being too difficult to handle. When n=90, it follows 
from (17) and (14) that H(u,v,?) is independent of #, 


A (u,v,t)=H (u,»), 


and satisfies the —— 


- — Le H (x,y) 
rr 


4e2(x—y)?— 2 (x+y) (x fy 1) 
+¢(x+y)+gE(x—y)— 


where —ié is the vanishingly small negative imaginary 
term which was implicitly included in the #* of all 
denominators and exponential factors. Equation (12) 
becomes correspondingly 


F(p.a.8)=2 [ ax dy 
0 9 


A(x,y) 
TP + pE)+y(p— -k°— pE)+ (p- - 9) 


Evidently, the Gaussian representation (12) reduces to 
the Stieltjes form (26) in the case u=0. 

In point of fact, Eq. (25), which is valid when p=0, 
may be obtained more easily by expressing F in the 
form (26) and then following a procedure similar to 
that used in Sec. III of I. An equation corresponding 
to (25) has, in fact, been derived independently by 
Nishijima? who used such a method. 

When we deal with the real scattering problem, we 
have only to set g=& in Eq. (25); in view of (4b), we 


obtain 
+ fe “f dy 
167? « 


A(x »y) 
Le(x—y) 2_ }3( 2+y)*— 


H (u,v) = — —— 
(2x)* 


~ 


(26) 


H(u,v) = — — 
(an) 


X= (27) 
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which, in turn, is equivalent to the differential equation 
3? Z H (u,v) 


H (u,v) =—— 
udv 16x? he*(u—v)?— k?(u+-0)?— 





(28) 


subject to the boundary conditions 
H(u=0, v)=H(u, »=0) = —g*/(2r)*. (29) 


Nishijima? inferred from Eqs. (28) and (29) that the 
solution must be of the form 


H (u,v) = f((u—»)/(ut+2)), f(1)= —g°/(2x)*. 


But then H(u,v) is a function of «/» only, whence it 
follows from (27) that the integral on the right-hand 
side is divergent for x=0 or y=0. This means that 
(27) has, in fact, no solution at all. 

One way out of this difficulty is to try to solve, not 
(27), but rather the more general equation (25) for the 
Green’s function, and then let g—> k at the very end. 
In this method, the infrared divergence appears only at 
the final stage of the calculation, i.e., when the limiting 
process g—> & is performed, but not in the solution of 
(25) itself. Physically, this procedure corresponds to 
calculating the T matrix, first, off the energy shell and 
then going, in the limit, on to the energy shell. 

Another way to proceed is to modify Eq. (27) by 
introducing a small cutoff near x=0 and y=0, so that 

2 2 « 
H (u,v) = — - + : dx 
(2x)* 167° 





H 
(x,y) _ (00) 
(x+y)? is 


x 
te (x—y)?— 


and then taking the limit s—> +0 at the end of the 
calculation. Under these circumstances, Eq. (28) still 
holds good, but the boundary conditions now read 


H(u=s, v)=H(u, »=s)=—g*/ (2x). 


For later use, we write down, at this point, the 
differential-equation formulation of (25), viz., 


(31) 


e g° 
——H (u,v) =—— 
Oudn 16x? 

A (u,v) 


*Fe(u— Bt) (u+0+1)+¢(u+)— is 





with the boundary conditions 


H(u=0, 0) =H (u, v>=0) = —g’/(2x)*. 
In the derivation of (32), we have restricted ourselves 
to those g that satisfy the relation gE=0, i.e., g has a 
form similar to (8), but we do not assume that ¢=é&’. 
This restriction is adequate for our needs, since, at the 
end, we will take the limit g— &. 


(33) 


BODY 
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IV. INVESTIGATION OF THE COULOMB-SCATTERING 
PROBLEM IN MOMENTUM SPACE 


Before we proceed to solve (30) or (32), we will 
study the Coulomb-scattering problem in momentum 
space. As we will see later, this will help in our under- 
standing of the various difficulties involved in the 
solution of the B-S equation 

The equation for the relative motion of two particles 
which interact via the Coulomb potential V= V0/r is 


(V+ — mV 0/1) (x) = (34) 


in momentum space, this equation assumes the form 


mV 4 ¥(p’) 
f dp’ . (34) 
2m? (p’—p)? 
The usual discussion® of the scattering solution of (34’) 
leads to the integral equation 
2x? p— "re 5S? r 


On the other hand, the complete nonrelativistic 
reduction® of the B-S equation (5) yields an equation 
similar to (35) with 


g?= — 169m’ V ». 


(p’—k*)y(p) = — 


vp) 
(p—p’) 


¥(p) =5(p- Tee 4 _— (35) 


(36) 


The customary method of handling the Coulomb- 
scattering problem is to solve Eq. (34) directly in 
coordinate space. However, it is well known that, while 
Eq. (35) gives the exact Rutherford formula for the 
scattering cross section in first Born approximation, it 
leads to a divergent result in the second Born approxi- 
mation. Actually, this divergence has the character of 
an infrared catastrophe, as was already evident in our 
discussion of the B-S equation. 

Basically, Eq. (35) has no solution, because of the 
fact that the first term on the right-hand side represents 
a pure incoming plane wave and the second term an 
outgoing spherical wave ; but we know from the solution 
in coordinate space that, because of the long range of 
the Coulomb potential, both the incoming plane wave 
and the outgoing spherical wave are distorted. We must 
therefore be careful in applying the usual S-matrix 
formalism in this case. 

We proceed to modify (35) in the manner described 
in the preceding section, and calculate the scattering 
cross section according to both the Green’s-function 
method and the cutoff procedure. 

Instead of the wave function ¥(p), we introduce the 
Green’s function G(p,q) which satisfies the equation 


eal Ya + aes 


7 (37) 
w where q is an arbitrary vector which does not necessarily 


*B.A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 


G(p,q) =6(p— q)— 
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satisfy q?= k?. Unlike (35), Eq. (37) has a finite solution. 
Evidently, Eq. (37) is the analog of (6), and, indeed, 
may be obtained from (6) on carrying out the complete 
nonrelativistic reduction.® To solve (37), we set 
G(p,q) =4(p— q) 
H(£) 
(38) 
Lé(p’— k*) + (p—q)?—16 P 
which is essentially the nonrelativistic analog of (10) 
and (26), and use the integral identity 
rt | 
16)? dX pe—rA*—146 
(ReA>0), (39) 


which, in turn, corresponds to the relativistic formula 


1 ir 1 
fav . : 
(p—p)*—v ed i + J 


We can then deduce the integral equation 
mV imVy» ft H(z) 

H(&) dz - (40) 
2x | 2(2-+1)k?—sq?— 16 |}? 


the method of derivation of Eq. (40) is very similar 
to that used in Sec. III of I. 


Equation (40) is, 
ential equation 


in turn, equivalent to the differ- 


d imV 
Hi: 
dé 


H(£) 


with 
H(0 
which has the solution 


t+ 1)k®— Eq* |'+-kEY '* 
- ) 
t+ 1)k*— tq? |i—ké 


mV 


H(é) 


where 


(43) 


Equation (42) is similar to (I, 27b); accordingly, the 
Green’s function, regarded as an analytic function of a, 
has simple poles at ia=n (n= 1, 2, 3, ---). This implies 
the existence of bound states for the Coulomb inter- 
action, provided Vo<0. With k=i(—mE)', we are led 
once again to the Bohr formula for hydrogen-like atoms. 
Correspondingly, the residues of the Green’s function 
will yield the bound-state eigenfunctions (see the 
Appendix of I) ' 

Now, in the real scattering problem, we should set 
q=k. Under these circumstances, however, it is evident 
that (42) will diverge, and hence Eq. (35) has no 
solution. We will therefore refrain from taking this 
limit until the very end of the calculation. 


AND 
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Next, we calculate the 7 matrix, using the result just 
function. According to the 


usual S-matrix formalism,’ the 7 matrix is given by 


obtained for the Green’s 


G(p’,q) 
$4) 


For the real scattering problem, we have, of course, 


pr, ¢— FP, (45) 


whence we see that divergences occur in the & integra- 
tion at £=0 and f= =~; wi 
the taking of this limit. 

Using Eqs. (41a, b) and 
by parts, we find 


therefore continue to defer 


rrying out an integration 


Now - 


assuming for 1 


and carrying out 
we obtain 
ly. 


where 


and 


from (47 


In view of (45), we must limit 


; 


2) 


Our expression for 7, , then | 


(- Bir’ 
2n* 3 p 


or finally 


T'y.4 


p—k 


sinha 
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We notice that all the divergences appear in the phase 
factor 


(4/8’) ‘= exp[ia In(4/6’) J, 


and so will lead to no difficulties in the calculation of 
the cross section. 

From (49), the differential cross section for scattering 
through the angle @ is given by 


da m? Ta 24do 
- = (2r)* IT alt= -) (- ) ; (50) 
dQ 4 sinhra dQ? pr 


(= a 1 
= r 4k sin*(}@) 
is the classical Rutherford formula for the Coulomb- 
scattering cross section. We see, therefore, that we have 
obtained a result which differs from the usual Ruther- 
ford formula. Since the latter should be correct, this 
result is quite peculiar. 

In deriving Eqs. (49) and (50), we assumed the 
inequality (47). Since this assumption has little mean- 
ing, we carry out the limiting process (45) in a somewhat 
different way. Thus, suppose 


k> p’. 


where 


(51) 


k’>q, (47’) 


Then, proceeding as before, but now carrying out the 
change of variable 

E— —(p—q)*(p’—F*) E, 
we find that (46) goes over into 


Fe, A 6s 1 


2x? (p—q)? Yo 


dé - 
(€—1+%6)? 
(e+ |B" )+E) 
fone 
(+ |8"|&)'—¢ 


Ty.4 re 


On taking the limit |8’| +0, and rotating the & axis 
through 180° in a positive direction, we obtain 


Vo 4\* ra 1 
2n*\|6’|7 sinhra (p—q)? 


It is evident, on comparison with Eq. (49), that we 
have here an extra factor of e~**. The cross section 
will therefore be given by 


da ( ra 24da 
—— 2 oe a ‘ 
dQ sinha )G). 
Of course, both (50) and (50’) lead to the Rutherford 
formula in first Born approximation. 
It is now clear that, not only does the Green’s- 
function method lead to an incorrect formula for the 
scattering cross section, but the formula depends, in 


p’| — 0). 


(49’) 


(50’) 
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fact, on the nature of the limiting process that is used. 
We proceed, in the following, to explain this peculiar 
result, and, in so doing, we will see how to interpret 
the cross section properly. The essential point is that 
one has to take note of the change of amplitude of the 
incoming wave in the case of scattering by a Coulomb 
field. 

To see how this comes about, we calculate the wave 
function in coordinate space; this is given by 


v(x) " feo ce? *G (p,q), (q~>k). 


From (38), we find 


PS Sh aa H(é) 
Vix)metes tint f PEPE PTEESreeRp — 
Yo (E+ 1)LE(E+ 1) — Eq?) 


xep(— (q-x-+ rCe(e+1)—E0")) ), (qk) 
t+1 


where r= |x|. In what follows, we assume, for the sake 


of simplicity, that 


k’> q’, 


and 


q= (0,0,9). 


Making use once again of 
after a partial integration, 


Eqs. (41a, b), we obtain, 


mV > ~¢ 


2x? > d 
¥(x)= dt H(t)— 
t dt 


1 i 
x|— — exp( ——[ qo+ kr( t+ 0") (qk) 
&+1 &+1 


where 8 is defined by (48b) and satisfies 
p>0. 


We are now in a position to carry out the limiting 
process q— k, i.e., 8—» 0. We then have 


4\ ‘ - d 1 i 
y( x)=- ( ) | dt ee exp( (tot bre) | 
a] J, dele+1 f+1 
4, ve d 
--( ) lim fae 
B 6—+iat0 @ dé 
i 
exp (ks+-hré)) | 
“1 &+1 
x t° l i 
lim of dé exp( (ks+ hr). 
veto J, “ett N44 
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If we set u= £/(£+-1), we find” 


4y 
v(x) =ia( -) lim mf du u?(1—u)~%etwe(r 
B O-+1at+0 e 


wa (- 
sinha \8 


where ,/’; is the confluent hypergeometric function, and 
all divergences again appear in the phase factor. 

Equation (52) agrees, except for a multiplicative 
factor, with the usual scattering solution. As we will see 
shortly, the essential point here consists in the appear- 
ance of this additional constant factor. 

The form of the wave function ¥(x) at infinity may 
be determined from the asymptotic expansion of the 
confluent hypergeometric function ; this gives 


Ta 4 ia eg ral2 
7 (-) ane (e ia In(kr—kz) 
sinhma \8/ T'(1—ia) 


I'(1—ia) eikrtia In(kr—kz) 
a————- -_— ). (53) 
l'(1+ia) k(r—z) 


= ) e*** 1 F (ia, 1; ik(r—3z)), (52) 


W(x) ~ 


+ 


Thus we see that the amplitude of the incoming wave 


is now given by 
4 ia ¢ ra/2 
B I'(1—ta) 


Z,' 
even though it was originally normalized to unity 
[see Eq. (35) ]. 

The physical meaning of Z,! is essentially the same 
as in the case of quantum field theory; it plays the role 
of the renormalization constant of the amplitude of an 
external line."! This factor has its origin in the long- 
range character of the Coulomb potential. As in quan- 
tum field theory, we must therefore divide the cross 
section by |Zs| | Z2’|, where Zz and Z,’ are the constants 
appropriate to the initial and final states, respectively. 
For 8>0, it follows from (54) that 


|2:| 


Ta 
(54) 


sinha 


ra 


(wa/sinhra)e~**, (8>0). 


(55) 
On the other hand, when 8<0, we have 


| Z2| = (wa/sinhra)e**, 


(8<0), (56) 
since 


(4/8)'*= (4/|B|) ier". 


In applying these results to Eq. (50), we notice that, 
since it is based on the inequality (47), we must use 
Eqs. (55) and (56) for Z2(g) and Z2(p), respectively. 


The result is to give 
(=) 1 (“) (<) 
dQ renormalized Z4\ p) | |Z2(q) | dQ dQ R 
A. Erdélyi et al., Higher Transcendental Functions (McGraw 


Hill Book Company, Inc., New York, 1953), Vol. I, p. 255. 
uF. J. Dyson, Phys. Rev. 75, 1736 (1949). 
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In the same way, when we consider (50), we must use 
(55) for both Z2(g) and Z.(p) in view of Eq. (47’); in 
consequence, we obtain (57) once again. Evidently, 
after we have carried out an amplitude renormalization, 
we can indeed obtain the correct cross section, no 
matter which form of limiting process is used. 

It is interesting to notice that, of the two possible 
expressions for |Z;| [Eqs. (55) and (56)], one will 
always be greater than unity, the other will be less 
than unity, depending on the sign of a. This is unlike 
the case of field theory” for which, formally at least, 
one has |Z,| <1. 

Next, we investigate the cutoff procedure proposed 
in the previous section; this will turn out to be much 
more suitable than the Green’s-function method for 
the discussion of the scattering problem within the B-S 
formalism. When we apply a cutoff, we take q=k from 
the very beginning; then, Eq. (40) becomes 


imVo c* H(z) 
J dz 7. 
2k Z 


mV 9 
H(£) 


2r? 
But, as we have already noted earlier, this equation 
has no solution [see Eq. (42) ]. We therefore introduce 
a small cutoff s and consider the 
equation : 


following integral 


mV 9 £ H(z) 
g) ia f lz i 


i (58) 
where a is defined by (43), and, at the conclusion of our 
calculation, we must take the limit s — +0. 

The solution of (58) is given by 


H(&) 


) 


— (mI 2m) (&/s)**. (59) 


From (44’), we find that 


—( 1 
2x? \ (p—k)? 
9? 


iJ 


e ~ 


the T matrix is equal to 


T «= 


~~“) 
p—ky g¢ J 


here, too, whence we have 


p’— k*)+ 
It is consistent to set p’= #* 
, Vo 1 
T yx “ 


a. 14 
2? (p— - 


There is still a divergence 
introduce an upper bound L 


therefore 
for the & variable, so that 


y) 


1952); H. Lehmann, 
D. Lee, Phys. Rev 


at =; we 


F Vo 1 
an (ee 
2x? (p—k)*L 

2G. Kallén, Helv. Phys. Acta 25, 
Nuovo cimento 11, 342 (1954) ; but 


95, 1329 (1954). 
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On carrying out the integration, we have 


Vo 1 Ly @ 
zicte tel 
2x? (p—k)*\ 5 


where s—> +0 and L—~ +. 
Once again, it is evident that all divergences appear 
in a phase factor, so that the scattering cross section is 


given by 
da (=) 
a2 \do/], 


We have, by use of the cutoff procedure, obtained the 
Rutherford scattering formula, without encountering 
extraneous multiplicative factors. If we calculate the 
wave function in coordinate space, we find that, in this 
case, the wave function no longer contains distorted 
waves, but consists, asymptctically, of the usual plane 
plus outgoing spherical waves. With the cutoff, the 
second term on the right-hand side of (35) represents 
only an outgoing wave, and so, now, Z;=1. 

These results are connected with the existence of 
H(&=). In our discussion of the formalism of the 
nucleon-nucleon scattering problem in Sec. ITI, we saw 
that, if H(x= ©, y= ©, z) exists, then there are essenti- 
ally no difficulties. Our cutoff procedure evidently 
assures the existence of this quantity, i.e., it corresponds 
to a cutoff of the long-range Coulomb potential at large 
distances. 

It is also interesting to note that, if we take, first, 
the limit L—> «, we obtain the usual wave function 
(52) with distorted waves; then, we must take into 
account the amplitude renormalization factor Z,' just 
as we did in the Green’s-function case. On the other 
hand, if we let r— © with L fixed, the wave function 
at infinity is nondistorted, and we get the Rutherford 
formula. Thus, the two limiting processes L— © and 
r—»+ co do not commute. In both cases, nonzero s 
simply serves to assure the nondivergence of our 
integrals at £=0. 


(60) 


We have had to introduce two cutoff parameters L’ 


and s so as to obtain convergence at E= © and §=0. 
In the final result, both parameters always appear in 
the combination L/s [see Eq. (60) and Sec. V]}. 

V. SOLUTION OF THE B-S EQUATION 


We will first apply the cutoff procedure, i.e., we must 
solve Eq. (30) or, equivalently, Eqs. (28) and (31). 
Having done so, we will have, from (24) and the identity 


H (u,v,2)= H (u,v), 
which obtains when u.=0, the relation 
T a= (—i/(p—k)* JA (u=L, »=L); 


we have here also introduced a cutoff at w= L, »=L 
according to our prescription. In view of Eq. (22), 


(61) 


Il 


the cross section will then be given by 
da Ar‘ 4r 1 a 
== |Tyalt'=—(——) | w=, »= 1) 
qa ée & \(p—k)* 


Since k and both have the form (8), we find 


dae r* 


1 
—=——|H(u=L, »=L)|*—_, 
dQ 4k sin*( 40) 


where @ is the scattering angle. The angular dependence 
is evidently the same as given by the Rutherford 
formula, and does not depend on a perturbation calcu- 
lation. 

Our remaining problem is to obtain H. Instead of 
using the variables « and » in Eqs. (28) and (31), it is 
convenient to introduce £ and 9 which are defined by 


(63) 


(62) 


utv=f, u—v=7. 
Equations (28) and (31) then become 
a 3 g 1 
( = —)Gten)=: ~ --——_G 
oe On? 162? ben? — BE — 15 


with 


2 


(én), (64) 


G(E, |n| = §—2s) = — g*/(2x)*, 
where we have written 
H (u,v) =G(E,n) ; 
we have also the inequalities 


E22s, |n| <§—2s. 


(65) 


(66) 


Because of the boundary condition (65), Eq. (64) no 
longer has a solution which is a function only of n/é, 
unlike the case of no cutoff [see the argument following 
Eq. (29). 

Now, it is quite difficult to solve Eqs. (64, 65) 
exactly. Hence, we will use an approximation similar to 
that employed in I, i.e., we will assume that ¢«/k>1 
which, again, amounts to a form of nonrelativistic 
approximation. 

In the lowest-order approximation, we can make use 
of the relation” 


1 


wi 2 
——-—+—-i(n), (/k-—>@). (67) 
3 ey? — kh? f*— 5 ket 


The solution of Eqs. (64, 65) is then given by 


as ‘he g° fé—l|nl|\* 
cia ffl 


68 
(2r)*\ 2s (#) 


where 
a= g*/16rke. (69) 


Using (36) and the relation €¥2m, we find that a as 
given by (69) is exactiy the same as that given by (43) 
for the Coulomb-scattering problem. 


4G. C. Wick, Phys. Rev. 96, 1124 (1954); see also (1,26). 
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Putting together Eqs. (63), (66), (68), and (61), we 


obtain 
ig? 1 L ta 
Ren EY 
(2r)* (p—k)?\ 5 


which, in turn, corresponds to Eq. (60); the difference 
in the multiplicative factors in the two cases arises 
simply from the difference in the definition of T for the 
nonrelativistic and covariant situations. In view of 
Eqs. (62) and (69), we have finally 


da/dQ= (de /dQ) pr. 


(70) 


The approximation (67) thus yields nothing other than 
the results already obtained in Sec. IV. 

We proceed to calculate the corrections of next 
higher order to the Rutherford scattering. Toward 
this end, we note the formula 


1 1 


t en? — Rt? — 46 ben? — Rt 


i 1 2k 2k 
F(t) sa(e24)) on 
ek € € 


In the limit as k/e—> 0, the second term on the right- 
hand side of (71) gives (67). Evidently, the first term, 
which is to be interpreted as the Cauchy principal 
value, is of higher order than the second with respect 
to the parameter k/e. Expanding G in (64) in the form 
of a power series 

G=GotGit:::, (72) 


and retaining only the first two terms, we have 


a i 1a 2k 2k 
(—- Je . [a(n :) +3(»- £) fo, 73 
02 =r? € € 
0? e } 2k 2k \~ 
( j :) t3(1- —t) fe 
ri a € € 


g 1 

— ——Go, (74) 
169? en? — he 
where we have used (69). 

To solve (73), we notice that this equation, together 
with the boundary condition (65), implies that 


=F\(é—|n|), C|n| > (2k/e)E], 
F2(&+n)+4 F,(é—n), [| n| < (2k =], 


Go(é,n) 
Go(§,n) 
where the functions fF; and F2 are to be determined 
from the requirements that Go(é,n) be continuous, and 


also be a solution of (73), at n=+(2k/e)é. We then 
find that 


AND 
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Since it is still difficult to solve these equations exactly, 
we proceed by expanding F; and F, in the form of a 
power series in k/e and consistently neglect terms of 
order (k/e)* with respect to the lowest-order approxi- 
mation. The final result for the solution of (73), subject 
to the boundary condition (65) and correct to first 
order in k/e, is as follows: 


2k 


Go(E,n) = F(é- In| IE bis a’ In 


€ 


Go(&n) =}3F (é +a) =< 
€ 

2k 

—1a0 + 

€ 


+4F(Ea)|1 - 


(76) 


It is to be emphasized that these formulas are not the 
results of a weak-coupling perturbation theory. The 
parameter of smallness in the calculation is k/e, and we 
need not assume that a is either small or large. 

Now that we have solved Eq. (73), we consider Eq. 
(74). Since we are interested only in corrections of 
orders k/e with respect to the limiting case k/e— 0, 
we can simplify (74) as follows: 


oe e Zia 
an — )eu(en= —8(n)Gi(E,n) 
0# On? t 


c 
s 


- 


*(E—|n]) 


k?¢2 


(74) 


169? dey? 


The general solution of (74’) may be expressed in the 
form 


’ _ g E—| 
Gi(én)=H(¢— |n|)4 f dx F 
167? « 


+I (x,&—j|9 


I (x,y) f dy 
1 e2(~— y)? 


and H(x) is a function to be det 
The evaluation of H 
grating (74’ 


where 


may be performed by i 


with respect to 7 from ” 


- 16 to 7= +0 
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and then taking the limit 6—» +0. We then find that 
d ia gia rt 
—H(t)=—H(t)+— — f dx F(x) I (x,t) —I(x,x) }. 
dé is 8x” Eo 


With aid of the boundary condition 
H(&—|n| =2s)=0, 


which follows from (65), (72), and (75a), we may 
integrate the previous equation to give 


g° E 1 1 a 

H(§)= —(ia)F(®) f dy ——- f dx F(x) 
8x? 2s F(y) Ye 

X(T (x,y) —I(x,x) }. 
If we now take note of the relation 
ia 1 es 7 


y F(y) dy Fy) 


, 
and integrate by parts with respect to y, we can write 


g? t ; 2 
H(t)=- — f dx F(x)(I(x,t)—I(x,x) ] += Fe) 
8x? 2s 8x? 


é 1 “ F(x) 
a fe iy 
2 Fly)4x %4e(x—y)?—k (x+y)? 


where we have made use of Eq. (78). This result, 
together with (77), yields 


2 


g EI al 
Gléa)=—— [de FLT, e+ In) 
16? 2s 


g’ &—|9 1 
I(x, §- inl +—FCe— lal) f i 
8x? 2s F (y) 
F(x) 


y 
x f dx . (80) 
2% 4é(x—y)’—F (x+y)? 


Next, we calculate H(#=L, »=L) and the scattering 
cross section. From Eqs. (66), (72), (75b), (76), and 
(80), we find 


H(u=L, v=L) 
~Go(E=2L, n=0)+-G,(E=2L, n=0) 


L\* 2’ 2k 2k 
~-(-) [1- —(ia)+—e? In(L/s) 
s (2x)4 € € 


2 


g 2L y xia 
Lelia paelhye aii ah 
Sr? J, 2% «0 5 (x-- y)?— (x+y)? 


The evaluation of the integral in the preceding equation 
is quite complicated. We shall here simply quote the 
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final result. One finds 


Z L ia 2k 
A(u=L, »=L)=—- (-) (:- —(ia) 
(2x)*\ 5 € 


2k 8a k 
+—a? In(L/s)+— -{ —}+ (ia) [W(1+ta)—¥(1) 


€ _ 


; 8a k 
—1—In(¢/4k) ]} In(L/s)+— -[¥(1+ ia) --¥(1) 
€ 


—1—In(¢/4k)+ (a) (1+), (81) 


where W(x) = (d/dx) InI'(x) and W’(x) is its derivative; 
we have in (81) omitted terms of order higher than k/e 
and also terms which go to zero for vanishing s/L. 

It is interesting to notice that s and L appear together 
in the combination L/s, so that, from a practical 
standpoint,. we have effectively introduced only one 
parameter L/s, which tends to infinity. It will also be 
observed that, this time, the infrared divergence does 
not occur wholly in a phase factor. 

With aid of the identity 


V(1+-ia)—W(1—ia) = (1/ia)(1—2a cothra), 


we see finally from (62) and (81) that 


do da 4k 
-(=) [1+ ?(1—2 cothma) In(L/s) 
R 


dQ dQ € 


16k 
+— -af 4[W(1+ia)+¥ (1—ia) ]+ dial’ (1+-ia) 


—W'(1—ia)]—W(1)—1 -in(e/4t)) | (82) 


so that we have obtained corrections of order k/e with 
respect to the Rutherford formula. However, unlike 
the simple Coulomb-scattering problem, we still have 
an infrared divergence (do/dQ— © as L/s—~@), 
which should be canceled by taking into account the 
cross section for the emission of soft photons, That one 
encounters an infrared divergence in the first-order 
corrections to the Rutherford formula, but not in the 
Rutherford formula itself, is explained roughly by the 
fact that higher-order corrections to the nonrelativistic 
Coulomb potential contain terms such as r~ Ing; these 
are of too long range to allow the existence of the usual 
scattering solutions. 

Next, we consider the Green’s-function method. As 
we saw in Sec. IV, it will be necessary in this case to 
carry out an amplitude renormalization. It will turn 
out that this is feasible in the lowest-order approxi- 
mation in k/e, but difficulties appear when we calculate 
higher-order corrections 

We must solve Eq. (32) subject to the boundary 
conditions (33). Introducing the variables £, 7 and the 
function G, defined by Eqs. (63) and (66), respectively, 
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we find that Eqs. (32) and (33) assume the following 
form : 


G(én) 


16x? Ley " 2— pg (k?— 
G(é, n= +£) = —g’/ (2x). 
Of course, if we set =k, Eq. (83) goes over into (64). 
In the lowest-order approximation, i.e., for k/e— 0, 
we can use the relation 


1 1 


jor Be— (Pei ke (BDH 


where @ is defined by (48b); it is clear that Eq. (85) is 

an extension of (67). The solution of Eqs. (84, 85) is 

then given by 
G(é,n) = 


(85) 


F(é—|n|), 
8 (x?+-8x)!+ x]! 
F(x)=-—- — en — (86) 
2r)‘L (x?+-Bx)!—x 
where a is defined by wr This result corresponds to 
Eq. (42) of Sec. IV. 

We can next calculate the cross section, and we obtain 
Eqs. (50) or (50’). To determine the amplitude re- 
normalization constants, we compute the wave function 
in coordinate space in the manner discussed in Sec. III; 
we find that the wave function is once again given by 
Eq. (52), and so the renormalization constants Z, are 
the same as (55) and (56). Thus, in the lowest-order 
approximation, everything is essentially the same as in 
the nonrelativistic approximation treated in Sec. IV, 
except for the fact that the formalism that we are 
using here is covariant. Actually, it can be shown that 
our Green’s function goes over into the nonrelativistic 
Green’s function for the Coulomb-scattering problem 
in the nonrelativistic limit. 

We go on to consider corrections of order k/e with 
respect to the nonrelativistic result. By using a de- 
composition similar to (71) and (72), we obtain a set 
of equations which are the analogs of (73) and (74), viz., 


oe? 0? 1a 
(ES m celle 
Oe On? (#? +Bé)! 


2k 
ifn = te e+80| 6s, (87) 


e? 1a 
— Jim — alo 
an) (e488)! 


2k | 
+ | »- —(e+68)] jo 
€ 


, 


2k 
—(e+80)] 


2k 
(e+80)] 
€ 


s* 1 
—____—§(Jo, 
ton hep k?( +E) 


(88) 
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The same method which was used in solving (73) and 
(74) can be applied here; one finds that 


2k F(é—|n|) 


GolEm)=F (E—- i) | 1 —(ia) ln— 
P F(0) 


2k 
n|> (e+80)|, (89a) 


€ 


ia) In— 


<) 
F(0) 


(ta) ln——— 
€ F(0) 


where F(x) is defined by (86), and where we 
omitted terms of order (k/e)? and higher. 
The solution of (88) parallels that of (74); we obtain 


, we 
G,(&,n) =— f dx F(x 
167? 0 


ee g” . oe 1 
—1(x, t-|nl)]+——F(e- In) | dy — 
Sx? v/a F(y) 


ey F(x) 
x | dx — 
0 4? (x— y)?— k?(x+y)?— 


where J (x,y) is now given by 


y 1 
I (x,y) f dy 
be? (x—y)?— k?(x+y)? 


Unlike the cutoff procedure, we cannot now use the 
formula (22) to calculate the cross section, because 
H(u=«©,v=) does not exist. Instead, we calculate 
the 7 matrix from (23), replacing y by G(p,9,Z) which 
is defined by (6) with n.=0; using Eqs. (10), (26), (63), 
and (66), we find 


ig? ( 1 
T ><> — 
*" (an)'\ (p—q)? 


far 
£(p?—k)-+-npE +(p- q)? 


2k an 


(89b) 


have 


I x, £+|n|) 


2k 2B (x+y) 


. (91) 
2k8 (x+y) 


a een 
1 ey?-+- ng E— kee?— (k?— g*)E—i8 


Once again, we must let p’*, ¢ — &. The T matrix will 
depend on the nature of the limiting process, as was the 
case in our discussion of Coulomb scattering. Assuming 
the inequality (47), for definiteness [note that the 
fourth components of » and g can be taken to be zero 
in view of (8) ], we can evaluate (92) by using (89a, b) 
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and (90). Neglecting terms of order (/«)?, we find, in 

the limit p’, g — &’, the following result : 

a (=) Bin(4/B'V], (93) 
ye +Bin(4/8’y], (93 
sete (2x)* (p—q)* sinhra \ 8 


where 
g rt 
— (- —(1—7a cothra) + 2[' (1+ ia) 
4or?e? 2 
—W(1)—1—In(¢/4k)+iaW’ (1+ ia) | 


i 
— —(1—za cothwa){— 1+ 2ia[¥ (1+ ia) 


Tra 


—¥(1)—1—In(e/44)) ), (94a) 


~ -{ (wa/2)— 1+ 2ial (1+ia) 
—W(1)—1i—In(«/4k) }}, 


B- 
(94b) 


where 6’ and a are defined by (48) and (69), respectively. 
We do not give the details of the complicated calcu- 
lation leading to (93) and (94). 

In the lowest order in k/e, Eqs. (93) and (94) are 
essentially equivalent to (49) except for a nonessential 
constant factor which has its origin in the difference in 
normalization of the relativistic and nonrelativistic T 
matrices. 

In the lowest-order approximation, the cross section 
is given by (50), and the amplitude renormalization 
constant by (55). We can, of course, calculate the cross 
section with relativistic corrections from (93) and (94) ; 
the result is given by 


da ( wa )(2) 
—=> ~_- 1 
dQ sinhra dQ | 


+W(1—ia)]—¥(1)—-1 —In(e/48) +L +ia) 


+£,(ifv(1+ie) 
re 


1 
—W’(1—ia) ]+—-( 


us 


1— a cothra){4[¥(1+-ia) 


+¥(1—ia)]—¥(1)—1—In(«/48)) ) 


g? fra 1 ita 
+55( = - 5+ fe tttia) 


—¥(1—ia)]) in() | (95) 


reé\ 4 
Notice that the last term of (95) depends on In(4/8’), 
and so our expression for the cross section is divergent. 
To obtain the correct cross section, we must carry out 
an amplitude renormalization ; to find the renormaliza- 
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tion constant Z2, we need to calculate the wave function 
in coordinate space, viz., 


H(z) =lim f dp + (p—q) +F(p,9,E)] 


o £ 
= e+ lim if ae f dn G(&,n) 
w 0 af 


etre 


x fap 
ce(p— k) + npE+(p— QP 
Assuming 

F>¢, 


and setting +,=0, we can calculate ¥(x) up to and 
including terms of order k/«e. This task is quite compli- 
cated, and, again, we do not reproduce the details here. 
If we put, for simplicity, 


hk = (0,0,k), 


and make use of (89) and (90), the result is to find, in 
the limit as 8 — 0, 


4\" za 
v=(-) ——e'* \Fy(ia, 1; ik(r—2)) 
8/7 sinhra 


22 
x{1— . € in(- -}s =f dt 
ew € 8x? 


| 4ré’ 


ge 4 1—t g’ 
a n( 1 i)- ~—|- 
4e2(1—/)?— B(14+0)? B 2 4 


4\"* wa 
+ (-) ao ol (ix) cothwa ,F (ia, 1; ik(r—2)) 
B sinha 


i , 
+S iP i(ia, 1; ik(r—z)) (245 
d(ia) 8ré 8x? 


l 


cela Heed (97) 
4e2(1—1)?— (140)? 


where all the notations are the same as in Sec. IV, and 

¢(x) is a function which goes to zero quite rapidly at 

infinity, and so does not have to be considered 
Unfortunately, Eq. (97) contains the term 


d 
—— ,F (ia, 1; ik(r—2)), 
d(ia 


which has the asymptotic form 


ra/2 


(—ia)— in(br— ha) (ete In(kr—ke) 
r( 


1—ia 





r(1 —ia) citrtia In(kr—kz) 
~"T(+ia) -R(r—s) ) 
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In other words, the amplitudes of the incoming and 
outgoing waves will now contain the factor In(kr—kz) 
which diverges at infinity. In this case, therefore, we 
have difficulty in giving physical meaning to the wave 
function ¥(x), and so we can calculate neither the cross 
section nor the renormalization constant Zo». 

The appearance of a logarithmically diverging ampli- 
tude may be due to the failure of the expansion in k/e. 
As we have noted earlier, a calculation of the potential 
in terms of such an expansion leads, in the lowest-order 
approximation, to the ordinary Coulomb potential; the 
next-order approximation contains an r™ Inr term. This 
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AND 
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r'lnr potential has a much longer range than the 
ordinary Coulomb potential 1/r and so would inevitably 
lead to an additional distortion of the incoming and 
outgoing waves. There remains the possibility that we 
can circumvent these difficulties by avoiding a pertur- 
bation-theoretical calculation in k&/e. Unfortunately, 
this general case is extremely difficult to solve. 
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1 


Methods are proposed for measurement of the Riemann tensor and detection of gravitational waves 


rhese make use of the fact that relative motion of mass points, or strains in a crystal, can | 

second derivatives of the gravitational fields. The strains in a crystal may result in electri 
in consequence of the piezoelectric effect. Measurement of voltages then enables certain « 
Riemann tensor to be determined. Mathematical analysis of the limitations is given. Arran; 


presented for search for gravitational radiation. 


The generation of gravitational waves in the laboratory is discussed. New methods are pr 
employ electrically induced stresses in crystals. These give approximately a sev 


| produced by 


polarization 


; 


ponents of the 


gements are 


yposed which 
)-order increase in 


radiation over a spinning rod of the same length as the crystal. At the same frequency the crystal gives 
radiation which is about thirty-nine orders greater than that of a spinning rod 


INTRODUCTION 


HE question of gravitational radiation has always 
been a central issue in the General Theory of 
Relativity. Long ago, Einstein! and Eddington? studied 
the problem and predicted that very small amounts of 
energy would be radiated by a spinning rod or a double 
star. A great deal of theoretical work on the radiation 
problem has appeared, during the past four decades. 
Experimental work along these lines now appears 
possible. Two avenues of approach will be considered.’ 
First we should like to detect the presence of gravita- 
tional radiation incident on earth from either the sun 
or outside the solar system. Sec ondly it would be highly 
desirable to be able to generate and detect this radiation 
in-a small laboratory. 
Devices for detection of the radiation operate essen- 
tially by measuring the Fourier transform of the 


* Supported by the National Science Foundation. 

1A. Einstein, Sitzber. deut. Akad. Wiss. Berlin, Kl. Math. 
Physik u. Tech. (1916), p. 688; (1918), p. 154. 

2A. S. Eddington, Proc. Roy. Soc. (London) A102, 268 (1923). 

>A number of the results discussed here were given without 
proof in the author’s Gravity Research Foundation Prize Essays, 
April 1958 and April 1959, and at the Royaumont Conference on 
the Relativistic Theories of Gravitation, Royaumont, France, 
June, 1959 (unpublished 


Riemann tensor. These will be discussed first. This will 


then be followed by proposals for generation of gravita- 


tional radiation which may give 
} 
il 


an increase of many 


I radiation from a spin- 


orders over the 
ning rod. 


gravitation 


DETECTION OF GRAVITATIONAL RADIATION 


Suppose we have a system of masses which 


with each other. We start 


6] 6 1 f ds t i (1) 


In (1) m is the rest mass and W 


function associated with forces arising from the motion 
with which it 
The line element ds is given by 


may 


interact with the action 


principle 


is the part of the action 


of the mass relative to other masses 


interacts. 
ds*= g,,dx*d 


For 6W we assume a function given by 


_ 
cov J F bx*ds 


(3) identifies F, as the four-force. The Euler-Lagrange 
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equations resulting from (1) are arranged‘ to obtain 


d*44 dx* dx? F* 
+ 1*.g6— —_—=-—-, (4) 
ds* ds ds mc 
I.g is the Christoffel symbol of the second kind. 
(4) may be written in terms of the four-velocity 


*=dx*/ds, as 
5 (dx, ip Fe 
od bi 
is \ ds 5s mc? 


The symbol 6/és means the covariant derivative with 
respect to s. 

Following essentially the method of Synge and 
Schild,’ we now obtain from (5) an equation similar to 
the equation of geodesic deviation. We introduce a 
parameter v such that each world line corresponds to a 
given value of ». Taking the covariant derivative of (5) 
with respect to » gives 

5°p*  6F*/m 
edt (6) 


bvis = 0 , 


Employing the commutation law for covariant differ- 
entiation enables us to express (6) in the form 


ep op 
—=—_— Rap" 


év6s = b sdv Ov 


Ox? 


In (7), 0x7/dv is a unit vector normal to the world 
lines, and the four-velocity p* is a unit vector tangent 
to the world lines. The vector n7, defined by 

Ox? 

n?=—db, (8) 

ov 
is an infinitesimal vector joining points with the same 
value of s on neighboring world lines with values of 
differing by dv. The covariant derivative of dx7/dv with 
respect to s can be written in the forms 


-(~) (=) bp” 
bs \ dv te Os r bv 


, (8), and (9) then gives 


1 5F*/m 
+ R*.gyp°n' pp? =— ‘ 
cc? Obp 


Employing (6), (7 


6°n* 
dav. 
6s? 


MASS QUADRUPOLE DETECTOR 


In order to discuss the detector® of Fig. 1, we imagine 
the two world lines are those of the two masses. Let n 


*See for example, W. Pauli, Theory of Relativity (Pergamon 
Press, New York, 1958), p. 41. 

5 J. L. Synge and A. Schild, Tensor Calculus (The University of 
Toronto Press, Toronto, 1952), Chap. 3. See also F. A. E. Pirani, 
Helv. Physica Acta Suppl. IV, p. 198. 

*An arrangement somewhat similar to this was indepen 
dently suggested by H. Bondi at the Royaumont Conference, 
Royaumont, France, June, 1959 (unpublished). 


WAVES 


Fic. 1 Harmonk 
lator driven by gravita- 
tional waves. 


Ost il- 


O00) 


= 97+ EY, 


be given by 


with 7 defined by 


ér7¥/6s=0 for all s, 


r7—> 7, 


(12) 


in the limit of large internal damping and all com- 
ponents of R*.g;=0. Equation (10) becomes 


oye f- 
= + R*apyp*p Lr’ +? J]=—. 
2 mc? 


(13) 
és 


In (13) we have denoted by /* the differences in (non- 
gravitational) forces at the two masses. For f* we 
assume a restoring force —k,*§* and a damping force 
—cD,*(5*/5s); k.# and D,* are tensors associated with 


the spring. (13) then becomes 
sy Di" 6" ka*t* 
ta — Reap pep +2 
és? cm bs me* 


(14) 


We now let time run in the direction of the tangents 
to the world lines. The center of mass of the oscillator 
is a freely falling platform. We use coordinates in which 
the Christoffel symbols vanish and write (14) in the 
approximate form (assuming &r) 


de Dy dt kart 
+—- —+——=—CRraor*. (15) 


dt? m dt m 


In (15) we see that the driving force for the harmonic 
oscillator is the Riemann tensor. Measurement of dis- 
placement amplitude or power absorbed enables one to 
calculate certain components of the Riemann tensor.’ 
Suppose now that sinusoidal (weak-field approxima- 
tion) gravitational waves are incident, with angular 
frequency w. An orthogonal comoving coordinate system 
is employed, with the oscillator oriented in the direction 
of the x' axis. k.“ and D,” are imagined to have one 


component only, ki'=k, and D,'=D. Taking the 


7 Measurement of the Riemann tensor by comparing accelera- 
tions of free test particles has been considered by F. A. E. Pirani, 
Proceedings of the Chapel Hill Conference on the Role of Gravi- 
tation in Physics, page 61, Astia Document No. AD 118180 and 
Acta Phys. Polon. XV 6, 389 (1956). While free particles are con- 
venient for some thought experiments, interacting particles appear 
to be essential, in practice, at low energies. The correspondence 
between voltage in a piezoelectric crystal and some components 
of the Riemann tensor, which is discussed in the next section, may 
provide a basis for consideration of the measurement problem in 
quantized General Relativity. In principle a very small crystal 
may be used since the acoustic resonance vibrations have a wave- 
length which is about five orders smaller than that of the gravi- 
tational wave which excites them. 
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Fourier transform of (15) leads to 


— mc" R*yao(w)r* 
& (eo) =—_—_________—_. (16) 
(—w*m+iwD6 + kb;") 

(16) is a maximum at resonance, —w*m+k=0. The 
total dissipation D= D..+ Di, where D.x is the external 
dissipation and Dj, is the internal dissipation associated 
with irreversible processes within the antenna. The 
power which can be delivered to auxiliary apparatus 
with D,, is 

m*c'( R*va0ot*)*Dex 


——, (17) 
2(Dex+Din)? 


4w* Dat? = 


(17) is a maximum when D,,=Dj;, and the maximum 
power Py is given by 


Py=m 4(R*oaor*)?/ (8Din). (18) 


The sinusoidal gravitational waves are now assumed 
to be radiated by a linear mass quadrupole oscillator. 
The transformation laws indicate that to a good 
approximation R*o.9 as seen in a frame fixed in the 
center of mass of the radiator is the same as that seen 
in a frame fixed in the center of mass of the detector, 
for small velocities. Using the known®” solution for the 
linear mass quadrupole oscillator, the mean squared 
value of R*oaor* is calculated and averaged over all 
possible orientations of the receiving antenna. Let to, be 
the radiated power per unit area averaged over a sphere, 
for the linear mass quadrupole oscillator. The total 
radiated power P is given by 


P= 44r*lo-= G1 y*w*/ (Orc), (19) 


where J» is the amplitude of the quadrupole tensor. 
(19) and the known expressions for the fields then give, 
for the mean squared value of R“oaor*, in a direction 
normal to the quadrupole radiator axis. 


CR oat |= [4r8?| 1 | *G/c* or. (20) 


In (20), 8 is the propagation vector of the gravitational 
wave. Employing (18) and (20) gives 


P y= 2rm"B?| | %Gto-/ (2cDin). (21) 


The influence of the internal dissipation Dj, will now be 
considered. First we assume that no irreversible processes 
take place within the antenna itself and that Dj, is due 
entirely to radiation damping of the detector. The 
known solution for a linear mass quadrupole oscillator 


2? mc'Dexw' R*oa0(w) R*ogo(w’ )r*r?e-*”! 
P, T f f = ~ r — 
9 


In (29), tor(wo) is the power spectrum of fo in the 
vicinity of the resonant frequency wo. 
§ N. Rosen and H. Shamir, Revs. Modern Phys. 29, 429 (1957). 
*W. B. Bonnor, Phil. Trans. Roy. Soc. London A251, 233 
(1959). 
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enables us to calculate the radiation resistance of the 
detector, Din, as 


7?) 


4s 


Din= 2Gos'm* |r| ?/(15c°*). ( 
(21) and (22) give, in terms of the wavelength \, 


Py (radiation damping only) > (15d? 167 )to,. (23) 


The implication of (23) is that the average absorption 

cross section S, for a detector which is damped only 

by its own reradiation is 
Sa, . 


(15/169)d?. (24) 


We see from (24) that under these conditions the 
average absorption cross section is roughly a wave- 
length squared, and is independent of the constant of 
gravitation. Unfortunately the condition that the in- 
ternal damping be only due to radiation cannot be 
attained in practice because other irreversible phe- 
nomena within the antenna are many orders greater 
than the radiation damping. In order to make this 
clear, we calculate the quality factor, denoted by the 
symbol Q, which is defined by 


Q=w(maximum stored energy)/ (power dissipated). 


The Q associated with radiation damping, denoted by 
Or, is 


QOr= 15c°/(2Gu*m |r| *). (25) 


For an antenna at w= 2X10’, a reasonable value of 
mr*?=10 g cm* and (25) gives Qg~10*. A practical 
antenna might be expected to have a O~ 10°. 

We therefore must deal with systems limited by 
internal damping orders larger than gravitational radi- 
ation damping, and under these conditions the average 
absorbed power will not be independent of the kind of 
antenna. For an antenna orientation arranged for 
maximum response, we write 


(R*oa077)?= 159rGB? r 2 51... (26) 
(26) and (18) lead to power absorbed, P4, given by 
P4= (15/8)9Gm?8?|¢| ?(cDin)~ Mor 
(15/8)#GmOQ 8? |r| 2 (we 
In (27), Qin is the Q associated with interna 
wm/D;,,. The 


irreversible 
processes, Qi, tion, S, implied 


by (27) is 


CTOSS Set 


S= (15/8)rGmQ j.8? |r| *w 4c, 


(28) 


For a continuous spectrum the absorbed power is 


- diwdes' dt = x*Gms? |r| % 


~e 2(—w?m+iwD+ K)(—w’*m—iw’'D+K) 


(29) 


‘lor (Go). 


In order to further discuss these results we must 
consider the excitation of a continuous medium by a 
gravitational wave. This is necessary in order to be 
able to account for the interaction of the mass of the 
spring with the wave and to account for the effects of 
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the finite velocity of propagation of the elastic forces 
of the spring. 


INTERACTION OF A CRYSTAL WITH A 
GRAVITATIONAL WAVE 


The starting point for our discussion is expression 
(10). The infinitesimal vector m is from a reference 
point in the crystal to a neighboring point. The mass m 
is imagined to belong to an infinitesimal volume sur- 
rounding the neighboring point. On the right side of 
(10) we must now include both elastic forces and 
dissipative forces. We write » as 

n= 9*-+ e,h9", (30) 
r is defined by the conditions 
ér*/Ss=0 for all s; 
rm, 


(31) 


in the limit of large internal damping and flat space. 
We may now write Eq. (10) in the form 


62 
rye _ 
bx%b x? 


+ Rrayplr*+ er? pt? =0. (32) 
In (32) the quantity <¢q,) is the symmetric part of «¢,, 
and is therefore the strain tensor of the crystal. The 
second term accounts for internal damping and the 
third term accounts for the elastic forces. B,* and Y* 
are normalized to unit mass density. Again p* is a unit 
vector tangent to the world lines. Since r* can be 
arbitrarily specified, we may write 

57 € (ww) 

—+ B,« me Ven aad 


‘bs? : és 5x58 
+ Reap"? + Rapp" Pe" =0. 


In (33) the fourth term is clearly symmetric in the 
indices v and yu. The last term in (33) may ordinarily be 
dropped because it is many orders smaller than the 
fourth one. For the strain tensor we may therefore 
write 


9 
5° eu» 5€ cap) 


(33) 


57 € ws) R 5 € (ay) oo 
——+ B,——_-+- Y@- = —Ryeapp*p?. (33A) 
5s? bs 5x5? 

We now consider a special case of (33A), namely 
excitation of longitudinal waves in an isotropic medium. 
An approximate form suitable for the present discussion, 
for waves in the direction z' of an orthogonal coordinate 
system (with the time direction tangent to the world 
lines), is 


0*e ae de 
x p——b--=c* pR'o10. 
A(x)? af at 


(34) 
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If (34), p is the density, y is an appropriate modulus, 
and 6 is a damping constant. We assume that R'o19 has 
its origin in incident sinusoidal gravitational waves so 
that 

—c?R'oo= f expli(wt—B x‘) ]. (35) 


In (35) the index j runs from 1 to 3. Let », be the sound 
velocity (y/p)!,\, be the wavelength of sound, k,=2x/),, 
a= b/pv,, and y=a+ik,. Then to a good approximation 
the solution of (34) may be written 

e=[Ay coshyx'— fw~* exp(—iB x’) Je". — (36) 


Making use of the boundary condition that ¢ vanishes 
at the ends leads to 


An (37) 


In (37), / is half the length of the crystal. The first 
term of (36) gives the contribution of the acoustic 


‘waves and the second term gives the strains which 


would be set up if there were no internal forces at allt 
(37) must be modified if the crystal is piezoelectric. 

(37) has maxima when &,/ is an odd multiple of #/2; 
however, it is clear from the denominator that the 
largest maximum is the first one, for which the total 
length is half an acoustic wavelength. The system com- 
posed of the two masses and spring (Fig. 1) must be 
described by an equation such as (34), when the spacing 
of the masses approaches half an acoustic wavelength. 
The largest value we can expect from (28) will occur 
when r is half an acoustic wavelength in the spring. 
This is an important limitation because the velocity of 
acoustic waves is about five orders smaller than the 
velocity of light, so the cross sections implied by (28) 
are limited to values ten orders smaller than would be 
the case if the elastic forces of the spring were propa- 
gated with the velocity of light. Such a limitation could 
be overcome in a number of ways. One might employ 
restoring forces transmitted by electric and magnetic 
fields, with the velocity of light. The piezoelectric 
effect may be employed, in which case the polarization 
charges in the crystal faces may give rise to some stress 
components which do not change sign every half 
acoustic wavelength. 

In a piezoelectrical crystal a strain results in an 
electric polarization P, given by 

Pi= €ap&,™. 


Here &,” is the piezoelectric stress tensor. The electric 
polarization gives rise to an electric field over the 
crystal. Its integrated value may give a terminal 
voltage large enough to be observed with a low-noise 


t Note added in proof.—Integration of (36) gives relative dis- 
placements. If the result is applied to effects of gravitational waves 
interacting with the earth, the contribution of the first term of 
(36) is found to be very small. Apparatus on the earth’s surface 
acts therefore as if it were in free fall insofar as the waves are 
concerned, This is a consequence of the fact that the velocity of 
sound is much smaller than the velocity of light. 
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\ 
radio receiver. Measurement of this voltage measures 
components Roo of the Riemann tensor if a crystal 
with suitable constants is employed. 

The system of stresses in the crystal is modified in a 
significant way if it is piezoelectric. Additional terms 
involving the piezoelectric constants need to be added 
to Eq. (33). We consider a very simple example. Suppose 
a single longitudinal mode is excited, with sound 
velocity in the x' direction. Let the thickness in the x? 
direction be small and assume that the crystal faces 
normal to the «? direction are plated with a conductor. 


The piezoelectric relations” are 


T= €Vo+DH/4An, 
D/K+He. 


(38) 
In (38), T is the stress, K is the dielectric constant, 
¢ is the strain, Yo is the elastic modulus, £ is the electric 
field intensity, and D is the electric displacement. Both 
D and E are assumed to have components in the x? 
direction only. H is the piezoelectric constant relating 
open-circuit voltage to strain. A study of (38) and the 


(f/Bw*) 298 ile(1+-iwCZ) (VY o— H?K/ 


2nle( VY o— H?K/4x)[y cosh(yl,/2) ](1 + twCOZ) +iwZ HH’? Kl; sinh(yl,/2) 


and the voltage which appears at the crystal terminals 
when coupled.to an impedance Z is 


Vz=[2iwZHKI1;/(1+iwCZ) | 
<A, sinh (y1,/2)— (f/B8w?) sin(B1/,/2) ]. 


Jes 


( 40) 


he electrical network theorems now permit straight- 
forward calculation of the power which can be delivered 
by the detector to a radio receiver. For a crystal with 
constants similar to polarized barium titanate on which 
sinusoidal gravitational waves are incident the power 
which can be transferred is, roughly, 


P4~10-%a-'VOdo ergs/second. (41) 


In (41), w is again the angular frequency and fo, is the 
incident gravitational power flow in ergs per square 
centimeter per second. V is the volume of the crystal. 
Q, is the QO of the crystal and associated electric circuit. 
A cubic meter of crystal at w~10 gives a cross section 
for absorption ~10~-" While small 
quantity it appears sufficiently large to start some 
experiments. For a continuous spectrum of gravita- 


cm?, this is a 


tional radiation with gravitational power flow having a 
power spectrum function fo,(w), the power absorbed is 
about 

P4~10-®V1 (42) 


(Wo) eTgs/ Sec ond. 


(41) and (42) provide a basis for discussion of sensi- 
tivity. In microwave spectroscopy it has been found 
that all spurious effects other than random fluctuations 

W” See, for example, W. P. Mason, Electromechanical Transducers 


and Wave Filters (D. Van Nostrand Co., Princeton, N. J., 1948), 
Chap. VI, Second Edition 
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equations of motion of mass elements of the crystal 
indicates that a wave equation similar to (34) results 
with 


y= Vol 1—H°K/4r]. 

Since the crystal surface normal to the x? direction is 
plated with a conductor, dE/dx'=0. At the free ends 
of the crystal, T=0. If the crystal is coupled to an 
external impedance Z, we may write 


[ex Z [ Dawa, 
al « 


These boundary conditions and the wave equation 
(34) then lead to the result 


(36A) 


e=[An 


where y, 6, and f are as defined earlier; this has the 
same form as (36), but now the constant A, is given in 
terms of the length /; in the x' direction, and lengths J. 
and ls in directions x? and 2° and the 
capacitance C/4m as 


“clamped” 


4m) cos(B8yl,/2)+1H?K2lwZ sin(6,l,/2) 


(39) 


can be recognized. A similar assumption will be made 
here. The random fluctuations are partly thermal in 
origin, partly the result of spontaneous emission 
processes. For synchronous detection of sinusoidal 
the detector must exceed 
the noise'! power Py, given by 
Pyi=Nho 

where & is Boltzmann’s constant, 7 is the gravitational 
antenna temperature, and JN is the noise factor of the 
receiver which is expected to be less than 25 and more 


waves the power output of 


than 1. r4 is the averaging time. A different expression 
is required if radiation with a continuous spectrum is 
being studied. In this cas« 


detector must exceed 
Py2=[t*w/ 
Experiments are being 
stellar 


he power delivered by the 


IN hw/| e**/*#T~—1 


64740 


planned to search for inter- 
gravitational radiation!* using 


methods de- 


4 R. H. Dicke, Rev. Sci. Ins 

Sj. A. Wheeler has note nzieme nseil de 
International de Physique Solvay, La lure et UE 
Universe (Editions Stoops, Brussels, ~ pm Biz) 
density of gravitational radiation could be as high as 
10°%* grams/cm’? (~10* ergs/< nd still be 
with present information about the 
universe. He and M. Schwarzschild (private communication) have 
subsequently noted that if this radiation were set free by the same 
process which caused the inomogeneous collection of matter into 
galaxies, it would be characteriz it that time, and therefore also 
now, by the same scale of length f order of 10% cm today 
(10* years vibration periox 


l'Institut 
olution de 
that the 
10°" to 
consistent 


; 


f expansion of the 


Oftypical 


Ogt 
This would appeat 
by these methods 
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scribed here.} For the first method the earth itself is the 
block of material constituting the antenna. The normal 
modes of the earth (about 1 cycle per hour) are“excited 
by incident gravitational waves. This procedure is 
limited by the relatively low Q of the earth and the 
high noise temperature of its core. The apparatus of 
Fig. 2 is employed in the second method, in which the 
strains induced in the crystal are employed. Search at 
frequencies ~10° cycles per second is planned. The 
earth rotates the apparatus. If radiation is incident from 
some given direction it may be observed from the 
diurnal change in amplifier noise output. The arrange- 
ment of Fig. 3 should not require rotation. If radiation 
is incident it will cause correlated outputs. All sources 
of internal fluctuations will be uncorrelated. Low-noise 
amplifiers such as masers® may be employed. 

The discussion given here predicts that gravitational 
flux with a power spectruin fo, (w)~ 10~ ergs/cm? second 
cycle should be detectable. 


ROTATIONS INDUCED BY GRAVITATIONAL 
RADIATION 


Dirac’ has suggested that astronomical anomalies 
might be correlated with effects of gravitational radi- 
ation. To discuss this and to consider detection by 
observing rotations we return to expression (5). Let a 
group of masses be situated near the space origin of 
a coordinate system and let the infinitesimal vector r* 
be the position vector of one of the masses. Let vyas, be 
the Levi Civita tensor density. Multiply (5) by sass 
to obtain 


6 dx* d dx* 
Vyas? — —_—=— Upapal”— + Vsapll'* yp? p? 
és ds_ ds ds 


= Upatel?F*/mc*. (43) 


Here again 7’ is a unit vector tangent to the world 
lines and in the second term of (43) we have used the 
identity vpas.p*f’=0. Let the world line of the origin 
be a path for which the Christoffel symbols vanish. 


Fic. 2. Schematic dia- won me an babs 
gram of piezoelectric a Low worse) | + 
crystal for detection of CRYSTAL RADIO RECORDER 
gravitational waves. RECEIVER 


t Note added in proof.—Experimental work along these lines has 
begun recently. It is being carried out by Dr. David M. Zipoy 
and Mr. Robert L. Forward, in collaboration with the author. 
The piezoelectric effect gives enhanced sensitivity when a mass 
which is many acoustic wavelengths on a side is used. At low fre 
quencies this is not important because a mass w' h is one half 
acoustic wavelength long is already quite large and may not be 
obtainable as a piezoelectric crystal. Excitation of resonant 
acoustic vibrations in a block of metal, in accordance with expres- 
sions (36) and (37) is being considered along with the arrange- 
ments of Figs. 2 and 3. Detection of the motion of the crystal ends 
is by the change in capacitance to a nearby electrode. 

4 A review of these developments has been published [J. Weber, 
Revs. Modern Phys. 31, 681 (1959)]. 

“4 P. Dirac (private communication). 
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Fic. 3. Schematic diagram of cross correlation detection 
of gravitational waves. 


Then it follows that (43) can be written 


56 dx* d 
Upapal— 
és ds ds 


dx® 
Usa?” ; 
¢ 


ore 
+ Usapel” <—_ 
Ox 


“pr. (44) 


In these coordinates R*,..3s= 0I%,,/da*, so (44) be- 
comes 


6 dx* d dx* 


Upabal” Upapal™ =e patel? yap pre”. 
és ds_ ds ds 


(45) 


If we now use (43) and (45) and sum over all masses, 
we obtain 


d dx* 


—. 4 ~ 
Us aba r y 
masses 


Vpaicl yenp? pror? 
masses ds 


— 2 vpaper*F?/mc*. (46) 


masses 
(46) is a generalization of the relation between torque 
and change of angular momentum. If there are no non- 
gravitational forces acting and if we take the time direc- 
tion tangent to the world lines (46) becomes 


& d dx* i 
> 9 paso” — z 


masses ds ds 


Vsapol onor 7. (47) 


masses 


We have applied (47) to the calculation of the 
irregular fluctuations in the period of rotation of the 
earth caused by incident gravitational radiation with a 
continuous spectrum. Under these conditions a straight- 
forward calculation leads to the result 


(1? \ y/o? = 25 xGtons*c-*, (48) 


Here (J*),, is the mean square fluctuation in the earth’s 
angular momentum; /, is the angular momentum of 
rotation ; fo, is the total gravitational wave flux in ergs 
per square centimeter per second, assuming its Fourier 
transform to be concentrated near zero frequency; 
w is the angular frequency of rotation. if we arbitrarily 
assume that all the earth’s rotational anomalies are 
due to incident gravitational waves, to, is calculated to 
be 5X 10* ergs per square centimeter per second. It is 
clear from this that the earth’s rotation is not a useful 
detector unless the size of the anomaly can be reduced. 
The other astronomical anomalies lead to larger figures. 
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GENERATION OF GRAVITATIONAL WAVES 


It would be very desirable to be able to generate 
gravitational waves with sufficient energy to be detected 
in the laboratory. A number of important experiments 
could be done. 

For a spinning rod, Einstein,’ and later Eddington,? 
gave the formula for the radiated power Pp as 


Pr=1.73X10-"] ,*w* ergs/sec. (49) 


Here J,, is the moment of inertia and w is the angular 
frequency. w can be increased until the rod ultimately 
breaks. If we write the maximum value of w in terms of 
the tensile strength and express the result in terms of 
the elastic modulus and strain, we obtain for the 
length / the formula 


=, (25)*/m. (50) 


In (50), 6 is the maximum allowed strain for the 
material and \, is the wavelength of sound in the rod 
at the angular frequency of rupture. The implication of 
(50) is that the wavelength of the gravitational waves 
which can be radiated by a rod is at least 1 000 000 
times the length of the rod. Also the moment of inertia 
is limited to values less than about 

10-%pd,5°/2/ (124°). (51) 
In (51), p is again the density, and we are considering 
a fairly slender rod, for which the length is an order 
larger than the lateral dimensions. Employing (51) in 
(49) leads to 
PpR<4X10-"p"0,"5'w ergs/sec. (52) 
(52) shows that contrary to the appearance of (49), 
low-frequency operation with large rods gives more 
radiation than high-frequency spinning of small rods. 
About 10-” erg per second can be radiated by such a 
one-meter rod. 

A new method for generation of gravitational waves 
is suggested by the field equations of general relativity. 
The source of the gravitational field is the stress-energy 
tensor. Time-dependent stresses can be produced elec- 
trically in a piezoelectric crystal, and these give rise to 
radiation. The weak-field solutions are entirely adequate 
for this kind of discussion since the metric is expected 
to differ from the Lorentz metric by perhaps one part 
in 10”. The weak-field solutions are 


vy,” = h,” _ 45,"h = (4G, c) f r(T,”) retarded dx. (53) 


In (53), 7,’ is the stress-energy tensor, r is the distance 
from the source to the observer, and 4,” is defined by 
g."=5,’+h,’, where 6, is the Lorentz metric. The 
coordinate conditions required for (53) are dy,’/dx”=0. 

In order to apply (53) to the problem of radiation by 
a crystal, we first assume that acoustic resonance 
is employed and that one-dimensional compressional 


waves are set up. The components of 7,’ are then 
given by 
To —pc*[1— (V,/2,) cos(wt) cos(k,x*) | 
X[1— U (2? —I1— Ao coswt) 
— U(—2#—I— Ag coswé) ], 
T°= pV 5c sinwt sink,x*[1— U (x8 —1— Ag coswt) 
— U(—#—I|— Ap coswt) | 


(54) 


(55) 


T= — pV 52, coswt cosk,x4[1— U (48—1— Ag coswt) 


—U(—#—Il—Apcoswt)]. (56) 


In these expressions it is assumed that the waves 
travel in the direction 2°; V, is the particle velocity; 
v, is the sound velocity; U is a step function defined by 
U(x) =0 for «<0, U(x)=1 for x>0. Ao is the vibration 
amplitude of the free end. Making use of these ex- 
pressions in (46) and employing the Einstein form of 
the stress-energy pseudotensor enables the total radi- 
ated power to be calculated. The maximum value of Ao 
is determined by the maximum strain which is allowed 
before rupture takes place. The maximum strain corre- 
sponds to a value of A» about four orders smaller than 
the acoustic wavelength \,. 
For quartz the result for acoustic resonance is 


P<[(16/15)Gp?S?»,(»,/c)*X10~*], 


+[(#/15)Gp?S*n,?0,(0,/c)® 10-'* Jo, ergs/sec. (57) 


In (57), S is the cross-sectional area, the term with 
subscript w gives the radiated power at the fundamental 
frequency, and the second term gives the power radi- 
ated at twice the fundamental frequency. The resonator 
must be a multiple m, of a half acoustic wavelength 
long. The first term of (57) is seen to be independent 
of m,. This is because for »>1 the crystal is essentially 
an assemblage of electric quadrupoles with a given 
quadrupole driven out of phase with respect to its 
nearest neighbors. The resulting fundamental-frequency 
radiation is approximately that of a single quadrupole. 
Each half-wave section has an equivalent moment 
~MAo,/2x, where M is the mass of a single (acoustic) 
half-wave resonator; Ao and X, are defined by (54), (55), 
and (56). If a large number of separate resonators are 
located within a region of dimensions less than a gravi- 
tational-wave half wavelength, the radiated power will 
be proportional to the square of the total number of 
crystals. (57) depends on the frequency through the 
requirement that each resonator be a multiple of a half 
wavelength long. In order to radiate 10~" erg per second 
at the fundamental frequency, 10° crystals would be 
needed, each one-half acoustic wavelength thick and 
with a cross-sectional area of 50 cm*. A complex phasing 
arrangement would be needed in order to drive the 
array properly. 

It appears better to suppress the acoustic resonance 
vibrations and create, by the piezoelectric effect or by 
electrostriction, mechanical stress components which 
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do not reverse sign every acoustic half-wavelength. In 
order to see that this is possible it is only necessary to 
study the solution given in the literature’® for the 
component 7; of the stress in a longitudinally vibrating 
crystal with 2* as the thickness direction, with a con- 
ducting plating on the faces normal to 2°. The thickness 
is assumed small, for simplicity, and an externally 
applied electric field parallel to 2* drives the crystal. 
The component 7), is then 


Tuy = (dis, E23 sinwt){sin[w(L—-x)/o, } 
+sin[wx/v, ]—sin[wL/9, }}/sin(wL/>,). 


In (58), dij is the tensor relating stress to electric 
field, E; is the electric field, and L is the total length. 
At resonance wl/v,=2 and losses would have to be 
taken into account in (58) by a hyperbolic function in 
the denominator. However, off resonance, for example 
at wL/2,=2/2, (58) becomes 


(58) 


T= 4d,21E,[ cos (wx/v)+sin (w/v) — 1] sinwt. 


(59) 


(59) is seen to have a component —d;,3;/3 sinw! which 
does not reverse sign every half acoustic wavelength. 
A single large crystal, driven in this manner, will then 
give volume-integrated stress components which are 
large. The radiated power would be expected to be 


Pp~GP max?d*x?/ (1200). 


In (60), Pmax is the effective tensile strength and again \ 
is the gravitational wave wavelength. 

Waves one meter long could be radiated by a crystal 
with dimensions about fifty centimeters on a side. If it 
is driven just below the breaking point, each crystal 
would radiate ~ 10~" erg per second, assuming Pmmax to 
be its static published value. Single-crystal detectors of 


(60) 


‘6 W. P. Mason, Piezoelectric Crystals and Their Applications to 
Ultrasonics (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1950), p. 64. 
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the type considered earlier may detect a power of 
about 10~ erg per second at these wavelengths. A large 
gap therefore still exists between what can be generated 
and what can be detected in a small laboratory. Com- 
plex detection and generation arrays can narrow this 
gap. Large amounts of electrical power would have to 
be dissipated in crystals driven to the fracture point— 
perhaps 10° watts in a crystal fifty centimeters on a 
side. This might well be substantially reduced if low- 
temperature operation can be achieved. Also one might 
hope that low-temperature high-frequency operation 
might raise the effective tensile strengths. All of these 
issues need careful experimental investigation. If the 
numbers employed earlier cannot be improved upon, it 
would require a crystal roughly one hundred meters on 
a side, and a large detection system, to generate and 
detect the gravitational radiation. We are not pro- 
posing that this be done. We are suggesting some 
iavestigations of crystals at low temperatures, for the 
purpose of exploring the possibility of improvements. 


CONCLUSION 


The detectors which have been proposed are suffi- 
ciently good to search"Sfor interstellar gravitational 
radiation. Further advances are necessary in order to 
generate and detect gravitational waves in the labora- 


_ tory. If we compare a crystal which is excited as 


described above with a spinning rod of the same linear 
dimensions, we find that the radiation from the crystal 
is about seventeen orders greater and the frequency 
radiated by the crystal about one million times greater. 
If both the rod and the crystal radiate at the same 
frequency the crystal radiation is about thirty-nine 
orders greater than that of the rod. We acknowledge, 
with thanks, the helpful criticism of F. A. E. Pirani, 
P. G. Bergmann, and J. A. Wheeler. We have had very 
helpful discussions with R. H. Dicke. 
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